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PREFACE. 

The  present  work  is  an  extension  of  my  smiUl  book 
which,  published  in  ]  884,  has  long  heen  out  of  print. 
When  the  question  of  the  issue  of  a  second  edition 
arose  about  three  years  ago,  it  was  thought  desirable 
to  extend  the  plan  of  the  former  book  so  as  to  make 
ihe  new  work  a  fairly  complete  treatise  on  tlie  absolute 
measurement  of  electric  and  magnetic  quantities.  It 
>ia8  not  been  ray  aim  to  produce  s  work  dealing  with 
mere  manipulative  processes  or  a  collection  of  practical 
rules,  but  one  in  which  should  be  welded  together,  in 
some  degree  at  least,  the  practice  of  absolute  measure- 
ments and  the  mathematical  theory  of  electric  and 
magnetic  phenomena. 

Thus  it  was  no  part  of  my  plan  to  deal  with  the 
more  recondite  and  abstract  parts  of  electrical  theory ; 
but  I  trust  the  work  now  published  may  prove  of  some 
help  to  students  who  may  wish  to  proceed  to  those 
sobjects.  I  have,  notably  in  Chapter  I,  of  the  pre- 
sent volume,  included  here  and  there  for  the  sake 
i>f  illustration  particular  theoretical  cases  which  have 
ao  direct  bearing  on  experimental  processes.     Most  of 


vi  PREFACE. 

the  purely  theoretical  work  in  electrostatics  will  how- 
ever be  of  direct  service  in  the  sketch  of  magnetic 
theory  to  be  given  in  Volume  II.  I  have  attempted 
throughout  to  arrange  the  work  so  as  to  avoid  too 
sharp  a  distinction  anywhere  between  what  is  theo- 
retical and  what  is  practical,  such  as  might  have  been 
produced  by  giving  all  the  theory  in  one  part,  and 
all  the  practical  rules  and  processes  in  another.  At 
the  same  time  I  have  found  it  necessary  for  the 
preservation  of  logical  order,  and  to  prevent  continual 
digressions  on  theory  in  the  midst  of  descriptions  of 
instruments  and  processes  of  measurement,  to  provide 
in  each  principal  division  of  the  subject  a  separate 
chapter  containing  the  more  general  parts  of  the 
theory,  leaving  the  more  directly  related  theoretical 
questions  to  be  treated,  as  I  think  they  ought  to  be, 
where  they  arise. 

In  order  to  save  space,  the  more  mathematical  parts 
of  Volume  I.  have  been  printed  in  a  somewhat  smaller 
type  than  that  adopted  for  the  body  of  the  work,  and 
for  the  same  reason  the  "solidus"  notation  has  been 
generally  used  in  formulae  occurring  in  the  midst  of 
ordinary  matter.  Here  and  there  this  latter  practice 
has  been  inadvertently  deviated  from. 

The  scope  of  Volume  I.  will  be  seen  in  detail  from 
the  Table  of  Contents  below ;  briefly,  it  consists  of  a 
sketch  of  the  theory  of  electrostatics  and  flow  of 
electricity,  chapters  on  units,  general  physical  measure- 
ments, electrometers,  comparison  of  resistances,  com- 
*  »on  of  capacities,  and  measurement  of  specific 
ive  capacities,  and  concludes  with  tables  of  units, 


istances,  aud  useful  coDstanta.     The  chapter  on  the 

mpansuQ  of  resistaiicea  contains  full  details  of  the 

rious  methods  of  comparing  high  and  low  resistances, 

libratiou   of  wires,  &c. ;   the   chapter  on  capacities 

jcusses  methods  generally,  and  contains  an  account, 

i  fiill  as  possible,  of  the  principal  determinations  of 

?cific   indnctive   capacity  made  up  to   the   present 

Determinations  of  dielectric  strength,  and  other 

westigations  regarding  dielectrics,  have  on  account  of 

int  of  space  been  reluctantly  omitted. 

Volume   II.   will  contain   an   account   of  magnetic 

Iheory,    units,   and    measurements ;     electra-magnutic 

lieory  and  absolute  measurement  of  currents,  poten- 

,  and  electric  energy;  the  definitions  and  realisa- 

of    the    ohm    and    other    practical    units ;    the 

Lation.'i   of    electro-mugnetic   and   electrostatic   units 

1  the  detennination  of  v ;   practical  applications  of 

ricity,  and  specially  related  points  of  theory  and 

nirement.      In    Volume   II.,   on    account    of    the 

peat  mass  of  matter  included   in  the  subjects  here 

numerated,  the  plan  of  smaller  type  will  have  to  be 

lopted  for  descriptive  and  other  details,  as  well  as 

r  mathematical  theory. 

I  For  the  nse   of   blocks  of   woodcuts   I   am   under 

bligstdons   in   the   present   volume   to   Sir   William 

B0H80N;  Professor   Atrton,  and   the   publishers  of 

8  Practical  EkclricUy,  Messrs.  CasSELL  ;  the  late  Pro- 

BBor  Balfour  Stewart  and  Mr.  Gee;  Dr.  S.  P. 

BOUPSON;  the  editor  and  publishers  of  the  Electrical 

Htmal ;  Messrs.  Elliott  and  Co. ;  and  ray  publishers, 

Kessrs.  Macmillan  and  Co.     I  have   received  great 
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assistance  from  my  brother.  Professor  T.  Okay,  of  the 
Rose  Polytechnic  Institute,  Terre  Haute,  Ind.,  who 
allowed  me  to  use  his  papers  on  "  Electrical  Testing," 
published  in  the  Electrical  Journal  and  elsewhere,  and, 
besides  reading  nearly  all  the  proofs,  made  many  valuable 
suggestions.  I  have  to  acknowledge  suggestions  also 
from  my  colleagues.  Professor  G,  B.  Mathews,  M.A., 
Fellow  of  St,  John's  College,  Cambridge,  and  Mr.  D.  M, 
Lewis,  MA,,  who   have   very  kindly  read   proofs  of 


I  have  of  course  received  continual  help  from  the 
works  of  Sir  W.  Thomson  and  Clerk  -  Maxwell. 
Messrs.  Mascart  and  Joubert's  recent  valuable 
work,  and  Professor  G.  Wiedemann's  eucyclopaadic 
treatise  with  it«  wealth  of  references  have  been  of 
much  assistance.  In  all  cases  however  in  which 
it  was  possible  recourse  has  been  had  to  original 
papers,  and  in  this  connection  I  have  to  thank  ' 
Dr.  HoPKlNSON.  who  favoured  me  with  copies  of 
papers  on  "Specific  Inductive  Capat^ty,"  and  Professor 
Ayrton,  who  lent  me  copies  of  papers  to  which 
otherwise  I  should  not  easily  have  obtained  aeoess. 

A  few  errata  noticed  in  the  preparation  of  the 
Table  of  Contents  are  given  on  page  sxiv.  I  shall  feel 
obliged  if  any  reader  who  may  find  further  errors  will 
kindly  communicate  thorn  either  to  my  publishers  or 
to  myself. 

A.  GRAY. 

USdVEBSlTV   CoLI.Er.E  OV   NuRTB    WALK8, 
SepUnibcr,   1SB8. 
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MAGNETISM. 


'..Kpri.sioy.   ELEvnuc 

lie  familiar  with  the 
.^..-iliy,  anil  th:it  he  has 
■tf^jaired  a  clear  undciNUianinj;  ui'  what  is  meant  by 
.  ■ittttittf  f'f  eUctrici/;/.  ami  iif  tin.-  nature  of  the  uvidence 
lor  the  tratli  nf  tlio  fuinliiiiienla!  law  of  attraction  am! 
ruiKiUioo.  Some  account  of  the  theoretical  bearing  of 
the  experimental  results  of  Coulomb,  Cavendisli  ami 
Faia^dar,  in  statical  electricity  is  given  below,  but 
recourse  must  be  had,  if  possible,  to  the  original 
memoire,'  or  failing  these  to  some  good  treatise,  for 
the  details  of  the  investigation b. 

1    Fmiliiy"*  Exptrhnralal  Itrttarehn.   Cavwidiah'B  Electrical  Kr- 
Kordti,  and  Conloinb't  ifemeiri  (iu  Ftcoch),  hHve  been  coIlecUd  nnd 


ELECTEOSTATIC  THEORY. 

The  law  of  electric  attraction  and  repulsion  may 
stated  a3  follows :  The  force  between  two  quantitit 
of  electricity  (supposed  each  concentrated  at  s  pointlil 
is  directly  proportional  to  the  product  of  the  charge*/ 
and  inversely  proportional  to  the  second  power  of  the, 
distance  between  thein.  If  the  charges  are  unlike 
the  mutual  force  is  an  attraction,  if  of  the  same  kind 
a  repulsion.  In  symbols,  if  q,  q'  be  the  charges,  r  the 
distance  between  the  points  at  which  they  are  concen- 
trated, and  /"the  mutual  force  between  them,  we  have 


F  =  h'' 


(") 


where  t  is  a  multiplier  which  does  not  vary  with  thA 
other  quantities,  and  depends  on  the  units  adopt«^ 
and  on  the  medium  surrounding  the  charges.  TCg. 
shall  take  the  force  F  as  positive  when  repulsive,  aJt^ 
therefore  k  as  a  positive  quantity.   We  shall 
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I 

^B-Saving  measured  in  his  balance  the  force  between  Ci 
^^n   amall   spherical    coaductors.    Coulomb   withdrew    ; 
^^K  of  them  and  brought  il  into  contact  with  another   < 
^^^Uuctiug  sphere  of  the  same  diameter,  then  replaced 
Pl^oid  brought  the  balls  to  the  same  relative  position 
^    as  before.     The  force  between  the  two  eplieres  was  now 
one-half  of  its  former  amount.     Now  by  the  contact 
the  two  balls  must  by  symmetry  have  received  equal 
charges,  and  Coulomb  with  propriety  assumed  that  the 
charge  on  the  ball  was  one-half  of  the  initial  charge. 
He  thus  obtained  the  result  that  the  mutual  attraction 
f.r   repulsion  of  two   conductors  of  linear  dimensions 
small  in  comparison  with   the  distance  between  them 
B  directly  proportional  to  the  product  of  their  charges 
1  the  distance  is  maintained  the  same.     This  cou- 
ioa  between  force  and  amount  of  charge  lies  at  the 
idation  of  our  system  of  measuring  quantities  of 
licity. 

i  electrostatic  system  of  units,  which  we  shall 

it  convenient  to   use  in  the  present  chapter,  k 

jnstion   (1)   is   taken   equal   to   1,  so  that  when 

,  r  are   each    1,   J^  is   also   1.     Now   unit  force 

according   to   what  is   called   the   absolute 

a  of  measurement  of  forces  founded  on  Newton's 

I  Law  of  Motion,  as  that  force  which  acting  for 

t  (ff  timt  on  unit  of  mass  vill  give   to  that   mass 

t  wlodty.     Hence   unit  quantity   of  electricity   is 

i  quantity  which  concentrated  at  a  point  at  unit 

from   an   equal   quantity  of  the   same   kind 

led   with   unit   force.     Unit  quantity  of  elec- 

,  therefore,  depends  on   the  three  fundamental 


I 
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Unit      units  of  length,  mass,  and  time.    According  to  the 
of*Elcc^  recommendations    of   the    British    Association    Com- 
tricity.     mittee  on  Electrical  Standards,  and  the  resolutions  of 
C.O.S.     the  Paris  Congress  of  Electricians  held  in  1882,  it  hasi 
^^Units  °    ^^^^  resolved  to  adopt  generally  the  three  units  already 
in  very  extended  use  for  the  expression  of  dynamical, 
electric  and  magnetic  quantities;  namely,  the  Centi- 
metre as  the  unit  of  length,  the  Gramme  as  the  unit  of 
mass,  and  the  Second  as  the  unit  of  time,  and  these 
units  are  designated  by  the  letters  C.G.S.     With  these 
units  therefore  unit  force  is  that  force,  which,  acting  for 
one  second  on  a  gramme  of  matter,  generates  a  velocity 
of  one  centimetre  per  second.     This  unit  of  force  has 
been  called  a  Dy7ic.    Unit  quantity  of  electricity  in  the 
C.G.S.  system  of  units  is,  accordingly,  that  quantity 
which  placed  at  a  distance  of  1  centimetre  from  aa 
equal  quantity  is  repelled  with  a  force  of  1  dyne. 

The  following  example,  which  is  easily  realised,  Uf 
instructive  as  an  illustration  of  this  definition  and  ol 
the  idea  of  quantity  of  electricity. 

Two  small  equal  pith  balls  are  hung  by  very  fine 
fibres  from  a  fixed  point  so  as  to  form  two  similar 
ball  pendulums  hung  side  by  side.     The  balls 
charged  simultaneously  by  contact  with  the  same 
ductor  and  the  pendulums  then  diverge.    It  is  requii 
to  find   the    electric   charge    in    each    ball,    and 
work  out  numerically  for  the  case  of  each  ball 
gramme    in    mass,    length    of   fibre    80   centimetres^;. 
and  distance  of  the   centres   of  the  balls  apart   ll 
centimetres. 

Let  I  be  the  length  of  each  fibre,  2d  the  diataooi 
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between  the  centres  of  the  balls,  m  the  mass,  and  q  Unit 

the  charge  of  each  ball.  ^;f^,*^>' 

Neglecting  the  inductive  effect  of  the  balls  on  one  tricity. 
another,  and  the  weight  and  any  electrification  of  the 


fibres,  we  have  for  the  mutual  force  between  the  balls 
q^l'kP,  and  by  the  parallelogram  of  forces 


vig 


d 


sIV  -  (]}       Vl  -  d^jP 


or 


2  ^  _4^/'  vxg  _ 
^      Wl  -  d'jP 


In   the  example  given  we  have   m  =  i\j   I  =  80, 
d  =  5;  and  taking  g  as  981  we  get,  neglecting  d-/l^ 


>2  _- 


12-5  X  981 

.  80 


or 


q^±  12-38. 
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The  charge  on  each  ball  is  therefore  approximately 

1238  C.G.S.  units  of  positive  or  negative  electricity. 

Electric        The  Electric  Field  of  any  distribution  of  electricity 

is   the  whole   surrounding  space   through   which   the 

action   of    the    electrified    system    extends,  and    the 

electric  force  at  any  point  is  the  force  of  attraction 

or    repulsion    which    a    unit    of    positive    electricity 

would    experience    if    placed    at    the    point    without 

disturbing    the   electric    distribution    of   the    system. 

lDtensit7  The   IrUenaity   of    an    electric   field    at   any   point  is 

otEle^c  jneaaured   by   the   electric  force   at  that   point.     We 

may  imi^ine  the  electric  field  to  extend  to  an  infinite 

distance  from  any  part  of  the  electrified  system,  and 

for   infinitely   distant   points   the   electric   force   is  of 

course  zero. 


Let  the  electric  syntem  consist  of  a  qiiantity  a  of  electricity  at 


ELECTRIC  DENSITY. 

A  line  drawn  in  the  electric  field,  the  tangent  to  DaGnitioi 
which  at  any  point  is  the  direction  of  the  resultant  "VV^ 
force  at  that  point,  is  called  a  Xine  of  Force. 

II  it,  li}/,  di,  lie  the  projections  on  the  nxcs  of  x,  y,  t  of  rtn 
Ljltemenl  da  ut  »  line  of  force,  niid  X,  Y,  Z  be  ttie  componenta 
pttiiefutce  there  psrnllel  to  the  axes,  we  inuBt  have  the  relation    ^ 


ix-Ty-di "■"""' 

Bch  il  the  diffcrenti*!  equation  of  a  line  of  fnrce.     We  shnll 
TW  below  in  tresling  of  linea  of   magnetic  force   how  this 

lution   may  be   inlagrated   for   the   ca?e  of  a  force  system 

Sneltical  round  on  axis. 

•Jhe  Electric  Surface  Deitgity  at  any  point  of  a  surface  satlbea 
pbe  limit  towards  which  the  ratio  of  the  quantity  of  °^^ 
Itetricity  on  an  element  of  the  surface  including  the   Distnbi 

put  to  the  area  of  the  element  approaches  as  the 
mt  is  taken  smaller  and  smaller. 

n  <r  be  Ihe  nnrf nee  density  nt  a  point  a,  6,  e  of  an  electrified 
»  knd  dt  llie  area  of  un  element  inuluding  the  point,  then 
id  of  (-2)  we  liave 


whore  I  I  deooles  iiilegratioo  over  the  am-fuc 


The  EUctric  Volume  Density  at  any  point  in  space  Voli 
ia  the  limit  towards  which  the  ratio  of  the  quantity  ^^^ 
at   filetrtricity  contained   within  an   element  of  space 


8  ELECTROSTATIC  THEORY. 

Volume    including  the  point  to   the  volume  of  the  element 
fifectriciu^  approaches  as  the  element  is  taken  smaller  and  smaller. 

Let  p  be  the  volume  density  at  a  point  a,  h^  c^  the  quantity  of 
electricity  within  an  element  of  volume  da  dO  dc  is  p  da  di  de. 
Hence  we  have 

x^jjj(jL^±^^jjje.^jj,,uc  .  (5) 

with  similar  formulas  for  Y  and  Zy  where  j  I  I  denotes  integration 

throughout  the  space  or  spaces  occupied  by  the  electric  distri- 
bution. In  every  case  the  intensity  F  of  the  electric  field  at  any 
point  is  given  by  the  equation 

J^2  =  ^2  +  F2  +  ZK 

felectric        The  Potential  at  a  point  in  an  electric  field  is  the 
Potential,  ^qj.]^  (Jqj^q  ]^y  q^  against  electric  forces  in  carrying  a 

unit  of  positive  electricity  from  the  point  in  question 
to  an  infinite  distance,  the  electric  distribution  being 
supposed  to  remain  unchanged.  Hence  if  a  quantity  q 
of  positive  electricity  be  concentrated  at  a  point  0,  and 
i^  be  a  point  at  distance  r  from  0,  the  potential  at  F 

due  to  (7  is  -• 

J.      ^. 

For  the  force  of  repulsion  on  a  unit  of  positive  electricity  at  a 

d. stance  x  from  0  is  -  ;  and  the  work  done  by  this  force  in 

or* 

increasing  the  distance  by  a  small  length  djp  is  ^  djr.  Hence  if 
F  be  the  potential  at  P  we  have 


^  °  1]%'''"' -r <*> 


Difference       fhe  Difference  of  Potentials  between  P  and  another 
Is.  point  P'  at  a  distance  r'  from  0,  or  the  work  done  in 


DIFFERENCE  OF  POTENTIALS.  0 

^  j     carrying  a  unit  of  positive  electricity  from  P'  to  P,  is  Difference 

of 

therefore  -  —  ^,.     It  is  important  to  remark  that  this  Potentials. 

i:ii|  valae  is  independent  of  the  path  pursued  between  P 
and  P,  It  depends  only  on  the  distances  of  the  points 
from  ft 

Further,  if  we  have  a  number  of  quantities  q^^,  q^,  q.^,  &c. 
of  electricity  at  distances  r^,  r^,  r^  &c.  from  P,  the 

potential  at  P  is  -^  -f  -*  +  &c.,  or,  as  it  is  usually  written, 

tz,  where  2  denotes  summation  of  a  series  of  terms  of 
r 

the  form  -.    Hence  the  diflference  of  potentials  between 

P  and  P'  is  in  this  case  2  -  —  S  -,.      The   value   of 

r  r 

S  -  —  2   ,  depends  only  on  the  positioiis  of  the  quan- 
tities q^  q^  &c. 

If  tlie  distribution  of  electricity  be  continuous  over  any 
surface,  or  throughout  any  Rpuce,  the  sumuiutiun  becomes 
integration  over  the  surface,  or  throughout  the  spuce.  In  tiie 
former  case  we  have  for  V  the  equation 

V^  ({"^ (7) 

in  the  latter 

r=  [jjp±J^- (8) 

aud  if  the  distribution  be  of  both  kinds  we  have 

Fr^jj^^    +    jUP^^        ....        (9) 

where   i  I ,    I  /  I  respectively  denote  as  before  integration  over 


rniO-^TATIC  TIII-ORY. 


but  ion. 
I.       Sincer*  =  (x-  a)^+(v  - 
(S)  tliat 


:e  occupied  by  the  dialri- 
'  e)'  we  see  front  equation* 


di   ' 


(10) 


that  IB,  the  forcc>compoiiciita  par^illel  to  the  n 
X,  f,  z  are  equal  numericnlly  to  the  riitea  of 
potential  in  the  respective  directions. 

further  if  we  cukulate  the  force  Tariations  in  their  reepectiT* 
directions  by  differentiation  in  (2),  and  add,  we  obtain  the 
remarkable  relation 


dX  ,    iY 


dx 


+  T. 


(1^1 


Thia  result  is  called  Laplace's  Equation.  It  only  holds  when 
there  is  no  electricity  at  the  point  j,  y.  *.  We  shall  prove  ■ 
more  general  efiuation  given  by  Poisson ;  hut  first  we  abal' 
establish  the  following  proposition,  from  which  can  be  deduced 
many  itite resting  res u Its  as  to  attractions  or  repiilsioDS  in 
different  cases  ; — 

Let  N  denote  the  outwa,rd  normal  component  of  tb© 
resultant  electriiial  force  at  a  point  P  situated  on  a 
small  element  (of  area  ds)  of  a  closed  surface  in  an 
electric  field  :  the  sum  of  all  the  products  Nda  obtained 
by  dividing  the  surface  into  small  elements  and  multi- 
plying the  area  of  each  by  the  value  of  N  at  the 
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therefore  equal  to  the   electric   induction    over    the 
surfece  divided  by  47r. 

Let  S  (fig.  2)  be  the  surface  and  first  consider  the  normal 
force  at  A  due  to  a  quantity  q  of  electricity  concentrated 
at  0.  Let  a  cone  of  small  vertical  angle  be  described  with 
its  apex  at  0  by  drawing  lines  all  passing  through  0,  and 
through  the  periphery  of  a  small  element  ds  of  the  surface 
at  J.  Let  e  be  the  angle  which  OA  makes  with  the  normal 
drawn  outwards  at  A   and  let  r  be  the  distance   OA.     We 

bave,  if  K  be  the  resultant  force  at  A  due  to  q,  R  =  ^;  and  if  iV 


Surface 
Integral  of 

Electric 

Induction: 

a  Theorem 

of  Green. 


Flg.2 


be  the  normal  force  at  ds 


Nds  =B  Ji  cos  tds  =  %.  cos  c  ds. 

Now  if  d<a  be  the  area  intercepted  by  the  cone  on  a  spherical 
aorface  of  unit  radius  described  from  0  as  centre,  we  have 

</«cosc  =  —  r'tio), 
and  therefore 

^ds  =  —  qda. 

Now  considering  the  element  de^  of  the  surface  intercepted  at 
B  by  the  cone  in  emerging  we  have 

N'da'  =  R  cos  €  ds'  =  qdm. 

Hence  for  these  two  elements 

Nds  +  N'ds'  =  0. 

If  as  shown  in  the  figure  the  cone  enter  and  emerge  more  than 
once,  this  equation  must  hold  for  each  pair  of  elements  corre- 
sponding to  an  entrance  and  emergence,  and  hence  for  all  the 
elements  intercepted  by  the  cone  we  have  ^Nds  =  0.     It  is 
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i^itrface  ovident  that  by  drawriag  cones  in  this  way  we  could  divide  tlie 
lnti-f;rsl  wliulo  surface  up  into  pairs  of  elements,  and  therefore  eo  far  as  tlM 
ot  Eluotrio  quantity  q  at  electricity  external  to  the  aurface  is  concerned 


Ih 


for  any  eiterni 
Now  con  side 
the  surface,  wi 
any  element 


1  tiraw  cones  from  ovary  point,  tliia  miiBt  hold 

1  distribution. 

-iiig  a  quantity  q  of  electricity  at  a  point  P  within 
can  show  as  before  by  drawing  cones  that  for 


But  BH  the  conea  all  originate  within  the  eurfuce,  and  therefore 
emerge  aa  shown  once  oflener  than  they  enter,  qdu  ia  the  value  of 

the  part  of  I  j  Ndt  which  corresponds  to  each  case.    Therefore 

jJNdg-  q  jl  da. 

But   I  I  ^»  is  simply  the  area  of  the  spherical  surface  of  nnit 
radius,  that  is  4n' J  therefore 


EXAMPLES  OF  ATTRACTION. 

•i  lilies  rfj,  d}i,  i/i,  witli  its  centre  at  0,  and  let  X,  be  the 
iinrnial  cninpi'iient  at  the  Bide  di/dn  to  llic  left  o(  tlie  origin,  anil 
X,  lliit  at  tlie  oppoEitP  siile.     The  part  of  the  Biirfaco  integml    '■ 
givMi  bj-  the  BJdca  is  (J,  -  X,)  dy  ds. 

Adiiing  to  this  (bo  parts  dne  to  tho  other  two  pnira  of  sides  ^ 
vtficd 


k 


* 


(14) 


Ibe  average  volume  deRBily  o£  the  distribution  within 


!S  of  X,  Y,  Z  vary  cDntinuously 
iliT  or  not  tlio  pointa  he  in  nny  part  «£  the  eleolrilicaiion, 
■  I'M  only  the  volume  density  of  llie  distrihuliun  di>ea  not 
iitiB  infinile.  We  may  write  th'Taforc,  putting  X,  V,  Z, 
!l"!  component  forces  at  0, 


,t,  =  J  -  i'^rfj-,   X^-  ,Y  +  i'- 


I  'iinilar  fi-)mmlaa  fpir  l',,  F,,  ^,,  ^,, 

-'  foto 


I-qur 


in  (14)  becomeH    Poiiaon'* 
,     .     .     .     (15) 


■  ■uiiing  -  dVI,h,  -  ^r/d]/.  -  dVhh,  in^iteud  i  f  A",  Y,  Z, 

^+i;r+s'+'"=»- ■■•<■«> 

"■-'..■■•^  pqnation  iB  due  to  Poiason  and  ix  citlled  sometimes  the 
'ii'tmatie  equation  of  tbo  potential.    When  p  =  0,  we  oblaiD 
i'>'s  equation,  which  is  tlierefnre  a  particular  cose  of  (16). 
!  >  .1  change  of  sign  in  M  force*  in  the  equaliona  the  theorema 
'1-1  above  and  others  whii;h  follow,  can  be  mude  applicable   , 
mvitational  etlractiou.'     For  example  let  it  be  required  to  ■^'•"'''"'°" 
iiiiii  fhn  altrncfion   of  a  uniform   sphere  or   spherical    shell   of  ai^,^'nf  j 
Mlwcting  matter  on  an   eitemal  piirticle  P  at  unit  mesa  at  a   Sphere  or 
"Itrtince  T  from  tlie  centre.      By   ayinnietry,  the   attraction   at  shell  on  an 
"«y  roint  of  the  apherical  surface  concentriu  with  the  aphero    External 
■" 'HI  and  passing  through  P  is  th" -    '  "--'  -         ■    - 


9  at  P  and  normat    Pirlif^Ie. 


^^^nwini 


KrtviUtional  attraction  the  potential  is  defined  as  2  (?/r),  and 
jiaiallel  to  any  directioa  x  taken  positive  in  the  directiim 
'ig,  Is  then  dVjdx. 
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Attraction 
(or  repul- 
aion)  of  a 
Sphere  or 
Shell  on  an 
External 
Particle. 


to  the  surface, 
force 

or 


Hence  by  the  theorem  proved  above,  if  ^  be  the 
-  F  X  4irr»  =  inM, 


F  =  -J//r2 


(17) 


Attraction 
of 

Spherical 
Shell  on 
Internal 
Particle. 


that  18  the  attraction  is  the  same  as  if  the  whole  mass  of  tbe 
sphere  or  shell  were  collected  at  the  centre. 

M 

By  equation  (6)  F  =^  — ,  or  the  potential  is  also  the  same  as  if 

the  whole  mass  were  collected  at  the  centre. 

Again,  let  the  p.irticle  P  be  within  a  hollow  shell  bounded  by 
two  concentric  spherical  surfaces ;  the  attraction  at  every  point 
of  a  spherical  surface  passing  through  P  and  concentric  with  the 
shell  must  be  the  same  and  normal  to  the  surface.  Calling  it  F^ 
and  the  area  of  the  surface  8^  we  get 


2^X5  =  0,    or    F=0 


(18) 


Potential 
Constant 

within 

uniform 

Spherical 

SheU. 


that  is  the  force  is  zero  within  such  a  shell. 

dF 
Since    the    force         is  zero  the  potential  is  constant  within 

dr 

the  shell,  and  is  therefore  everywhere  what  it  is  at  the  centre. 

The  potential  of  a  uniform  spherical  shell  of  radius  x^  thickness  dsy 

and  density  p,  is  4npx^dx/x  —  Airpxdx.     Hence  the  potential  in 

the  interior  of  a  uniform  spherical  shell  of  internal  radius  a  and 

external  radius  r  is 


Anp  i  xdx  =  2irp  (r»  -  a«) 


(19) 


Potential 

and  Force 

at  any 

point 

within  a 

uniform 

Sphere. 


The  part  of  the  potential  at  a  point  in  a  homogeneous  sphere 
at  a  distance  a  iroin  the  centre  due  to  the  external  shell  is 
2fr/>  (r'  —  ff*),  and  the  part  due  to  the  sphere  of  radius  a  on  the 
surface  of  which  the  point  is  situated  is  ^  irpa^.    Hence 


F=  2jr/a(r«  -  J  a') 


(20) 


Imagine  a  concentric  spherical  surface  described  through  the 
point.  The  force,  JP,  at  the  surface  is  everywhere  normal  to  it^ 
and  if  a  be  the  radius  we  have 


-  F  X  Ana*  =  An 


4fl'p 


or 


■a  Air 


(21) 


A  THEOREM  OF  GA0SS. 
t  is,  llie  force  varies  oa  the  (iistRnto  from  tlie  i<entre. 


(20)  abnve. 

Aa  nniitlicr  exumple 
imifiirin  eltKitric  density  i 
•■ti^ctricitv  placed  on  the 

I-iiiie.    thepolenti;.!  of 


onee  obtuitied  by  finding-  -- 


da' 


1  equation 


-f.'-' 


oleclrified  circular  diac  of  Force  ij 
raaitis  rBcIiiiKona  unit  of  posi live  point  «l 
if  lie  disc  (it  a  diBtxnue  A  from  iU  axis  c' 
lenlric  ring  of  railius  a-  and  breailth  Eli>ctril 
the  whole  diei^  therefore 


=  Sn-D-  {  ^/^«  +  ,»  -  ^) (22) 

For  iJie  reptilsion  on  the  parlirje  wo  Iiavo  the  value 

-  rfr/iZ-f  =  2ir<r(!  -  (S/VA»"+^)     ■     ■     ■     (23) 

The  following  proposition  (due  to  Gauss)  is  interesting 

^nd  important :  The  average  potential  over  a  spherical 

•  iirfacc  due  to  electricity  entirely  without  the  sphere  is 

qual  tu  the  potential  at  the  centre. 


Fotantinl 


3  llie  electric  diBlribntion  to  be  a  quantity  g  sitiiated  ot     cy,--. 


Tuiat  O.     TLe  potealial  at  a  point  P  on  the  sphericEil  Burfaco 
>jj9taat  r  from  0  is  '.    The  average  potential  over  the  Borface  is, 

I     if  B  bo  iU  rndiiie,  --       (  (  ?-  lit.     Bat  (  j  ?-  di  ia  the  potential 
f      nt  0  due  to  a  uniform  distribution  of  surface  density  q  over  tlie 


Cbaigu 


"phericnl  surface  and  is  therefore  (p.  14)  • — — -',  if  i)  bo  the 

iixUSce  of   O  from   tlie   centre   of  the   sphere.     The   average 

jiotential  is  therefore  j,  that  is,  the  potcnlial  at  the  centre  of  the 

■ph«re  due  to  g  at  0.    The  same  result  tnn  be  obtained  for  every 
put  of  the  diHtribution,  and  the  proposiiiun  is  eBtublitshed. 

From  this  theorem  follows  obvioiisly  the  result  already 
{iroved  that  there  is  no  place  of  maximum  or  of  minimum 
potential  in  space  void  of  electricity. 
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Average  Further  it  follows  if  throughoat  any  space  S  in  whi< 
*over^  there  is  no  electricity  the  potential  be  constant,  tl 
Sphere     potential   must  have   the   same  value  throughout  a 

due  to*  ,^  -  11/%  r»i  11. 

External   space  that  can  be  reached  from  S  by  any  path  whic 
Charge,    ^^gg  j^^^  p^g  through  the  electrified  system.     For 

throughout  any  space  S\  adjoining  S,  the  potentij 
be  greater  or  less  than  in  S,  it  must  be  possible  t 
describe  a  sphere  so  small  that  its  centre  and  a  portio 
of  its  surface  may  be  in  S,  and  the  rest  of  its  surface  i 
S\  The  mean  potential  over  the  surface  would  then  I 
either  greater  or  less  than  the  potential  at  the  centr 
which  is  impossible.  Hence  S'  cannot  have  at  ar 
point  a  greater  or  less  potential  than  that  of  S. 
Equi-         A   surface   every   point   of    which   is  at   tlie   san 

Sotential  potential  is  called  an  Uqidpotcntial  Surface,  or  som 
times  a  Level  Surface,  Such  a  surface  can  evident 
be  drawn  for  every  point  of  the  electric  field. 
Surface  Any  equipotential  surface  may  be  taken  as  tl 
r°L^iM  ^"^^'^^  ^f  ^^^^  potential,  and  the  potential  at  ai 
point  is  then  simply  the  diflference  of  potentials  betwe< 
the  point  and  that  surface.  The  potential  of  the  ear 
is  generally  taken  as  zero  potential. 

Since  no  work  is  done  in  carrying  a  unit  of  positi 
electricity  from  one  point  of  an  equipotential  surfa 
to  another,  lines  of  force  meet  such  surfaces  at  rig 
angles ;  in  other  words,  the  direction  of  the  resulta 
force  at  any  point  of  such  a  surface  is  normal  to  t 
surface. 

The  potential  within  a  closed  equipotential  surfa 
which  contains  no  electricity  is  constant.  For  if  n 
there  must  be  an  adjacent  equipotential  surface  with: 
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at  a  higher  or  lower  potential,  and  the  electric  induction  Surfaca 
over  every  element  of  that  surface  must  have  the  same  potentw; 
i:;i.  But  the  integral  over  the  whole  surface  is  zero, 
iji ':  it  is  zero  over  every  element,  that  is,  the  electi'ic 
:>  <■■  at  every  element  is  zero.  There  is  therefore  no 
:i''rence  of  potential  between  the  two  surfaces;  and 

■  ;t)iplying  the  theorem  of  Gauss  (p,  15  above),  or  by 
^|^i(lering  successive  internal  surfaces  we  can  prove 

:.it  the  whole  internal  space  is  at  the  same  potential. 
It  is  necessary  for  electrical   equilibrium  that   the   PotentUl 

.'iiric  force  at  every  point  of  the  substance  of  any  within 
L  umijuctor,  whether  containing  within  it  electrified  ^Hollor 
III'  .  1         ■        .  1  ■   .         Conductor. 

I  twlies  or  not,  be  zero,  that  is,  that  the  potential  at 

I  every  point  be  the  same.  Any  surface  therefore  de- 
rik-d  within  the  substance  of  a  conductor  is  an 
;iMfwtcntial  surface,  and,  by  the  proposition  just 
At:(i,  the  potential  must  have  the  same  value  at 
ry  point  within  a  hollow  conductor  containing  no 
iirified  bodies,  as  at  the  conductor  itself, 
^irice  the  electric  force  is  everywhere  zero  there  is  no  Charge  of 

■  olectricily  at  any  point  in  the  substance  of  the  nniv'oB 
I'liictor,  for  no  lines  of  force  can  enter  or  leave  any  Sarfsoe. 
niimof  space  there  situated.     Hence  the  charge  of 

'uductor.  can  be  found  only  on  the  external  suiface, 
;  if  a  conductor  in  the  interior  be  brought  into  con- 
■ :  nith  the  internal  surface  it  will,  if  electrified,  give 
jis  whole  charge  to  the  external  conductor,  and  if 
'  ^  i:trified  receive  no  charge. 
Hifise  ctinclusions,  which  have  been  deduced  from  the     Eiperi- 

'A  electric  attraction   and  repulsion  stated  above    pi^ft 
] ).  are  in  accordance  with  the  results  of  experiment. 


i  !.r.i   ri;n.-TATIi'    TllKiil;V 


I...,.-, . 


Kxpfri- 
nicnt. 


Kxp*;ri- 

ment'il 

I'roof  of 

Minor 
I^renuBH  of 


Cavtn- 
dish's  Hy- 
pothetical 
Syllo^8in. 


A  <li;ii^c<l  (MJiiductor  iiitroduec'd  wit.liiii  a  cIoscmI  con- 
(liictor  and  bronglit  into  contact  with  it  as  in  Faraday's 
ice-pail  experiment  (p.  22),  and  in  Biot's  well-known 
experiment  in  which  two  insulated  hemispherical  con- 
ductors are  made  to  enclose  and  touch  a  highly  chai^ged 
metallic  sphere,  is  found  to  be  completely  discharged. 
The  distribution  otherwise  than  on  the  external  surface 
is  therefore  not  one  of  equilibrium. 

The  same  result  was  found  so  long  ago  as  1773  by 
the  Hon.  Henry  Cavendish,  who  used  the  other  form  of 
experiment.  A  conducting  sphere  was  insulated  within 
a  concentric  spherical  shell  made  of  two  hemisphericftl 
conductors  mounted  on  insulating  supports  so  as  to  b© 
easily  removable.  The  shell  after  having  been  highly 
charged  was  brought  into  contact  for  an  instant  with  the 
internal  sphere.  The  hemispheres  were  then  removed 
and  discharged,  and  the  electrical  state  of  the  sphere 
tested  by  means  of  a  delicate  electroscope.  No  trace 
of  a  charge  could  be  detected.^ 

The  tests  of  such   a   charge   now   afforded   by  Sir 
William  Thomson  s  Quadrant  Electrometer  (Chap.  II. 
below)  exceed  enormously  in  delicacy  any  which  could 
previously   be  applied,   and  careful  repetitions  of  the 
experiment  made  with   the  help   of  that  instrument 
have  shown  no  inaccuracy  in  Cavendish's  result.* 

This  result  is  of  the  utmost  importance,  for,  assuming 
it  as  a  fact  experimentally  proved,  we  can  reason  back 
from  it  to  the  law  of  the  inverse  square  for  electric 

1  Cavendish's  Electrical  Rcsearch^Sf  or  Maxwell,  Elect,  and  Maig. 
vol.  i.  p.  77  (sen.  ed.). 

'  Maxwell,  ElrH.  and  3fag.  (sec.  ed.  vol.  i.  p.  78). 
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rtion  and  repulsion,  which  Coulomb  airived  at  by     Camn- 
fiis  iuimeusely   more   uncertain    method   of   directly  poth^tiu* 

wivaing,  in  the  torsion  balance,  the  attraction  and  ^yf"^ 
iqiQlflion     between     electrically    charged    conductors. 
Uivendiah's  experiment  is  therefore  properly  regarded 
{llie  crucial  test  of  the  law  of  the  inverse  square, 
i  shall  now  prove   briefly  that  if,  as   shown   by 

vendisb's  experiment,  the  electric  distribution  on  a 
spherical  conductor  is  entirely  on  the  external 
or,  which  is  tlie  same  thing,  if  there  be  zero 
B  everywhere  within  the  conductor,  the  law  of  the 
interse  square  is  tnie.^  If  the  sphere  be  at  a  very  great 
e  from  all  other  conductors  the  distribution  on  it 
iiiiial  from  symmetry  be  uniform,  and  vm  have  seen 
(p.  U  above)  that  the  law  of  the  inverae  square  satisfies 
tlie  condition  of  zero  force  in  the  interior,  It  remains 
■0  sliow  that  this  is  the  only  law  which  is  consistent 
■  lUi  a  distribution  entirely  on  the  surface. 

Let  /{r)  denote  the  electric  force  at  adistance  rfrom 
a  unit  of  positive  electricity  concentrated  at  a  point ; 
lien  F{r)  fulfils  the  condition  stated.  In  the  case  of 
tlie  law  of  the  inverse  square  r'  F  [f)  is  a  constant,  for 
my  other  law  it  is  not.  If  )■'  F  (r)  ia  not  constant,  it 
must  for  any  given  value  of  r  either  increase  or  diminish 
M  r  is  increased.  Let  /■,  and  r^  he  any  two  values  of  t 
sach  that  F^f)  continuously  increases  as  r  increases 
fruin  r,  to  T^.  Let  ABOB  (Fig.  3}  be  a  great  circle  of 
5  s|)heric«l  conductor  of  diameter  •/■,  +  r^  and  surface 

'  The  [iruof  here  given  ia  duo  to  M.  BtrtranJ,  Joum.  lit  Pkj/i.  t.  U. 
U  (1*73).     For  otlipr  proors  w«  lapUce,  3(ieaniqiie  CeUaU,  \.  2 ; 
'  .-.t^iuluii,  Eiett.  Bia.  ;  MuKwell,  loc.  cU. 
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Proof  of   density  cr,  P  a  point  such  that  CP  =  PJ9,  and  Ah 

PremiM  of  *^®  diameter  drawn  through  P.    Draw  a  double  cone 

Caven-    q{  small  Vertical   angle   d(o  at  P  and   denote   by  9 

dish 8  .  .  *^,  , 

Syllogism,  the  angle  which  the  axis  of  the  cone  makes  with 
the  radius  at  its  intersections  with  the  sphere.  The 
quantities  of  electricity  on  the  opposite  elements  of 
the  sphere  are,  if  r\,  r\  are  their  distances  from  P, 
<r  r'l*  dea/cos  0,  <r  r'^  dto/cos  0  respectively,  and  the 
components  of  their  attractions  along  the  diameter 

a  dco  Ti  F  (r^)  cos  ^/cos  0,    a  dco  r^  F  {r^  cos  ^/cos  0, 

where  (f>  is  the  angle  between  the  axis  of  the  cone  and 
AB,    as  shown.     These   attractions   are   in    opposite 


directions,  and  since  r\  >  r\  the  second  is  greater  tha 
the  first.  Now  the  whole  sphere  can  bs  divided  u 
into  pairs  of  elements  so  that  one  of  each  (of  distant 
r'j),  lies  above  AC,  and  one  (of  distance  r  2),  beneatb 
hence  the  attraction  of  P  towards  A  must  be  greats 
than  that  towards  B,  that  is,  the  condition  that  there  is  v 
force  within  the  conductor  is  not  fulfilled.  Hence  tb 
hypothesis  that  r*  F(r)  increases  as  r  increases  from  ^ 
to  rg  cannot  be  true ;  and  in  the  same  way  it  can  b 


iiMrtu  ihat  r"  f{r)  docs  not  diminish  as  r  increases 
iween  any  limits  whatever.     It  follows  that  »■' ^(t-) 
:i  constant  if  the  electric  distribution  is  wholly  on 
■i!0  surface. 

Uaveudish's  result   was  incidentally  confirmed   and  Faraday'* 

I  nrikiiigly  illustrated  by  Faraday  in  his  researches  on  ^'^trifi^ 

I  th9"Abaolute  Charge  of  Mattur."'    Having  constructed 

anibical  framework  of  wood  (ten  feet  in  length  of  edge), 

ivereci   with   a   network  of  copper   wire   and   hands 

■'!  tinfoil,  he  insulated  it  and  placed  within  it  a  very 

,    Jclicate  gold  loaf  electroscope.      He  then   powerfully 

I  electrilied  the  cube,  and  found  that  the   electroscope 

1  "howed  no  effect.     He  even  went  into  the  cube  and 

'    'i^ed  in   it,  and  tried   without  effect  all  the  teats  of 

i'-otrifiealion   he  could  apply,  although  all    the  time 

"II?  sparks  and  brush  discharges  were  passing  from  its 

'iiK-r  surface. 

We  can  now  prove  simply  the  important  result  that  liidaction 
I  A  closed  conductor  contain  any  electrified  system  ciofleJ 
Hiving  a  total  charge  Q,  a  total  cliarge  of  electricity  —  ^  is  Conductor 
:iiliiced  on  the  inner  surface  of  the  conductor.  For 
ijijiose  a  surface  Jf  described  within  the  substance  of 
'I'-'  conductor  C  intermediate  between  its  inner  and 
'iiitr  gnrfacus,  then  since  there  is  no  force  within  the 
"ilffltanco  of  C  the  electric  iuduction  over  S  must  be  Ini 
i«ro.  Hence  the  total  tjuantity  of  electricity  within  ^ 
S  oiisl  be  zero,  that  is,  the  proposition  stated  above 
luiiit  be  true.  We  shall  see  below  that  the  density  of 
'iic  induced  distribution  at  any  point  depends  on  the 
ii'lribtition  of  the  internal  inducing  system. 
*  BtjKrimoiCal  Ileaearrhta,  vol.  i.  p.  3G6. 
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External  If  C  be  insulated  without  charge  it  follows  that  a 
Charg^.  charge  equal  to  +  Q  is  found  on  the  external  surface. 
We  shall  see  below  (p.  26)  that  the  distribution  of  this 
charge  is  independent  of  that  of  the  internal  charges, 
and  is  the  same  as  that  of  a  free  charge  of  the  same 
amount  given  to  the  conductor. 

Faraday's  These  results  give  the  explanation  of  Faraday's  ice- 
l^Mri-  P^i'  experiment  alluded  to  above.  A  pewter  ice-pail 
ment.  yj^A  Supported  by  silk  threads  and  connected  to  a 
delicate  gold  leaf  electroscope.  A  charged  conducting 
ball  was  then  lowered  into  the  ice-pail,  and  as  it 
descended  the  gold  leaves  gradually  separated  until  the 
ball  had  been  placed  well  down  in  the  pail,  when  the 
divergence  remained  nearly  constant  as  the  ball  was 
lowered  further,  brought  into  contact  with  the  pail,  and 
withdrawn.  The  ball  was  then  found  to  have  been 
totally  discharged. 

The  same  experiment  can  be  repeated  with  ex- 
ceedingly great  delicacy  by  means  of  the  quadrant 
electrometer,  and  if  the  pail  is  well  insulated  and  closed 
by  a  conducting  cover  to  which  the  ball  is  hung  by  an 
insulating  support  kept  free  from  electrification,  the  re- 
sult described  is  easily  obtained.  The  insulating  support 
if  electrified  may  be  discharged  by  being  passed  through 
a  flame,  or  by  being  placed  in  a  current  of  hot  air.  With 
a  quadrant  electrometer  in  its  ordinary  grade  of  sensibility 
it  is  necessary  to  charge  the  ball  very  slightly.  This 
can  be  done  without  sensibly  electrifying  the  insulating 
support  by  giving  a  small  spark  by  means  of  an  electro- 
phorus  to  a  second  ball  held  by  an  insulating  handle, 
then  touching  that  ball  with  a  third  also  insulated,  dis- 
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iiging   the  latter  anil  again  bringing  it  into  contact  Fartdsyll 

■  I'll  the   second,  and  so  on  until  llic  charge  of  the    e™ 
■iiiQd  hall  is  BO  much  diminished  that  the  experimental     ™'" 
"I'.l  bronglit  into  contact  talies  a  charge  just  sufficient 
til  give   a   convenient   deflection   of  the   electrometer 

I  iiee<l!e.  The  constancy  of  the  electrometer  deflection 
■  nfUr  the  contact  shows  that  the  potential  of  tlie  con- 
liitliir  is  not  altered,  and  it  follows  as  proved  below 
['-  SO)  that  the  distribution  on  the  exterior  suriace 
1  tlie  conductor  is  not  changed.  The  total  discharge 
of  tiie  hall  proves  that  its  charge  was  equal  and 
oppoaile  to  the  induced  charge  on  the  interior  surface 
uf  tho  conductor. 

This  experiment  is  the  basis  of  manyuseful  electrical  Methinl  a 
':i^tranients.  notably  induction  machines  such  as  Thom-  piyin^ 
"IIS  Heplenishex,  and  the  machines  of  Holtz,  Voss,  Kloctno 
i"l  others,  which  multiply  electric  charges;  and  it 
':ivps  more  clearly  than  any  other  tho  idea  of  quantity 
"I  electricity.  For  example  it  gives  U8  a  means  of 
ciiftrgiag  a  conductor  with  any  number  of  times  a  given 
eltdiic  charge.  For  let  the  charge  be  given  on  the 
l»li  of  the  ire-pail  in  the  experiment  above.  The  ice- 
pail  is  insulated  within  the  conductor  to  ho  charged,  and 
the  ball  placed  within  the  ice-pail  but  without  touching 
it.  The  ice-iMiil  and  the  exterior  conductor  are  then 
bfdaght  into  contact  for  an  instant, and-tho  ball  and  ice- 
p«i!  withdrawn.  Since  the  ice-pail  and  conductor, 
"hen  in  position  after  the  contact,  are  at  one  potential, 
'iii.re  is  no  electrification  between  the  inner  surface 

■  tlie   former  and   the   outer  surface  of  the   latter, 
liin:e   llieie   is  then  a  clinrge   on   the  outer   surface 
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[ethod  of  of  the  conductor  equal  to,  aad  of  the  same  sign  as, 
JljlJig  that  on  the  hall.  If  the  ice-pail,  which  U  left  with 
a  charge  equal  and  opposite  to  that  on  the  ball,  be 
discharged,  and  the  process  above  described  repeated, 
another  charge  equal  to  that  on  the  hall  will  be  given 
to  the  conductor,  and  so  on  until  the  required  multiple 
of  the  charge  has  been  given. 

By  plightly  modifying  this  process  a  second  conductor 
may  be  chained  with  an  equal  quantity  of  the  oppoute 
electricity.  For  it  is  only  necessary  to  discharge  the  ice- 
pail  each  time  by  placing  it  within  and  then  bringing 
into  contact  with  the  second  conductor.  If  the  opposite 
kind  of  electricity  only  is  required  it  is  sufficient  to 
connect  the  ice-pail  to  earth  each  time  the  ball  is  placed 
within  it. 


OENEBAI.  TEEOREU  OF  CLOSED  CONDDCTDBS. 


ii'tentia]  at  any  point  due  to  a  charge  of  electricity  Princii 
■1  :irtother  point  is  directly  proportiou^  to  the  charge,  "posi!^^ 

■I  the  potential  at  any  one  point  produced  by  any     stated. 

:  tribution  of  electricity  is  the  sum  of  the  potentials 
me  to  the  separate  part«  of  which  the  distribution  con- 
=ists,  or  of  the  separate  distributions  into  which  it  may 
b"'  supposed  divided. 

An  electrie  system  in  fact  may  be  built  up  in  any  way 
niial«ver  of  separate  parts  or  made  up  of  separate  dia- 
mtiutious  superimposed  ;  each  part  of  the  system  or  each 
■'  |>:ii:ite  distribution  produces  its  potential  at  any  point 

•  fl'  tbe  remainder  did  not  exist ;  the  final  distiibution 

''lit- sum  of  tbe  separate  distributions,  and  tbe  final 
l-'iteniial  at  any  point  the  sum  of  their  separate 
|")tentialB.  This  conclusion  is  capable  of  direct  veri- 
titiition  by  experiment  in  certain  cases,  and  further 
till!  results  deduced  from  it  are  found  to  agree  with 

liSHrved  phenomena. 

It  is  proved  below  (p,  09)  that  electricity  can  be  dia- 
Iributed  in  one  and  only  one  way  on  a  given  system  of 
tCmductors  so  as  to  produce  a  given  possible  system  of 
putentinls.      Hence  if  by  the  superposition  of  different 

''''■«  of  the  same  conductors  we  can  produce  the  re- 

iiii'd  potentials  we  know  that  we  have  obtained  the 

:y  solution  of  the  problem. 
Ij  Suppose  no  external  electrified  bodies  to  exist,  RfUtiooof 

II  i  ihe  closed  conductor  to  be  at  zero  potential,  then,   {Jo^^f^J 

'I  ii  the  potential  is  zero  also  at  a  very  great  dis-  teru»l  &□! 

■ii'-i-.  there  can  be  no  potential  greater  or  less  than  (i,'ncia«ijd 
")  in  intermediate  space,  otherwise  there  would  lie  a  CondoctoR 
-u.iimum  or  minimum  of  potential  in  space  unoccupied 


26  ELECTROSTATIC  THEORY. 

delation  of  by  electricity.     Hence  the  distribution  of  electricity  on 
tioDs  In-  ^^^  interior  surface  of  the  conductor  is  such  as  to  pro- 
emal  and  Juce  through  external  space  a  potential  exactly  equal 
4)  a  Closed  and  opposito  to  that  which  the  charged  body  produces. 
i^nductor      ^2)  Suppose  an  external  electrified  system  to  exists 
but  no   electricity  to  be   within   the    conductor,  the 
potential   within  the   conductor  (which   may  now  be 
supposed  insulated  and  charged  to  any  degree)  will  be 
constant  and  of  the  same  value  as  that  of  the  conductor. 
The  induced  electrification  of  the  conductor,  as  may 
be  seen  by  supposing  the  potential  zero,  is  such  as  to 
produce   a   potential  within  the  conductor  equal  and 
opposite  to  that  produced  by  the  external  electrified 
bodies;  and  we  can   superimpose   on  this  the   inde- 
pendent  electrification,  if   any,  which  is  effective  in 
producing  the  actual  potential  of  the  conductor. 

We  have  therefore  in  (1)  and  (2)  three  electrifica- 
tions which  are  separately  in  equilibrium  and  may  be 
supposed   superimposed,   and    since,   as   we   shall  see 
below,    there    can    be    only    one    distribution    corre- 
sponding to  given  potentials  or  charges,  of  the  system, 
the  superimposed  distributions  are  in  equilibrium  and 
Principle  form  the  actual  distribution.     Hence  the  proposition 
Electrical  Stated  above  is  true ;  and  we  have  also  the  very  important 
Screen,     result  that  if  the  conductor  be  connected  with  the  earth 
it  forms  a  perfect  electrical  screen  between  the  internal 
and  external  systems.     To  protect  an  electric  system 
from  all  external  influences  it  is  therefore  only  neces- 
sary to  place  round  it  a  metallic  screen  (or  what  is 
quite  efficient,  a  metallic  grating  or  network)  connected 
with  the  earth. 


ClUXGE  OF  FORCE  AT  ELECTKIFIED  SirRFAfll 

ICoDiider  a  small  element  of  area  ds  of  an  equi- 
Itentiat  surface,  and  imagine  lines  of  force  to  be 
hwn  throtigh  every  point  in  its  periphery  so  as  to 
»  tubular  surface.  Such  a  surface  is  called  a  tube 
■/era.  I^et  E  be  the  resultant  electric  force  at  the 
ent  ds  and  let  lids  be  taken  as  unity,  the  tube  is 
1  a  unit  tube.  Imagine  any  finite  area  of  the 
Bpotential  surface  to  be  divided  into  elements  such 
I  the  tube  for  each  is  a  uoit  tube,  and  let  n  be 
r  number  so  that  XSda  =  n  ;  then  n  is  the  number 
ptobes  of  force,  or,  as  it  is  usually  put,  "the  number 
I  \iiU3  of  force "  which  cross  the  area.  It  is  to  be 
■meinbered  that  what  is  called  a  line  of  force  in  the 
pifbnue  "  number  of  lines  of  force  "  is  a  unit  tube.  We 
iball  not  however  use  the  term  in  this  sense,  but  in  the 
Mtue  defined  above  (p.  6),  which  has  no  reference  to 
■Btcnaity  of  force. 

Using  A*  in  the  same  sense  as  before,  and  considering 
ifcu  projection  of  da  on  an  equipotential  surface  at  the 
eUwrtit,  we  see  that  Ndg  is  really  the  same  thing  as 
the  number  of  tubes  of  force  which  cross  da,  and  as  N  is 
to  be  taken  positive  where  the  lines  leave  the  surface, 
^tid  migative  where  they  enter  it,  we  sec  that  the 
xcess  of  the  number  of  tubes  of  force  which  leave  the 
■irface  over  the  number  which  enter  it,  that  is  the 
electric  induction  over  the  surface,  is  equal  to  4ir 
times  the  algebraical  sum  of  the  electricity  within  the 
^rrrfaci;. 

Lft  i/j  and  rfi"  be  two  nomiiil  Beptions  of  a  tube  of  force,  antl 
'  f  mA  F  be  the  force  at  the  two  Bcctionii,  tlien  tlie  Biirface 
^j.Titl  of  electric  induction  for  the  portion  of  llio  tube  between 
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the  sections  is  Fd*  -  Fds'^  and  if  there  be  no  electricity  within 
this  part  of  the  tube 

Fds  =  Fds' (24) 

that  is,  the  product  of  the  electric  force  and  the  cross-sectional 

area  of  the  tube  is  everywhere  constant  if  the  tube  contain  no 

electricity. 

Tube  of        If  however  the  tube  pass  throuj^h  an  electrified  surface,  then 

Force      we  may  suppose  the  tube  so  thin  that  the  normal  at  every  point 

passing     of  the  intercepted  element  of  the  surface  is  in  the  same  direction, 

through  an  and  consider  the  very  short  portion  of  the  tube  bounded  by 

Electrified  two  cross-sections  parallel  to  the  element,  one  just  within  and 

Surface,    ^jj^  other  just  without  the  surface.     If  ds  be  the  area  of  the 

element  intercepted  on  tho  surface  by  the  tube,  o-  the  density 

there  of  the  distribution,  and  6  the  angle  which  the  normal  to 

the  element  on  the  positive  side  makes  with  the  direction  there 

of  the  resultant  force,  we  have,  taking  the  surface  integral,  which 

consists  only  of  the  end  portions, 

{F  -  F)  cos  Bds  =  47r(rds, 

{F  -  F')  cos  0    =  intr (25) 

that  is,  the  normal  components  of  electric  force  at  two  neigh- 
bouring points  on  a  line  of  force,  but  on  opposite  sides  of  the 
surface,  differ  by  4ir  times  the  electric  surface  density  where  the 
line  cuts  the  surface. 

If  we  draw  normals  v,  i/  outuxirds  from  the  two  ends  of  the 
portion  of  tube  here  considered,  and  Fi,  V  be  the  respective 
potentials  at  the  two  sides  of  the  surface,  we  have 

jPcos^  =  -  dFjdv,   rcoB$  =  dF'/du\ 

and,  therefore,  equation  (25)  becomes 

"^  +  "^J^  +  4ir<r  =  0 (26 

dv         dv 

This  is  the  form  which  the  characteristic  equation  of  th* 
potential  takes  at  a  surface  at  which  the  electric  force  is  dia 
continuous, and  it  shows  that  to  the  discontinuity  there  correspond 
a  certain  determinate  density  of  electric  distribution  on  thi 
surface.  Since  the  potential  is  constant  within  the  substance  o 
a  conductor  on  which  electricity  is  in  equilibrium,  a  tube  o 
force  must  be  considered  as  terminating  just  within  the  electri 
fied  surface.  Hence  the  surface  integral  for  a  tube  of  fore 
extending    between    and    terminating    in    the    substance    o 
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»o  potiiiuctnrH,  is  equal  to  Kero.    The  total  quantity  of  olectricitj 
la  tliF!  tube  is  Iherefure  uIbd  zero,  aod  henre  if  da,  lU  bs  I.Ijp 

tercept^d  by  the  tube  on  iLe  tn*oeurfuce«,aiid  a,  <t'  the 

nsponding  surface  denaitieB,  wo  have 

o-rf.  +  oV*-  -  0 (27) 

If  we  cooeider  a  Inbe  of  force  terminating  at  one  end  juBt 
tliin  the  electrified  eurfnce  of  a  conductor,  and  nt  the  other  end 
<t  outside  the  surface,  we  hare  for  tlie  end  within  (he  Burfuce   ' 
=  {-  dVId^')  =  0,  and  therefore 


Hence  tbe  lienBity  at  nny  element  of  nn  electrified  surface  is 

/;4ir,  where  F  le  the  force  at  on  exIernoJ  point  infinitely  near 
III*  eleuienL 

Prom  the  result  obtained  above  (pp.  25,  26)  for  a  Burfaw 
eloaed  conductor,  containing  an  electric  system  insu- 
Itted  within  it,  it  follows  that,  whether  or  not  tiiere  be  ^ 
•n  external  electric  system,  the  electrification  of  the  System 
inner  surface  reversed  in  sign,  would  produce  exactly 
the  same  potential  at  the  conductor  and  all  external 
points  as  is  due  to  the  internal  system.  But  by  (26  his) 
tlic  density  at  any  point  of  the  inner  surface  is  —  F/iw, 
wiiere  F  is  the  internal  force  at  the  point  in  the  mii- 
"-ord  direction.  The  density  of  the  distribution  which 
ou  a  surface  coinciding  with  the  inner  surface  of  the 
conductor  would  replace  for  external  points  the  internal 
syBtem  is  tlierefore  Fjiiir. 

Suppose  an  infinitely  thin  insulated  conductor  made    Cue  of 
coincident  with  an  equipotential  surface  of  an  electric  q^?,, 
Rystem   whether   wholly  or  partly   internal,   and    the  *ith 
internal  system  replaced  by  that  distribution  over  the    Surface, 
conductor  which  does  not  alter  the  potential   at  the 
I  or  at  any  external  point.     The  force  at  any 
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Caae  of  point  just  outside  the  surface  has  its  former  value  F, 
CoiucWing  ^"^^  *^^  electric  density  there  is,  by  (26  his),  Fjiw.  This 
withE<^ui-  (pp.  69    76)  ia  the  only  distribution  which  fulfils  the 

potential  .,,,..  ,     .  ,  ,  .       -.1 

Surface,    prescribed  conditions,  and  since  the  conductor  is  all  at 

one  potential  in  the  equilibrium  distribution,  the  total 
charge  is,  as  we  have  seen,  equal  to  the  charge  of  the 
internal  systwm. 

Since  this  surface  dmtribution  is  that  of  equilibrium 
it  is  that  which  the  conductor  would  take  if  insulated 
without  chaise  in  presence  of  the  actual  electric  system, 
and  as  we  have  just  seen  it  is  identical  with  the  in- 
finitely nearly  coincident  distribution  on  the  interior 
surface  reversed  in  sign.  Hence  no  change  in  potential 
or  force  at  any  point  external  or  internal  is  produced  by 
making  an  infinitely  thin  conducting  shell  insulated 
without  charge  coincident  with  the  equipotential 
surface. 
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ifrgy  of  the  Bystem,  provided  we  can  assume  its 
luality  to  the  work  so  spent.  But  by  the  principle 
I  the  ConservatioD  of  Energy  the  work  spent  in 
'Ringing  a  material  system  from  one  state  to  another, 
111  nny  manner  whatever,  is  the  equivalent  of  thci 
tuaaa  of  Iho  enei^  of  the  system  in  the  latter  state 
over  its  unergy  in  the  first.  Henct>  wc  may  assume 
that  the  work  spent  in  electrifying  the  system  by  any 
■lies  of  charges  whatever  is  the  equivalent  of  the 
dectric  energy  stored  up  in  the  system. 

Let  the  system  proceeil  from  zero  electrification  to 
tJie  final  state  by  infinitesimal  steps,  each  such  that  the 


i  biiire  electrifications  of  all  the  parts  of  the  system 
I'-  the  same  as  in  the  final  state.  By  the  principle  of 
-■i[>erpo8ition  the  increments  of  the  charges  positive  or 
n^l^iitive  of  the  various  parts  will  be  proportional  to  the 
ili.inges  of  potential  which  take  place,  that  is,  both  the 
>  iMlrifiaitiou  and  the  potential  of  every  part  of  the  sys- 
'■-nv  chat^je  uniformly  with  the  time  if  one  does  so, 
II'  HOC  if  we  represent  the  final  charge  of  any  element  by 
■iraight  line  0^,  and  the  final  potential  by  the  ordinate 
-"',  thi;  potential  of  the  element  con'esponding  to  any 
I'-rnieiliate  charge  OB  will  be  given  by  the  ordinate 
Sb  drawn  from  B  and  meeting  OC  in  D.     Now  the 
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Calcu-  work  spent  in  the  process  of  charging  described,  in  givini 
Ekchic  ^  charge  q  to  any  element  at  which  the  potential  is  V 
Energy,  before  the  charge  is  given  and  Fg  immediately  after,  i 
greater  than  V^q  and  less  than  V^q;  that  is,  if  £i 
represent  q,  the  work  done  in  bringing  q  to  the  elemenl 
lies  in  numerical  value  between  those  of  the  rectangular 
areas  bD  and  Bd.  But  these  two  rectangles  dififer  bv 
the  rectangle  Dd,  which  is  very  small  in  comparison 
with  either,  when  Bb  is  a  small  fraction  of  OB.  Hence 
the  whole  work  spent  in  charging  the  element  is,  if  its 
final  potential  be  V  and  charge  Qy  numerically  equal  to 
the  area  of  the  triangle  OAC  or  ^  VQ,  If  .ff  be  the 
energy  of  the  whole  system  we  have 

E^^tVQ (28) 

Expres-    where  %  denotes  summation  of  the  products  VQ  taken 

P^tentW  fo"^  a"  tbe  elements. 
Ener^        In  the  case  of  conductors  whose  potentials  are  V^,  F,, 

^Systeiii"^  and  charges  Gi»  Qv  &c-»  we  have 

IS  =  K  V,Q^  +  V,Q,  &c.)  =  JS  re  .     .     (29) 

where  V  denotes  the  potential  of  any  conductor  and  Q 

its  charge. 

For  any  system  of  surface  distributions  whether  in  whole  or 
in  part  on  conductors  or  not.  at  any  element  ds  of  which  the 
electric  surface  density  is  <r,  we  have  for  the  energy 

F^  i  II  Ftrds (30) 

where  the  integration  is  extended  over  all  the  surfaces.  Similarly 
if  there  be  a  volume  distribution  with  potential  varj'ing  from 
point  to  point  we  have  for  the  energy  of  an  element  d^  dy  dz  at 
which  the  potential  is  F  and  density  p  the  value  \Fp  dx  dy  dz. 
Hence  for  the  total  energy  in  the  most  general  case  we  have 

E=  ill  Fads  +  illl  Fpdxdyds.     .     .     (31) 
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-  aiirfacL'  inlegrnl  being  extendpd  over  all  t)iB  eloctrifled  boOies  EUrtrifie 
mi  UievolmiiEintegralsover  all  UiespaceB  occupied  by  electricity.  Systen 

ueteid  of  0-  we  write  its  value  ~  —    — ,  and  for  p  he  value  Eispreasion 
■*"  '''  for  Energy, 

iy^.wegel 


B  = 


rJ/4>-al/// 


FV'Fdxdgdt. , 


to  obtain  auotlier  expresaioii  fur  the  electric  energy. 

two  equipotential  surface!)  of  the  actual  ayutein  at  a 

y  «hon  dietance  apart,  and  let  the  electric  foroe  at  any 

Hnt  i*  o£  the  inner  Rurface  be  F,  and  the  distance  between 

kcnrfBces  measured  along-  a  line  of  force  dv.     Now  imagine 

fcttiicity  to  be  gradually  distributed  over  tlio  inner  surface  so 

\   U  to  pniduce  finally  the  rc^aultaut  force  F  at  each  point  just  out- 

vi*  toe  titiface,  and  the  charge  on  each  element  to  be  brought 

L   iloD^  II  line  of  force  to  that  vlement  from  the  outer  surface,  and 

LjM  ttiit  the  diatributiun  on  the  surface   baa  alwaya   the   same 

lHi*e  density.    If/  be  ibe  electric  force  at  dt  dne  to  the  dia- 

'^^lion  on  tlie  surface,  at  any  stage  in  ita  building  up  in  this 

ucr.the  work  done  in  bringing  a  small  qaantity  of  electricity 

A  lIoDg  dt  ta  dt  against/  ia  dq.fds.     By  this  transfer  the 

.    Wctrie  force  has  been  changed  from/ to_/"+  df,  and  the  aurface 

dearity  therefore  increaaed  by  li/Hjt.    BaXdq  =  di.  d//ijr,  hence 

the  work  done  is  —  dv.di.fdf.    If  the  inner  surface  is  originally 

""icliarged  /  varies  from  0  to  F,  and  l!ie  worli  done  over  the 
mriacB  is 

I'-W-^" <=•■", 

i!!(l  obrioii"ly, by  adding  thevahiBsof  thie  integral  for  aitccassive 
i'lifotential  surfiicea  we  shall  obtain  the  whole  electrical  energy 
I  r)i6  gyatem.     Wo  have  therefore 

'-  i///'"'''*'''-  ■  ■  •  ""'"' 

U»  inlegrtttion   being  ostendcd   throughout    all    space.      This 
■  m  gives  Iho  value  of  the  total  electrical  energy  for  any 
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distribution  whatever.      In  the  cnse  of  s  aygtem  of  olec 
a  conductors  tho  intej^ration  need  not  of  coursa  be  extended 
'■  Bpnce  occupied  by  the  substance  of  any  conductor  or  to  the 
within  any  conductor  if  it  contain  no  electricity,  as  in  eveiy 
space  the  viilue  of  f  is  zero.     Using  (20)  we  get  by  (32)  and 

-i///{CI)-+e77+(i7}-**l 

thp  energy  equations  usually  deduced  by  Orcen'e  g-enenl  theolOT 

The  6rst  expression  in  (34)  snggedts  the  energy  as  having  ib 

seat  in  the  meiiium  occupying  the  field  ;  nnd,  by  the  proof  givel 

on  p.  33,  unit  tubes  of  force  intersected  by  sncceasiveenuipote^ 

surfiices,  drawn  at  unit  differences  of  potential,  are  diridedjfl 

"  spaces  each  of  wliich  gives  to  the  sum  half  a  unit  of  eil^| 

Maxwell  has  called  these  spaces  unit  ctUt.  ^| 

As  an  interesting  example  of  these  equations  we  may  fiolll 

energy  spent  in  br*nging  together  into  a  uniform  sphere,  from  I 

state  of  uniform  diifijsion  throughout  infinite  epace,  matter,  thi 

parts  of  which  repel  one  another  according  to  the  law  stated  oi 

p.  2 ;  or,  which  is  the  same  thinp,  the  energy  gained  by  allo«iii( 

matter  attracting  according  to  the  same  law  to  come  tOg*l 

thus  from  the  nebular  state. 

Let  the  radius  of  the  sphere  be  r  and  its  density  j. 
term  of  the  expression  on  the  right-hand  side  of  (34)  is  here: 
and   ihe   energy  is  if  /  I f^prixdydi,  the  integral   being  t 

"  throughout  the  sphere.  If  we  consider  a  spherical  a 
radius  x  we  see  that  this  expression  may  be  put  in 
2(rp  I  V^dx  where  V  is  the  potential  at  any  point  on  thi 
Bui  hy  equation  (20)  V  =  2irp(r»  -  ii*) ;  hence 

if  =  4^p'j^««{H  -  i.')i«  =  \  l^ 
where  il/(=  l^r^]  is  the  maBs  of  the  sphere. 

The  same  result  may  he  ohtiiined  from  the  eiuation 


ELECTBIC  TENSION. 

Tliir  Inlegral  h«re  is  taken  tlirough  all  space.  We  divide  it  into  Change  of 
;i;uji»rto,  (1)  that  due  to  Bpaee  eitenml  !r>  Ibe  sphere,  and  (2)  Polential 
'^M  due  (0  the  space  cuntuined  witLio  ihe  spherical  surface,  Energj'  i 
ud«v(lD«te  tliesD  aeparotely.  Fonuatio 

Td  the  liret  ewe,  at  nny  point  nt  difltance  *■  from  the  centre  of  ofUnifor 
Uw  sphere,  F*  =  if*M  and  Uicrefore  the  first  part  of  tlie  Sphere 
inteml  id  """^ 


integniij 


inrdf 


J,  ^  "'   r  ■ 


Ni-buiu. 


in  ttie  second  caae,  by  equation  (21),  f  =  16/9  .  ir'^V  at  any 
'   n  internal  coDcentric  sphericai  surCaee  of  radius  x.    For 


IbtNCond  paxt  of  the  integral  therefore  we  ha\ 


9    Jo  9. 

Adding  these  two  partA,  we  get 


W-f^^-ftif- 


..V> 


lleetrili« 


ili6  ume  result  ns  before. 

If  wo  denote  by  F  the  force  exerted  on  an  element 
'''  'if  f.he  electrified  surface  of  a  conductor  by  the  whole 
"I'ctrified  system,  we  have  for  the  work  done  in  trana- 
i'=ning  the  charge  on  the  element  a  distance  dv  along    surface. 
'iiiii  of  force   to   the   corresponding   element   of   an 

iiicent  ciiuipotential  surface,  the  value  Pdv.dn.    But 

■  equation  (33)  this  is  --  dv .  F'ds.     Hence 

P=glf=  =  2,r.i'     ....     (35) 

This  is  the  outward  force  eierted  by  the  element  ds  El«ctric 
"f  the  conductor  on  the  medium,  and  measures  there-  tJon''J,'f'4j( 
''>re  ibe  reaction  of  the  medium  on  the  element.  For  Pteasure 
Sample  every  element  of  an  electrified  soap-biibble  'BubW^f 
'*«rte  an  outward  pressure  on  the  surrounding  air 
^laal  to  Siro"  per  unit  of  area,  which  may  be  regarded 
D  2 
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Electric    as  a  diminution  of  the  air  pressure  on  the  outer  surface ; 
tion  of  Air  ^^*  ^^  ^^^  bubble  is  spherical  and  of  radius  r,  the  surfece 
PreMure    tension  of  the  film  is  by  capillary  theory  apparently 
Bubble,    diminished  by  the  amount  ^TraV. 

The  outward  pressure  P  on  the  medium  is  what  has 
been  called  the  "electric  tension"  at  a  point  on  aa 
electrified  surface,  and  is  the  true  measure  of  the 
tendency  to  discharge.  Its  proportionality  to  a*  ex- 
plains the  so-called  power  of  points. 

Additional  The  value  of  P  may  be  obtained  otherwise  thus.  We  may 
Proof  of    regard  the  surface  distribution  as  a  limiting  case  of  a  volame 

Expression  distribution  of  density  p,  and  take  the  axis  of  z  along  the  normal 
for  Ten-    ^q  ^he  surface  from  tiie  inside  to  the  outside  of  the  stratum. 

won  at  an  Then  since  we  may  consider  the  portion  of   the  surface  sur- 

S  ^  &M     ^o^^^^^^ff  the  normal  as  a  part  of  a  uniform  plane  distribution, 

*     the  electric  force  does  not  vary  along  the  plane,  and  Liaplace's 

1    d^F 
equation  reduces  to  -  —  —-5   =  p.     But  if  p  is  finite  however 

great,  we  may  write 

J       dz^  4nJ  dz  dz'     ' 

and  integrate  from  the  inside  to  the  outside  of  the  stratum. 
Hence  since  -?"(  =  J~ )  ^  ^^''^  ^"  *^®  inside  of  the  stratum  we 
have 

P  =  i   i^  =  27r<r2, 

Additional  where  ¥  is  the  resultant  electric  force  just  outside  the  surface. 
Proof  of        This  equation  might  now  be  applied  to  form  equation  (33),  and 
Second     hence  to  give  at  once  the  expression  (33  hx%)  for  the  electric 
Expression  energy. 
forEnergy. 

Considering  two  electric  distributions  A,  B,  in  the 
same  electric  field,  let  the  potential  produced  by  B  at 
any  point  P  in  ^  be  V ,  and  that  produced  by  A  at  any 
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it  i*  be  V,  and  let  dq  be  an  element  of  electricity  at    Mutiml 
a  element  at  F".    We  have  then  the  relation         ''em"^' 

t_,rdq=%^Vdq        ....      (36)     hJ" 
.        -  Syate; 

ij  denotes  summation  for  every  element  of  A, 

a  Bummation  for  every  element  of  Ji.  For  the 
ioQ  on  the  left  is  plainly  the  work  which  would 
e  if  the  distribution  on  £  remaining  unchanged, 
stem  A  were  removed  to  an  infinite  distance,  and 
a  the  right  the  work  which  would  be  done  if,  the 
ution  in  A  remaining  unchanged,  the  system  B 
rna  removed  to  an  infinite  distance ;  and  it  is  plain 
_U)atthe  same  amount  of  work  must  be  done  in  both 

h  of  the  expressions  is,  in  fact,  the  mutual  potential 
J  of  the  two  systems. 
The  relation  may  be  thus  proved  analytically.     Since 

'  =  Sfl     -,  and  V  =  Sj-f,  we  have 

S, rdq  =  tAdqts^  =  'S.Bdqtfi  =  ta  Ydq'. 

There  is  nothing  to  prevent  two  equilibrium  states  of  Reciin 
I  \vstein  of  conductors,  C„  C,,  &c.,  from  being  taken  'J,f "' 
1^  A  and  B.  Then  if  «„  Q^.  &c.,  d.  Q'v  &c.,  be  the  Stat. 
'-■Iiargea,  we  have,  since  V  and  V  are  constants  for  any  gj.gt, 
ime  conductor, 

y^Qy  +  y^Q-i  +  &c.  =  F,C''i  +  V.X/.  +  &c.     (37) 

This  reciprocal  relation  can  he  proved  for  the  case  of 

ne  and  the  same  system  of  conductors  in  the  following 

>!itiple  manner.     We  may  suppose  the  change  from  the 
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i  jTAie  A  '0  '.he  iiaie  ^  :o  r^ke  place  smuItaneoiislT  for 
:iil  "iie  <»ait(ic:i:ini.  in  aach  2  wa,v  thaz  che  nkdii  of  tKe 
L^ium^e  prmiiice-.t  [n  'he  charge  of  a  cosilnctor  to  the 
T4)t.'U  ^haiuxe  ODm  me  jCite  to  <;he  other,  has  the  same 
valn^  in  -sich  '^aae.  Since  each  increase  or  tjeciease  of 
rlie  -'.hAt^e  ti  uiy  one  cooilnctor  piodnces  a  change  in 
the  [)orenti.'il  of  -^ach  oomloctor  propnrtioiial  to  that 
inm^.-uie  or  tecroaae,  and  these  changes  can  be  snper- 
impivieti.  :r  La  plain  *hal  •ninal  pioportioaate  changes  in 
uhe  i^harres  it'  ^11  the  o»ailacGOFS  will  prodace  eqnal 
priponiooiite  chansjes  in  their  potentials.  Hence  if 
O.-I   'tisf.   5^   represent;  the  '"'fci^I   charge  of  any  one 
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iy+  V)  (Q'  -  Q).    But  the  energy  of  the  system 
the  iDitial  state  is  ^XVQ  and  in  the  Baal  state 

I'.     We  have  therefore 


tVQ'-XrQ, 

I(^'+  o(0'-c)-s(r-F)(e  +  n. 

Let  the  potentials  and  charges  of  a  system  of  n  con-    ] 
nctors  (7i.  Cj,  Sec,  C,  in  the  same  electric  field  be  V-^, 
^VAc.,  V, ;  Ci.  Ca.  §3,  &c..  e„  respectively.     Since  the 

KJtential  any  point  ia  M  ^  ,  where  <r  is  the  density  at 

D  element  rfs  of  the  system  and  r  is  the  distance  from 
'<  to  the  i»int  in  question,  and  the  integration  is  ex- 
ended  over  the  system,  the  portion  of  the  potential 
ontributed  by  each  conductor  varies  directly  as  the 
Wge  of  the  conductor.  The  potential  of  any  con- 
luctor  b  therefore  a  linear  function  of  the  charges  of 
lie  conductors — that  is,  we  have  a  series  of  equations 
f  the  form 


Slules  of 

System. 


I 


&c  &c.  [ 

K  =puQx  +p»Qi  +  ^c-  -^pM 


'here  ;>„,  p^  &c..  p„,  p^,  Ac,  are  coefficients  which 
Ispsnd  only  on  the  relative  positions  of  the  conductors, 
rhey  are  called  caeffieienta  of  potential.  The  first  suffix 
f  uch  coofficient  refers  to  the  conductor  to  which  the 
1  belongs,  the   second   to   that  whose   potential 
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i 


A^ain  tlie  potential  at  Cj  produced  by  unit  charge  on  (3)  Two  nr 
'  ■»  is  the  same  aa  the  potential  produced  at  d,  by  unit  "jucior? 
'  liargo  on  Cj,  if  some  (or  all)  of  the  other  conductors  be  In»ul»tei^ 
■iiiiintained  at  potential  zero,  and  the  rest  (if  any)  with 
' '. ,  be  insulated  without  charge.     We  may  evidently   ^, 

usider  the  former  conductors  as  one  conductor  G,. 
1 1  then  Cj  have  unit  charge  while  Ci,  is  influlated,  and 
',',  be  the  charge  of  C„  we  have 

'■*  =  Pik  +  p.i,Q. 
V.  ^  I'j.  +  PuQ.  =  0 


l\=pj,~i^'- (40) 

Now,  let  Ci,  liave  unit  charge  while  Cj  is  insulated 
and  without  charge,  and  let  Q',  be  the  charge  of  (7„  then 

V,  =  ,),.  +  y.C.  -  0 


(«) 


But  by  the  relation  already  proved  jiy  =  ^(j* ;  p^  =  pj„ 
and  2>,k  =  >•*.  1  hence  by  (38)  and  (39) 

Fj  =  l\ (42) 

the  theorem  stated  above, 

The  second  term  in  the  expressions  for  V^  and  V^  is 
Uie  potential  produced  at  the  corresponding  conductor 
by  the  induced  electrification  in  t'„  and  it  ia  the  same  R^o' 
in  both  cases.    This  is  a  theorem  first  given  by  Green. 

There  are  \n{n—  l)equation3of  the  form  yjt=^y,  one 


iteoiproodil 


» 
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far  each  pair  of  the  n(n  —  1)  coefficients  which  have  differ- 
ent suffixes y,  k:  hence  there  are  really  only  \n(n  —  1) 
'  coefficients,  one  for  each  different  pair  of  conductors 
which  can  be  formed  from  the  given  system. 

By  solving  equations  (37)  above  for  Q^,  Q,,  &c„  Q^  we 
get  a  system  of  n  equations  of  the  form 

&c.  &c.  ■     '*■*> 

where  5,,,  q^,  &c.,  q^^,  q^^,  &c.,  are  coefficients,  which,  like 
those  of  potential,  depend  only  on  the  relative  positions 
of  the  conductors.  The  meaning  of  any  coefficient  g^k. 
of  which  the  two  suffixes  are  alike,  can  be  obtained 
by  supposing  the  potentials  of  all  the  conductors,  except 
C\,  zero,  and  C*  to  he  at  unit  potential.  The  equation 
for  the  conductor  C^  is  then 

Qk  =  quk, 
— that  is,  qtt  is  the  quantity  of  electricity  required  to 
charge  C*  to  unit  potential,  all  the  other  conductors 
being  kept  at  potential  zero.     The  coefficients  of  tlug  . 
form,  jij,  q^,  q^,  &c..  qm  are  called  the  capemtiit  d 
the  respective  conductors  Cy  (7j,  &c.,  C,  in  the  giv« 
system. 

To  find  the  meaning  of  the  coefficients  of  the  fora 

aaxoa  '■'*■  ^^  w^icli  tbe  suffixes  are  not  aUke,  let  C^  as  bafoti 

be  kept  at  unit  potential  and  all  the  others  at  potentiJ 

The  equation  for  Q  ia  then  plainly 

Qi  =  2i» 
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--that  is.  qji,  is  the  quantity  of  electricity  on  Cj  when,      Coef- 
L.ngwith  all  the  other  conductors  except  C»,  it  is  at  i^^^^ 
'T(t  potential  and  C*  is  at  unit  potential.  The  coofficients 
■  ;■    'hi'  ?a.  ^'^'  ''f  tliis  form  are  called  eof^cients  of 

.  :iduetioH. 

A  reciprocal  relation 

?J*  =  9y (**) 

exists  for  these  coefficients  also.  The  proof  ia  precisely 
the  same  as  that  given  above  for  the  potential  co- 
efficients, except  that  "potential"  is  to  be  read  for 
"  charge  "  and  "  charge  "  for  "  potential." 

Every  coefficient  of  the  form  y**   is  positive,  and  Conditit 
-::very  coefficient   of  the  form  ^j*  is   intermediate  in   tyCoel 
->Ldne  between   zero   and  p^i,  or  pjj.     For,  let  Cj  be    fiuBntx 
5i:irged  with  a  unit  of  positive  electricity  and  all  the 
■ilier  conductors  be  insulated  and  uncharged,  the  electric 
'iiiiuction  over  Gj,  or  over  a  closed  surface  surrounding 
It,  is  iir,  and  the  potential  of  the  conductor  is  positive. 

tTlie  electric  induction  over  any  other  conductor  Cj,  is 
lero.    As  many  unit  tubes  of  force  terminate  in  Cn  as 
•iriginate  in  it,  and  therefore  the   potential  must  at 
some  places  increase  outwards,  at  others  diminish  out- 
ifaidB  from  C^ — that  is,  there  must  be  a  conductor  in  the 
field  which  has  a  higher  potential  than  C^  has,  while 
Ihe  potential  of  C^  must  be  greater  than  zero.     The 
iiinductor  of  highest  potential  must  he  Cj,  which  is  the 
^^^nly  conductor  in  the  field  whose  coefficient  is  not  of  the 
^^Hcn  Ti>t'>    hence  p^i,   is   not  greater  than  p^;    and 
^^^■Btilarly  it  can  be  shown  that  it  is  not  greater  than 
^^Rj).    If  any  conductor  d  be  inclosed  within  C^,  it  wilt 


I 


iiAVf;  r,he  same  p&ceQcuU  as  Cj,  ajid  in  that  case  therefor  tf? 

Capatities       The  Capacities  q^^,  q^  ic.  of  the  condactors  are  all 

dn«t»r'°«ll  pofliti'^e.    For  sappose  as  before  f»  at  unit  potential  sad 

Piwitirc.    all  the  other  condactors  at  sro  potential;  then  }»£> 

the  charge  of  C^    The  potential  dimiimhes  in  every 

direction  outwards  from  Cb  &nd  therefore  the  saibce 

integral  of  electric  indnctian  is  poaitiTe,  that  is  4fwgit  is 

positive.   The  electrification  of  Ct  is  eTeiywhere  pomtire. 

lodDRtion       The  coefficients  of  induction  ^  are  all  negative.    For 

fldenu  >11  ^^VP"^  ^*  charged  as  before.      Since  Cj  is  at  zero 

Negatire.  potential  and  all  other  conductors  except  Ci,  are  also  at 

zero   potential,  the  potential  cannot  <<Imi'iiiHh  in  a&j 

direcUoQ  outwards  from  Cj  and  must  increase  towaids 

C't-    Hence  the  electric  induction  over  Cp  that  is  4w^ 

is  negative.    If  Cj  be  inclosed  within  another  conducb», 

qn  is  of  course  zero. 

The  sum  of  the  coefficients  of  indnction  of  the  system 
for  any  one  conductor  cannot  be  greater  than  the  capacity 
of  that  conductor.  The  electric  state  of  the  system 
remaining  the  same,  let  a  closed  snr&ce  be  described 
inclosing  the  whole.     The  potential  cannot  ii 


*BATION  OF  TilE  ELECTRIC  FIELD. 
i  first  reciprocal  relation  eatablisLed  above,  equa- 

,  gives  a  convenient  means  of  exploring  tho   cxvimtA 
i^tric  field  due  to  a  charged  conductor  of  any  form>  }>y  *,?^ 
One  electrode  of  a  delicate  electrometer  (Chap.  IV.)  is   charged 
'■•mnected  with  the  conductor,  supposed  insulated  and  5"'^'/''^ 
;iil]arged,  and  the  other  electrode  is  connected  to  the     at  Zero 
'«b.     Then  a  small  charged  sphere  carried  by  an     ° '"     * 
iiiidating  handle  b  placed  with  its  centre  at  any  point 
of  the  field,  and  the  electrodes  of  the  electrometer  con- 
nected for  an  instant.     The  conductor  is  thus  reduced 
''I  potential  zero.     The  sphere   is   next   moved   from 
■Hit  to  point  in  the  field,  and  tho  positions  noted  for 
iinrh  the   electrometer  shows  no  deflection.     These 
fjositions  lie  on  an  equipotential  surface  of  the  con- 
dnctor.     For  by  (39)  the  potential  at  the   conductor 
•he  to  the  electrification  of  the  sphere  is  equal  to  the 
I'lT'iitial  which  would  be  produced  at  the  sphere  by  a 
'  iJt;e  on  the  conductor  equal  to  that  on  the  sphere, 
'!   this   part  of  the   potential   is   the   same  for  all 
L'ions  of  the  sphere  for  which  there  ia  zero  deflection, 
the  principle  of  superposition  this  must  be  an  equi- 
''<')]tial  surface  for  all  charges  of  the  conductor. 
The  convenience  of  the  method  consists  in  the  zero 
potential  of  the  conductor,  which  therefore  does  not  lose 
"t  ^-ain  electricity,  while  the  exploring  sphere,  which 
fi  he  insulated  so  as  to  lose  its  charge  only  with 
.■rcme  slowness,  Is  changed  in  position. 
iUlwell.  EUmeiaarjf  Treatine  on  Elfctricily  and  Un^neliam,  p.  43, 
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Srction  III. 

ELECTROSTATIC  CAPACITY, 

ELECTRIC  DISTRIBUTION  ON  ELLIPSOIDS. 

ELECTROSTATIC  CAPACITY  IN  SIMPLE  CASES. 

Electro-        The  capacity  of  an  insulated  conductor  is,  as  we  ha 

static  r        J  ^  f 

Capacity,  seen  above  (p.  42),  the  quantity  of  electricity  requii 
to  charge  the  conductor  to  unit  potential,  when  all  t 
other  conductors  in  the  field  are  maintained  at  potent 
zero.  Hence  if  the  potential  of  such  a  conductor 
V,  the  corresponding  charge  ft  and  the  electrosta 
capacity  C,  we  have 

o-l-      ii 

Capacity  The  capacity  of  a  conductor  depends  on  its  positi 
Spherical  relatively  to  other  conductors,  as  well  as  on  its  foi 
Con-  and  dimensions,  and  its  determination  in  any  giv 
case  involves  finding  the  distribution  of  electric; 
upon  it  in  the  given  circumstances  when  all  oti 
conductors  in  the  field  are  maintained  at  potential  ze 
The  electrostatic  capacity  is  easily  found  in  the  foUowi 
cases,  which  will  be  useful  in  what  follows. 

1.  A  Spherical  Conductor  at  an  infinite   distai 
from  all  other  conductors. 

Let  r  be  the  radius  of  the  conductor,  q  its  char 

The  potential  at  the  surface  is  -  and  therefore 


( 


DISTEIBDTION  ON  AN  ELLIPSOID. 
or  the  electrostatic  capacity  is  nuraerically  equal  to  the    Cnpacitj'l 
radius  of  the  sphere.  s^eri 

If  r  is  1,  C  is  also  1 ;  hence  the  unit  of  electrostatic      f-'oo 
capacity  is  the  capacity  of  a  sphere  of  unit  radius  at  an  '' 

infinite  distance  from  all  other  conductors. 

2.  An  Ellipsoidal  Conductor  at  an  infinite  distance    Capac: 
from  all  other  conductors.  p_n^ 

The  density  of  the  distribution  at  each  point  is  «iiai 
proportional  to  the  thickness  there  of  a  thin  elliptic  dactor. 
homcEoid,'  the  inner  surface  of  which  coincides  with  the 
given  surface.  For  there  can  he  no  force  within  the  Density  a 
btlipaoidal  conductor,  and  it  is  easy  to  show  that  this  ]j[,^^^il 
condition  is  fulfilled  by  the  distribution  stated,  which  Disiril^ 
iKerefore  is  the  only  possible  distribution.  Such  a  thin 
?hi:ll  may  be  considered  as  formed  by  subjecting  a  thin 
uniform  spherical  shell  to  homogeneous  strain,  that  is, 
■'raining  it  so  that  pairs  of  points  initially  equidistant 
"li!  in  parallel  lines  remain  equidistant  and  in  parallel 
linei  Let  S  and  S'  he  the  inner  and  outer  surfaces  of  AttmistioJ 
'iicli  a  shell  supposed  composed  of  attracting  matter,  and  eiij^„ 
i'-t.  lines  forming  a  small  cone  be  drawn  from  any  point  0  HomtBoid 
"1  the  interior.  Let  J^'q'q,  rr's'g  be  the  portions  of  the  j  "ero»i 
■iimteoid  intercepted  by  the  cone.  The  masses  of 
iliese  portions  are  the  corresponding  unstrained  masses 
■II  the  spherical  shell,  and  the  ratio  of  the  distances 
'-'/',  Or,  has  not  been  altered  by  the  strain.  Hence 
■p.  14)   the  attractions  of  the  frustums  J>p'q'q,  rr's's 

'  Thomson  snd  Tut  (A'atumJ  Philotophy,  vol.  i.  pnrt  S,  %  191  g, 
'  K'lDoti)  uoU  ■  shell  bounded  by  two  smiilKr,  EimiUrly  situated  nnd 
'  iMi'enttic  mrfacen,  a  homaaid.  When  the  surfaces  &ra  elliiisoids  the 
'licU  u  ui  tUiptU  hoiTKtoid. 
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Attraction  on  a  particle  at  0  are  equal  and  opposite.  Dividing 
Elliptic    ^^  *  similar  manner  the  whole  surface  into  pairs  of 

Homoeoid  opposite  elements  by  cones  drawn  from  0  we  can  show 
iiTteraal    that  the  resultant  force  at  any  internal  point  0  is  zero. 

point 


Rg.3 


Eaniva-  The  potential  is  therefore  constant  throughout  the 
Law  of  interior.  It  is  evident  therefore  that  an  ellipsoidal  con- 
Denrity.  due  tor  charged  so  that  its  electric  density  at  any  point  is 
proportional  to  the  thickness  of  a  thin  elliptic  homoeoid, 
having  the  conductor  for  its  inner  surface,  exerts  no 
force  at  any  internal  point,  and  hence  that  this  must 
be  the  actual  distribution  on  a  conducting  ellipsoid  in 
equilibrium.  Since  the  density  varies  as  the  thickness 
of  the  material  homoeoid,  it  follows  that  its  values  at 
different  points  are  proportional  to  the  lengths  of  the 
perpendiculars  let  fall  from  the  centre  on  the  tangent 
planes  at  the  respective  points. 

For  let  X  +  dxy   V  -\-  dyy  z  +  dz,  be  the  point  in  which  the 
uter  surface  is  cut  by  a  normal  drawn  to  the  inner  at  the  point 


h^' 


These  points  respectively  satisfy  the  equations — 


EQUIPOTENTUL  SURFACES  OF  ELLIPSOID. 


.<•  (1  +  Kj  "^  S>  (1  +  .)  "^  ?  (1  +  .) 

If  ^  be  the  perpendicular  from  the  centre  on  tlie  tangent  pliii 
■tr,^,  z,  and  r  tlie  portion  of  the  Dorcual  iutercepleil  betwee 
ili«  surfaces,  we  liave 


ds  + 


i'   ■ 


,''-• 


But  by  the  equations  of  tko  surfaces  we  liave 
('  +  ■!')•   _'•.    <>  +  ■»)■  _  {•    .    ('  +  ''■■)• 

Since  tl^,  itf,  d4,  »  are  sihhII  this  is 


■,-/'    + 


,rfy+-^-/^-)- 


-  0, 


liiat  is,  the  tliickneae  of  tlie  bomteoid  varies  from  point  to  point 
direMlj-  (18  the  length  of  tlie  perpeodicnliir  from  llio  centre  nu 
I  he  tangent  plane. 

The  electric  force  at  a  point  infinitely  near  the 
surface  of  the  ellipsoidal  conductor  has  the  value  iirtr.  ' 
Now  the  rate  of  variation  of  the  potential  with  distance  ' 
outwards  from  the  surface,  or  the  force,  is  inversely 
proportional  to  tbe  distance  between  the  surface  of 
the  conductor  and  an  equipotential  surface  infinitely 
Dear  it.  Hence  the  distance  is  inversely  proportional 
to  o",  that  is  to  the  thickness  of  the  material  lioniceoid ; 
or,  which  Is  the  same,  to  the  length  of  the  perpendicular 
from  the  centre  to  the  tangent  plane  at  the  point 
considered. 

Let  X,  y,  f  be  a  point  on  the  surface  of  the  conducior  und  r  (he 
distance  from  r,  y,  t  along  the  normal  to  a  point  »  +  dr,  r  +  dj, 


DOtentiELl 

Confocal 
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eiglibouring  equipotentiol  eurfnce.     We  In 


2^      ^    2fdf      /    gtrft_ 


Hence  to  small  quantities  of  tbe  second  order 

(£+-^4-  '-»'  +  ■»)'  4.  ('  +  ''-)'  =  1 

The  equipotontial  surface  infinitely  near  the  condi 
is  therefore  a  confocal  ellipsoid,  and  we  see  in  the  i 
way  that  the  successive  equi potential  surfaces 
ellipsoids  confocal  with  the  given  ellipsoid. 
Prnof  for  By  distributing  the  whole  quantity  of  attractingT* 
HoDi^idi'  repelling)  matter  over  any  equipotential  surface,  bo 
of  Mae-  that  the  potential  may  be  constant  within  the  surface, 
rncoram.  and  have  the  same  value  at  every  external  point  as  in 
the  aetual  case,  we  form  a  thin  elliptic  horaceoid  having 
its  inner  surface  coincident  with  the  surface.  Hence  the 
attractions  of  any  two  thin  confocal  elliptic  homceoida  ol 
the  same  mass  on  a  point  external  to  both  are  the  same. 
It  follows  that  any   two   elliptic   homceuids  of  finite 


^^        rOTENTIAL  OF  ELLIPSOIDAL  CONDUCTOR. 

lluckDess,  tlie  inner  and  outtr  surfaces  of  which  are 
jonfocal  and  wliich  Lave  the  same  mass,  exert  the  some 
[<ffce  at  al]  points  oxternal  to  both.  For  it  is  possible 
Lo  divide  each  homfcoid  into  the  same  number  of  thin 
bomceoids  which  are  one  by  one  (proceeding  from  within 
oatwards)  confocal  with  and  of  equal  niaas  to  those  of 
the  otlier,  and  ejert  therefore  the  same  attraction  at  all 
external  points. 

Further,  if  the  hollow  space  within   one   shell   be 

infinitely  small,  that  within  the  other  is  also  infinitely 

■inll,  and  we  see  that  two  confocal  ellipsoids  of  equal 

-  exert  the  same  attraction  at  all  points  external  to 

li      This  is  Maclaurin's  Theorem  of  Attraction  of 

i.ilipsoids,*    The  mode  of  deriving  it  from  the  theorem 

l'  etjuivalence  of  confocal  hoinceoids  of  equal  mass  is 

■lii-  t.i  Cbasles. 

'■'.'  can  uow  find  tlis  polentiitl  of  tlio  ellipaoldal  conductor  for    j 
\  Kiven  charge.     To  find  the  fnrce   at  any  point  P,  let 
v^'^M^X),  3(=   ■/(/'  + \),y{=   \'?irX)be,{49)abov6,  E 
ae8  uf  ail  equi potential  HiirCuce  |iaBBing  Uirougti  i*,  and  let  *■ 
' "  .1  Binall  element  of  the  surface  motuding  P.    The  density, 
',,  o£  tfao  equivalent  electric  distribution  over  tlie  Hurfiice, 
'  III:  token  oe  numerically  equal  to  the  thickness  them  of  an 
,  iFL-  bomitoid  with  aiea,  o,  3,  >;  o  (1  +  at)!,  3  (1  +  M', 
'  '■  -f-  it)  f.     If  a  be  the  length  of  a  perpendjcnlnr  from  the 
.  to  tlio  inngeiit  plane  at  P,  we  have,  by  (48)  above,  for 
KiitkneHB  J  bBii  and  for  the  force  2  ir^v.     Let  p  and  n  be 
">rrespondtng  quantJlieB  for  an   element  di  of   the   given 
liiL'tor  and  wo  liave  two  expressiona  for  the  total  charge 

I" //'*-t //»''. 

I  j  prU  =  4italr,      fj    ^fta  =  inaffy 
2n<>briit  —  2ira0yllr. 
»  Tlwiitison  and  Taifs  JVot  Phil,  vol  i,  partiLSfiW*,  522. 
K  2 
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Honxeoidfl  f 
of  Mac- 

Tb  coram. 


Proof  of  I 

Tiieotem,  I 


CAPACITY  OF  SPHERICAL  CONDENSER.  58  | 

Evnluntion  of  tlie  vanishing  fractions  wliicb  theae  I'alues  of  C 
become  wLcn  c  =  a,  gives  in  each  cnae  for  n  sphericitl  surface 
r  =  a.  the  result  otlierwiae  obtained  above  (p,  47). 

If  now  c  be  «J  great  In  eompnrison  with  a  tliut  iAIl^  mnj-  be     Capacity 
iipglecled,  (52)  becomes  of  a  thin 

Cylinder. 

''-:^, «« 

log- 


llie  cftpscity  of  a  right  circular  cylinder  wIiogb  length  2c  in  great 
in  coinparisoD  with  its  diameter  la. 

If   G  be  BO  small    in  coinpftrieon   with  a   that  c^a'   may  be    Capncity 
neglected  (53)  becomes  of  a  thin 

Cirpuhw 
r  ^'^   ^    ." f55\       Disc. 


I 


B         1  -571)8  .  .  . 
the  capacity  of  a  thin  circular  disc  of  radius 


1 


■    3.  A  Conducting  Sphere  surrouncied  by  a  concentric    Cajwcity 

PIkpherical  conducting  shell 

'  Let  r  be  the  radius  of  the  sphere, 
radius  and  r,  the  external  rajjius  of  the  spherical  shell, 
J  tlie  charge  of  the  internal  sphere,  9'  the  independent 
charge  of  the  shell.  The  potential  of  the  inner  sphere 
due  to  its  own  charge  is  y/r,  the  potential  at  every  point 
within  the  outer  sphere  due  to  q'  is  q'jr^.  But  the 
charge  on  the  internal  sphere  produces  an  induced 
charge  of  amount  —  q,  on  the  inner  surface  of  the  shell, 
and  a  charge  +  §  on  the  outer  surface.  The  potential 
of  the  sphere  is  therefore 

J-      7",      7-j      J-j  \r       J,/  r. 

When  the  shell  ia  at  zero  potential,  (5  +  q'^jr^  (the 
poteotisl   at  its  outer  surface  and   therefore  at  evety 


Sphoriptl  capacity 
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Cnpiwity   point  of  it)   is  eciual  to  zero.     Heoco  we  get  for  the  I 

C  =  -J-^- (5$)  ] 

The  nearer  therefore  r  and  r^  are  mside  to  equality,  that  J 
IB  tlie  smaller  the  distance  between  the  inner  and  outer  | 
conductors,  the  greater  is  the  capacity  of  the  sphere. 

Putting  r,  —  r  =  T,  and  S   for   the  surface  of  the  J 
internal  conductor,  we  get  instead  of  (56) 


The  external  conductor  therefore  causes  an  addition  d 
B/iTTT  to  the  capacity  of  the  sphere.  If  t  be  very  si 
this  part  of  the  capacity  is  very  large  in  compariaon 
with  the  other  part  r,  the  capacity  of  the  sphere  when 
alone,  and  we  may  put  in  this  case 


If  several  conducting  shells  each  without  charge  he 
placed  between  the  outer  and  inner  conductors,  and  the 
outer  conductor  he  kept  at  zero  potential;  then  if 
T,,  T,,  Tj,...T,.i  be  the  thicttuesses,  and  r^  r^,  r^,..,r,-\, 
-Effect  of  the  internal  radii  of  these  shells,  and  r,  r^  the  radii  of 
m"d^tD  ^^^  inner  and  outer  conductors,  the  expression  for  the 
f.'"ndnci-   potential  of  the  sphere  becomes 


CAFACITY  OF  LONG  CYLINDKIC  CONDENSER.  fiS 

if  the  thickness  of  each  shell  is  small  in  comparison    Effact  of 

with  eiiher  radius  of  the  shell  this  becomes  mediate 

,11         _        _  T     ,\  Condnot- 

\T      r„      rj'     r^  T%.t/ 

tthe  capacity  •  of  the  inner  conductor  we  have 
U-   =i 

Hence  if  r^  —  r  be  small  in  comparison  with  r  and 
i^e  get 

^^fte  effect  of  the  intermediate  shells  is  therefore 
simply  to  virtually  diminish  by  their  united  thickness 
tlie  distance  between  the  inner  and  outer  conductors. 

4.  A  Conducting  Cylinder  of  circular  section  encloEed      Long 
within  a  coaxial  conducting  shell.  Ckwi^iuar 

We  shall  suppose  the  length  2c  of  the  cylinder  to  be  " 
great  in  conaparison  with  the  respective  diameters  2a,  Ca 
2i  of  the  cylinder  and  the  internal  surface  of  the  shell, 
and  consider  only  parts  of  the  inner  and  outer  cylinders 
at  distances  from  the  ends  great  in  comparison  with 
eiiher  diameter.  Such  parts  of  the  inner  cylinder  may 
be  regarded  as  within  an  infinitely  long  cylindric  shell, 
that  is  the  distribution  oi]  both  cylinders  may  be  taken 
as  uniform  and  the  effects  of  the  ends  neglected. 

*  Sinco  tbe  ialermediate  bhells  are  not  at  zero  poteotial,  tbe  word 
"rjipvily  "Uhereoaed  in  >  somewLat  diOercDt  aonse  Tiom  tlut  ssaijtDcd 
~D  the  defibilion  (p.  .40).     It  here  meaua  iiimpir  charffe  par  aait 


Er 
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Long  By  equation  (54)  the  capacity  of  the  inner  cyliod^  1 

Cmdeiuur  P^''  "'I''  °^  length  would,   if  there  were  no  extenial  I 

Snbrnftiino  shell,  be  1/(2  log  — ) ;  and  therefore  if  «■  be  the  sur£am  I 
CablB.  "■       °  a/  1 

density  upon  it,  ita  potential  would  be  iTraa  log  (2e/a)^ 
But  if  the  exterior  shell  he  at  potential  zero  tbere  must 
be  on  its  inner  surface  a  distribution  equal  to  that  on 
the  interior  cylinder  but  opposite  in  sign.  The  potential 
within  the  shell  produced  by  this  distribution  is 
—  itr<ra  log  (2f/6),  its  value  at  the  inner  surface  of  the 
ehelL  Hence  the  total  potential  at  the  interior  cylinder 
ia  given  by  the  equation 

V  =  iirffU  log  -  ■ 

and  if  C  be  the  capacity  of  the  cylinder  per  unit  of 
length 

<'-l\-i w 

log- 


The  same  result  may  also  be  found  as  foUowe,  bj  conKideTing 

both  cylinders  as  inliiiite  in  len^tli,  and  int«gratiiig   LnpUce's 
equntion  for  tlie  space  between  tbem.     Taking  Ibc  origin  on, 
and  the  axis  of  x  along  Ibe  axia  of  the  cylinder,  we  have 
d^F/ds'  =  0,  und  Lnplaoe'a  equntion  in  tbe  form 
dT  ,    d>r       . 


tting 

J.  =  rcOH 

fl,  .  =  rai: 

afl.we 

transform  this 

■  to 

rf»r 
5?  + 

1  dr 

=  0. 

two 

aucceaaive  tntegratic 

IDS  this 

igivB« 

dF 

=  ^i; 

r- J 

+  A^ogr. 
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■batting  ^  =   -  4^^  £»r  r  =  ^,  and  T  =  0  for  r  =  *,  in  Ihese    ^y^ 

rewilta,  we  get  J  =  -  4n-.ro,  S  =  hma  log  4.    Heoce  the  potential  '^"'^ 
ot  the  inner  cylinder  U                                                                              SnbmU 

r=4,r«loe^ 

inc)  Uie  capacity  per  unit  ui  lengili 

5.  Two  parallel  couducting  plates.                                    ^^^ 
This  case  is  important  in  ita  application  to  the  con-    puoila 
stniction  of  electrometers  and  of  standard  condensers.     !'''**■■ 
Let  AB,  CD  repreaeat  two  parallel  plates  at  a  distance  d 

apart,  small  in  comparison  with  any  dimension  in  the 
plane  of  either  plate.    Let  the  potential  of  AB  be  V,  of 
'.  'D  zero.    Consider  the  charge  ou  a  portion  of  AB  of  area 
.^',  every  point  of  which  is  at  a  distance  great  compared 
with  d  from  any  edge  of  either  plate.     The  field  of 
force  at  S  hetween  the  plates  must  be  uniform,  and  of 
intensity  Vjd.    We  have  therefore,  by  Coulomb's  law,  if 
the  electric  density  on  the  disc  be  o-,  tr  =  Vjiml,  and 
for  the  whole  charge  G  on  S,  ^  =  VS/iird.    The  capacity 
_  ^  of  the  disc  is  therefore  given  by  the  equation 

ft                     ^-ifs «='> 

-  :^ .  fin-g.  o^  J--m^  iisw 


zi.    jiancaoL  ol  tut  jilfcUr 
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by  Sir  W.  ThomBon  {to  whom  the  arrangement  is  due)     Qaui 
tVie   guard-riog,  and   tbe  inner  portion  tlio  attracted  condS 

■hue.      Supposing  the   attracted    disc   and   guard-ring 
■itinected,  they  may   be   regarded  as  forming  au  ar- 

i.itigement  deviating   electrically  only   very  slightly" 

■  .>m  a  continuous  plane  plate.     By  connecting  tbe  disc 

■  1  the  guard-ring,  charging  the  guard-ring  and  disc  as 
■ioacribed   above   to   potential    V,   and   then   breaking 

t     lUe  connection  without  producing  discharge,  a  charge 
C  -  VS/iird  is  left  on  the  disc.     If  then  the  force  F 
be  mea.=;ured,  we  have 

<i-JE («*) 

The  following  arrangement  of  conductors  is  important 
for  its  applications,  especially  to  symmetrical  electro- 
melere.     It  consists  of  tlu'ee  conductors  maintained  at 
-  different   potentials,  and   fulfilling  the  following  con- 
ditions:— One  of  the  conductors  (A)  (in  the  qundmnt 
electrometer.  Chapter  IV.,  the  needle)  is  symmetrically 

1    r- T 1    ! 

plactKl  with  reference  to  the  other  two  {£  and  C),  and  Theoiy;* 
is  so  formed  that  one  of  its  two  ends  or  bounding  edges    mc^^ 
is  woU  under  cover  of  Ji,  and  the  other  end  or  edge  under    ^'"^ 
cover  of  C,  so  that  the  electric  distribution  near  each 

•  For  Ihe  amouBt  at  tha  ileviation  e«e  Maxwell,  EUd.  ami  Mwj., 
vol.  i.  i-p.  28*.  307  (sw.  od.). 

— P 

■I  ~.:  -»  ■-■iigrfj 


j»    3-   _  J- 


r 


>■«** 


--.-',      --^^> 


r  tfe  ferae  or 


We  bn   liiiJiiL. 

/■-i(r.-rj(r-Ii±-5i)  .  .  (65) 


SLIDING  CONDENSEB.  Bl 

Id  an  arrangemeut  of  this  kind  when  tLe  displacement  Thpory 
is  small  the  couple  or  force  acting  on  A  is  nearly  the  „,ot^ 
same  over  the  whole  displacement,  and  ihua  is  nearly  Electwh 
equal  to  the  equilibrating  couple  or  force  due  to  the 
torsion  wire,  or  bifilar,  or  other  ariaDgeiiient  producing 
equilibrium.  But  for  small  displacements  this  will 
gt-uerally  be  proportional  to  the  displacement,  and 
therefore  also  to  the  deflection  D  on  the  scale  of  the 
iostrament,  and  thus 

where  m  and  c  are  constants. 

When  V  is  great  in  comparison  with  V^  and  V^  this 
redaces  to  6'=c'{V^—  V^  the  equation  employed  when, 
as  in  the  ordinary  use  of  the  quadrant  electrometer,  the 
needle  is  kept  charged  to  a  constant  high  potential. 

Let  the  conductors  be  cylinders,  A  of  radius  a,  B  and  Cylindrio 
C  of  ra*liu3  b,  and  let  A  be  connected  to  B  so  tliat  condsuMr. 
V  z=  Vj,  white  C  is  maintained  at  pfjtential  zero.  Also 
let  A  be  mounted  so  as  to  be  movable  through  measured 
distances  in  the  direction  of  the  axis.  Since  V  =  P\, 
aod  Kj  =  0,  a  displacement  of  ^  through  a  distance  x 
to  the  right  or  left  will   (60)  respectively  increase  or 

diminish  the  capacity  of  ^  by  an  amount  x   2  li^-- 

The  arrangement  thus  made  constitutes  a  condenser, 
the  capacity  of  which  can,  when  a  and  h  are  known,  be 
altered  through  a  considerable  range  of  accurately 
determinate  values.  The  construction  and  use  of  the 
inatrument,  which  is  due  to  Sir  William  Thomson,  is 
described  in  Chapter  IV.  below. 
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Section  IV. 

GREEN'S   THEOREM.     INVERSE  PROBLEMS. 
ELECTRIC  IMAGES, 

Proof  or       Wr  shall  now  prove  Green's  celebrated  theorem  to  which  we 

Green's     shall  have  to  refer  frora  time  to  time  in  what  follows.     Let  27,  F, 

Theorem,    be  two  finite,  continuous  and  single-valued  functions  of  a;,  y,  z,  the 

coordinates  of  a  point  within  a  closed  surface  8q  (Fig.  9)^  and  a  a 

constant  or  any  given  function  of  J?,y, «;  and  let  also  ,- ,  &c.,  — , 

ax  dx 


Fig.  9. 

&c.,  be  finite  and  continuous  functions  of  x,  y,  z.    Denoting  by 
E  the  integral 


J  J  J      \dx  dx    ^  dif  dy    ^  dz  dz  I        ^ 


fdU  dV   ,    dUdV   ^    dV  dV\ 
dy  dy 

taken  throughout  the  closed  surface  /S>,  and  integrating  by  parts, 
we  get 

E^    {  (Ua^i^dj/dz+il dzdx-\-^dxdy\ 
J  J         \dx  dy  dz  J 
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and  D  similar  expreBaion  fur  B,  in  which   U  and  V  are  inter-    proof  ol 

thnoged  Grecu'B 

Here  tLe  triple  integral  h  taken  throughout  the  space  within  Theorem. 

Die  surface  ;   and  the  temiB  of  the  double  integral  are  taken  aa 

ne^utivu  where  a  point  moving  in  iho  positive  direction  along 

',  y,  or  ;,  ilb  the  cnae  may  be,  enters  the  surface,  and  aa  positive 

where  the  point  emerges.    Considering  the  motion  of  the  point 

p.irallel  to  the  axis  of  J",  let  a  normal  he  drawn  inieaniD  to  tho 

Euifoce  nt  each  of  the  poiutjj  of  entrnnce  and  of  emergence.     If 

J,,  /,  be  tJie  cosines  of  the  angle  which  tho  n<innBl  niukes  hb  at 

.1.  B,  with  the  positive  direction  of  tlie  axis  of  x  at  an  entrnnce 

Bud  an  emergence  reBpoeiively,  and  if  rf*,,  rf«j  he  elenientB  there 

<if  the  surface,  taken  with   their  positive  sides  turned  inwards, 

M  V  have  dfd!  =  !,(/«,  at  an  entrance,  and  dyils  =   -  l^„  at  nn 

tmergence.     Hence  for  each  pair  of  elements  the  corresponding 

I'art  of  the  integral  la 


{'<'■).- {'""'£'■). 


-jj. 


T  tlie  eurfoce.  Putting  ni,  n  for  the  cosines  of  Ihe 
"igies  between  the  normal  and  i/,  s,  nt  any  point,  and  pro- 
^teimg  in  the  same  manner  we  get  for  the  whole  surface 
initgrsl 


-//"•■(' 


e)" 


Denoting  the  expression  between  tho  brackets,  whici 
I  nU  of  variation  of  V  inwards  along  the  normal,  by   - 


idng  —   in  the  si 


e  for  U,  we  have  finally 
lis  ) 


—ff^'-nrisi''^ 


.iiO^cr)}-**  <» 


II>»^I«. ...  '±, . 


^^«fl._ii. 


r  la  tminMdL     iM  P  .^$:  LD)  b»  ■.  pant  niltiiii  tbe 


r  bBteBbi,  dMtt  (amrc 
be  WWWPMB  «9yHi»  •■  m^  pwtioM  if  apKe  pn>- 

rf  f  bf  UkiBg 


'-//> 


xA    Bth 


ull  engngh 


A  tm  oMtin  m  nevlj  ••  we  pieaw  tbe  trae 

IS  tlint  Um  «p«ce  Tanatioa  in  aaj 

»  ■iirf*i»  If  (tii«  aurfkce  be  open  we  may  imagiDC 
d  •orfnco  (l«M-rihMl  enclwing  it,  aiul  tben  muie  to  contract 
..  toTtm  *n  iofiiiiUly  thin  nhtW,  8  (represenied  by  tbe  dotted 
i|f,  1 1),  with  tbesumc«  of  diBcuntinuityflTery  where  betwenn 
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■■   tAoes.     We  find  £,  iJien,  for  the  rest  of  Hie  BpBce  within  the 
.■.<;rn«l  fuat&iaing  Hurfaco  S„  by  adding  to  the  surface  integral   I 
-  -r  .St  the  value  of  -  /  /  Tn'  ^^  ds  taken  over  Ihe  iiitarnal 


Tf  the  surfAce  of  discontinuity  be  closed,  we  have  only  tn  suppose 
1  itiTfaceiS(Fig.  12)  described  around  it  everj-where  infinitely  iieiir 
'  ;   «oJ  adding  to  llie  surface  integral  over  S^    -    j  I  Va'  —  (h 


i4ken  over  S,  and  taking  the  triple  integral  through  the  space 
fwitween  3  and  li„  w«  see  that  the  theorem  holds  for  thia  apace. 
Ttia  tlieorom  holds  also  for  the  apace  within  the  surface  of 
£*eotitinDilir,  when  the  external  boundary  is  taken  everywhere 
r  Olfinitdjr  neor  that  gurface  ou  tbe  inner  aide.    The  theorem  thus 
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jij  direction,  b«j-  _,  is  discontinuous  within    the    lim 

—  Ac.  <ix 

gration,  the  terra  —  (o*—  )  in  the  second   expression    for  J 
iir\     tfx/  \ 

becomes  infinite,  and  the  triple  integral  invoh'iiig  this  1 
cannot  be  eyaluated.    Let  P  (Fig.  lOJ  be  a  point  within  i 

f  space  < 
a  Binall  oloaed  surface  .!  iiiLiiiding  P  be  ilei  i 
evidently,  the   theorem   apphea   to   any   poilu 
vided    the    siirfaco    inte^rnl    is    tnken   over   al 
BUffuce   or  surfaces),   wp  cm   hiid   Uie   i 
tlie  triple  integral  of  thp 
of   the   space,    and    adding   to   t 
'^'rf.  t»keno 


space  considered,  at  whith 


II 
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Disoon-  holds  sepArately  for  these  two  spacea,  and  theiefore  for  botla 
liiitiity  of  together,  when  the  surface  integral  over  both  aides  of  the  aurfac^ 

'\-  V       ^^  dwcoutinuity  is  t;ikeu  into  account. 

Jx  '  In  the  same  way  we  may  deal  witli  any  number  of  surfaces 
of  discontinuity  arranged  in  any  manner,  and  we  see  that  it  is 
only  necesKary  to  integrate  throughout  the  spaces  in  which  the? 
8}mce   variations  of   U  are  continuous,  and  add  the  values  ofl 

TV        ds  for  both  sides  of   each    surface  of   discon— 
dv 

tiniiity. 

Further,  it  is  iinpoitant  to  notice  that  if  any  portions  of  spac^^ 

are  separated  from  the  rest  of  space  and  from  one  another  b}^ 

closed  or  infinite  surfaces,  we  may  treat  them  as  independent* 

f\  jrtions  of  space,  and  apply  the  theorem  to  them  separatehv 
>eirig  careful  to  include  the  surface  integral  over  each  bounding- 
surface. 
SurfEu-e         We  Khali  now  give  some  applications  of  Green's  Theorem. 

EIe(tric*    ^^^^^  ^^t  17  =  1,  so  that  we  have  -     =0,&c.,  also  let  a  =  1,  and 

d    '^  d"  ^^  ^^  the  potential  of  any  distribution  of  electricity  of  volume 

froni  denwity  p  at  any  point  within  the  closed  surface  <SV     Applying 

Green's  ^''^  tlioorem  to  the  space  within  Sf^,  we  get  E  =  0,  and  therefore 

Theorem.  ^'^^  remarkable  relation 

-    U'!^ ds  =    [UvWdjdydz.     .     .     .     (69) 

Since   -      is  the  space  rate  of   variation  inwards  along  the 
dv 

normal  it  is  equal  to  the  normal  force  iV  outwards ;  and,  since 

(p.  10)  v'-T  =  0  where  there  is  no  electricity,  and  [as  c4n  be 

)»rovcd   independently   of  (13)]    =    —   4irp  where    the    electric 

density  is  p, 


/  /  Nds  =  Att   I  I  jpdxdydz. 


which  agrees  with  the  theorem  of  eq.  (13). 

Again,  if  the  portion  of  the  distribution  within  the  surface 
have  nowhere  finite  density  p,  but  consist  of  a  surface  distribution^ 
of  density  a  at  any  point,  we  can  apply  the  theorem  by  taking  ac- 
count of  the  corresponding  discontinuities  in  the  values  of  dF/^'** 
4cc.  Let  first  the  surface,  S,  on  which  the  electricity  is  distributed 
be  a  single  open  surface,  as  in  Fig.  11 ;  F^,  F-  denote  the  poten- 
tials at  two  infinitely  near  points  on  opposite  sides  of  it,  and  y^,  »o 


APPLICATIONS  OF  GKEEN'S  THEOREM. 

Tii)niig!a  nl  tlio^e  puiT^I<i  drniTD  from  the  HurCaoe  lotn  the  g^iAi 
l«^l«»cn  it  iiiid  .%,     We  (iHve  putting  d»^  for  iiii  eletiient  of  6'„ 


ilicfi!  tin;  two  psrU  of  tlie  integral  in  Ilie  second  term  are  over  Greon'ri 
'it"  i)]>|H)BtIe  porUoiiH  of  n  surface  eocloeing,  aad  inSnitaly  nearly  TheomB 
'lindilent  with  S  {dt  b^iiig  tnken  to  denote  an  element  of  either), 
ui!  thoKfi ire  ttiAy  he  regarded  ns  taken  over  .S.  But  proceeding 
•  nl  p.  36,  tskinfT  p  tinile,  we  get  for  Poimon's  equaiion 
'Pt'ii^  =  —  4np.  Hence  integmtiiig  over  the  thietnPKa,  t,  of 
ilirxtraliiin,  and  putting  i)|r  =  a  when  t  iediininislied  indefinitely 
Mi  tt,  liio  ttferage  denmiy,  i»  correspondingly  incieased,  we  get 


dl', 


+  ''p  +  4^.7  =  0. 


//.W^  =  4.// 


,  -  y  ie  tlie  nurmul  force  at  rf»»  in  the  euttaird  directiii 
A  This  also  agrees  with  the  tiiooreni  of  etj.  ( 13). 
Tbf  tuiie  reeult  applies  to  a  closed  Nurfaoe  (which  is  a  parli- 
iltr  (u«  of  uD  open  ftiirface,  with  opening  infinitely  small),  in 
liirh  CMS  with  tire  condition  of  wro  density  in  the  interior, 
''lit  a  0,  on  the  inner  aiile ;  and  bo  for  ^ny  group  of  surfacss, 
""A  or  giiclosed,  on  which  there  is  electricity  with  finite  siirfhce 
'iMity — that  is,  nt  which  the  electric  force  changes  abruptly. 
I'Wting  V  =  V,  and  o  =  1,  we  get 


W(ST+(?;+(n 


Erjuati 


=   _    nF^Id.-jjjr.-z'-l'did^dz.    (71) 

I#l  r  denote  the  polniitial  at  any  point  of  any  finite  disttibntioo 
''l>^c(ricity,nndlet  the  triple  integral  on  theleftbe  taken  through 
<  !  'ipace.  The  surface  integral  on  the  right  includes  the  eurfiics 
cirnJs,  which,  ae  we  have  shown,  belong  to  each  surfuca  dis- 
iimtion.     Wherever  there  ia  a  volume   distribution   we   have 

r=  -4,p,  elsewhere  t'F=0.  Again  --  \  j  V -^-  </»  taken 
r  the  estemi  closed  auiEace  S^  becomes  zero  when  S^  is  at 
F  2 
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in 


an  infinite  distance  from  tlie  electrii^iil  distribution,  fori 
is  cODfltnnt  for  all  dIfltanveH  at  wliicli  Sg  encioaea  tho  whOT 
.   diatribulion,  and  P"=  0. 

The  part  of  the  siirfaoo  integral  depending  on  tlie  electrified 

J—  +  -J-  iris  taken  over  all  the  eiirface*, 
and  tbia  as  wo  have  seen  ia  4ir/  Itrrfs  token  over  tlia  same 
Biirfiices.  Hence  we  find,  putting  F*  for  t!ie  quantity  in  brackets 
oil  the  left,  nnd  dividing  by  8ir, 


lf(fF;u,,„,..ifj. 


Fa  (h  ■ 


-1    \jjrp,h,l,d:,    ■ 


the  enerjry  ei|mtion  found  ayntbeticftily  abuve. 
Sniiitioncf  It  bus  been  shown  analyltcally  (TliomBon  and  Tait'a  Nat.  Phil. 
Laplace's  vol.  i.  part  i.  App,  A,  (rf),l  that  a  function  V  exists  which  haa 
hqiiation  a  given  value  for  each  point  of  any  Hutface  or  surfaceB  in  the 
for  given  electric  field,  and  aatiafiea  the  equation  V^V  =  0  at  every  other 
_  "'n»0B  poiut.  This  is  the  case  of  an  electrified  systein  bounded  by 
Vb-'iii'iouT  ""*"'^*  at  which  the  potential  is  given  in  a  dielectric  containing 
'  "  'no  electricity  eitemal  to  these  surfaces,  and  since  the  conditions  of 
_  the  problsm  are  physically  possible  it  must  have  at  least  one 

solution.  A  solution  of  thia  equation  with  the  given  surface 
condition  therefore  exists,  an<l  we  can  provB  easily  that  there  is 
only  one  such  solution. 

From  this  it  fullows  that  if  the  potenlini  he  given  over  any 
Burfuces  in  the  electric  field  it  ia  determinate  throughout  the  rest 
of  the  fieh',  in  the  preaenco  there  of  any  given  electric  diatribu- 
tion.  For  the  potential  at  each  point  liue  to  tlie  given  distribution 
ia  everywhere  determinate  (provided  the  electric  aurfuce  or  volume 
density  is  finite  at  every  point) ;  hence  if  Fj  denote  the  potential 
at  any  poiut  of  the  surface  due  to  the  given  distribution,  nnd  V 
be  the  actual  potential  at  the  aame  point,  then  V  -  Vf  can  be 
found  for  each  point  of  the  surface,  and  thia  will  be  the  system 
of  surface  values  of  the  function  wliich  satiefies  v'F=0,  of  which 
there  exists  a  solution. 
We  shall  now  prove  that 

1.  If  the  potential  be  given  at  each  pointof  a  surface  or  sj'stein 
of  surfaces  described  in  an  electric  held,  then  for  any  point  of 
the  field  for  which  there  extstH  a  finite  value  of  the  potentin] 
there  ia  only  one  such  value.  The  aurfuces  may  be  open  or 
lilosed,  and  there  may  be  any  given  electric  distribution  in  tho 
Space,  whetlier  within  or  without  the  given  surfaces. 


SOLCTIOS  OF  GENEttAL  PEOBLEM  PROVED  UNKJL'E. 


For  let  ft  Gnite  value  of  the  pntentiul  at  any  poi: 
1'  mini  nHtisfy  the  characterialic  equatitin 


t  F  be  r,  then  Solution  of 
Laploce'l 
Equution 
for  givBD 
Bunace 
conditional 


li^ic  p  is  lho(Gnili 
■'  electric  distribiiti  .    . 

til?  field,  the  vnlues  of  tlje  ralea  of  viirialion  of  V  from  the 
iif.u's  ulung  Doruiala  v,  v'  druwD  at  any  point  must  satisfy  tlie 


Let,  if  po-islblc,  i',  he  itoother  value  uf  the  potential  at/',ei|iinl 
lo  V,  the  Biven  value  at  eotli  point  of  the  given  Burfaces  and 
•i^iffiD);  these  equutiuna  evarywhi^re  else.  We  see  at  once 
that  a  potentiJ  V-  P^  sntieGes  all  the  eonditiona  for  the  case  in 
"■ttirh  (lie  potenlinl  is  zero  uI  the  given  sarfaces,  and  both  a  and 
■■'rr  nem  everywhere  eluc.  But  in  this  case,  since  the  potential 
ilao  xero  at  an  infinite  distance,  it  iiiiist  be  zero  everywhere 
"■.  uUierwise  there  woiilil  he  one  or  more  points  of  maximum 
'  iTiitiinniRi  potential  in  space  void  of  electricity.  Hence  F=  V„ 
''lilt  ii,  there  is  only  one  value  of  V  which  satialies  the  equationti 
'I  ftty  point,  and  coincides  with  the  given  value  for  every 
p  Mill  iin  the  surface 

i.  There  18  one  and  only  one  di^ttribution  nf  electricity  over  a 
-"■'■•■n  Nurface  or  system  of  aurfaces  in  the  electric  field  which  for  a  i 
-it»n  distribution  eluewliero  thun  im  the  surfiice  corresponds  to 
■!i  irliilnirilj'  ^ven  potential  at  citch  point  of  the  surface ;  and 
'  Illy  (ino  value  of  the  potential  can  be  produced  at  encli  point  of 
lilt  surface  when  a  given  distribution  of  electricity  is  inntle  over 
I  lie  ill  rf ace. 

If  r,  V,  the  potentials  on  opposite  side*  of  the  surface,  be 
irfiitrarily  t""'""  »t  every  point  we  hnve  seen  that  the  potential 
'"  single  valued  at  every  point  in  the  field.  Hence  the  density 
-  1  {'Hi  +  —)  which,  p.  28  above,  must  exist  on  the  surface 

m  alau  single  valued. 

Agsint  '^  this  diKtribiition  be  made,  the  given  potentials  nt  the 
anrfkcewill  be  produced.   For,  if  nnt.let  V„  V,'.  instead  of  V  V"- 
bm  tlie  piiteiit;uls,  on  the  two  siJes  of  the  surfjice,  produced 
any  poinL 
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We  have  then  the  tv^o  equations 


Surface 
Distribu- 
tion pro- 
ducing 
given 
Potential 
at  every 

point,  and  Subtracting  we  get 
Pbtential 
produced 

by  any 

given 
Distribu- 
tion, both 

unique. 


dV       dV'.  ^ 


d^r  -  r,)  ^  d{r  -  r/)  ^ 


dp 


dv' 


=  0. 


Oreon's 
Problem. 


Solution. 


Hence  V  —  F„  F'  —  Fj'  are  values  of  the  potential  at  points 
infinitely  near  one  another  on  opposite  sides  of  the  surface  in  the 
case  in  which  o-  is  zero,  and,  since  Poisson's  equation  is  by 
hypothesis  satisiied  in  tlie  case  both  of  F,  F',  and  Fi,  Fj',  we  see 
that  F  -  Fi,  F'  -  F,'  correspond  also  to  the  case  in  which  p  is 
zero.  But  when  <r  and  p  are  everywhere  zero  the  potential  is 
everywhere  zero,  and  we  have  F  =  Fj,  V  =  V{ ;  that  is,  the 
distribution  does  produce  the  given  potential. 

From  (2)  we  see  that  electricity  can  be  distributed  in  one,  and 
only  one,  way  on  any  surface  or  surfaces  in  the  electric  field  so 
as  to  produce,  with  any  other  given  distribution  in  the  field,  any 
required  potential  at  any  point  infinitely  near  the  surfaces,  and 
that  the  potential  at  any  other  point  is  perfectly  determinate. 
The    density    of    the    distribution     at    each    point    must    be 

_    —  [VLa    I      _?),  and  therefore  there  is  only  one  quantity 

47r  Vrfi/j      "^  dv^  J 
of  electricity  whicn  can  be  thus  distributed. 

\i  was  proved  by  Green  that  if  <r  be  the  surface  density  required 
at  any  clement  E  (Fig.  13)  of  a  surface  in  order  to  produce  by  its 


.    P 


Fig.  13. 


own  action  a  potential  infinitely  near  that  point,  equal  to  that  pro- 
duced by  a  unit  of  electricity  at  a  point  F  not  on  the  surface, 


DIRECT  PROllLEM  OF  ELECTROSTATICS. 

'  I  '^  potential  V  atP  due  to  a  surface  diBtril'Ulion  whii4i  |vroiIuces   Soluttt 
Ml-  arbilmry  potMiliil/(A)  nt  tf  is  given  by  tjic  ei[iiulioii 

Y=  jj  «fiE)^. (T-l) 

ilie  itito|;ni]  heinit  tnken  over  tlio  nurfuce.  For  if  E'  he  atiy 
'<i1i«r  eleniunt  and  tr  tLe  density  tljere,  curreepu tilling  lu  a  nt  A', 

J  J  EK-         El' 

M a^\^c  tlie  il^nxily  at  K  of  llie  diBlribntion  required  in  prmliiio 
pi>(*nlial/(if)  nt  E  uto  liave  fur  llie  putentiiil  at  P  i.roduced  hy 
I  his  dMirlbulion 

l>y  tilt  liml  eiuatiOD.     Ittit  Ihi^  ililej^ral  may  be  willlen 
«n<I  by  iIlp  UefiDilinii  of  o-, 

/m  =  //?,';. 

IT   .ic* 

V^  j  cf(.E).U. 


PiobiM 


The  (lirecL  probliiu  which  jireBents  itgelf  in  electro- 
»t.nlic»  is  the  tielermi nation,  for  a  given  system  of  con-  ^f  gj, 
'iirtors  with  given  charges,  of  the  itotential  at  every 
■y  int  of  tlie  lieKl.  Bud  the  density  of  the  distribution 
..t  every  point  of  the  comtuctoi-s. 

It  is  easy  to  show  that  if  the  charges  are  given,  there 
in  only  one  possible  distribution  on  tlio  conductors,  and 
it  follows  fr>tU]  what  has  been  proved  above,  that  tike 


iluotora 
Charffes 


PotontiiJs 
RiiU  Dia- 
Iribntion 

unirine 

for  givan 

k  Clurg«a, 
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potential   at   every   point  of  the  field   is  also 
in  value.     To   prove   that  the  distribution  is  ' 
consider  a  system  of  conductors  the  charges  of, 
are  separately  zero.     The  potential  over  each  con 
must  for  equilibrium  be  constant,  and  must  b< 
For  if  not  zero,  the  potentials  must  either  hj 
the  same  positive  or  negative  value,  or  have  di 
values.     In  the  latter  case  the  potential  cannot 
there  is  no  maximum  or  minimum  of  potential 
field,  increase  outwarils  from  one  part,  and  di 
outwards  from  another  part  of  the  surface  of  th 
ductor,  whose  potential  is  numerically  greatest, 
the   electric   induction    across   every  element 
surface  has  the  same  sign,  that  is,  every  elen 
electrified  in  the  same  manner.     But  this  is  imp 
since  the  whole  charge  is  zero.     In  the  case  of 
conductors  at  one  potential  we  may  applj'  the 
test,  with  the  same  result,  to  any  conductor.     ^ 
therefore,  that   the   surface -density  on  each  m' 
everywhere  zero. 

Let  now  V^.  V^  &c.,  and  l'^',,  F'j,  &c.,  be  two  p 
systems  of  potentials  corresponding  to  the  given  d 
then  —  V\,  —  V'^,  Sec,  will  be  a  possible  sj-s 
potentials  for  equal  and  opposite  charges,  and  V^ 

Fj  —  y'j  &c„  possible  potentials  when  their 
are  zero.     But  in  this  last  case  we  have  seen  tt 
conductors  are  not  electrified,  and  therefore  y^ 

Fj  =  V\.  &c. 

The  potentials  at  the  conductors  are  thus  uni 
value,  and  we  have  seen  (p.  (>i))  that  the  potential 


>oiut  in  the  field  is  also  unique  in  valui 


Tlie4 


ELECTBIC  IMAGES.  ; 

imle    as   aboTo   on   the   sartttce  is  called  an  Eltdrk 

'  <  r  aow  the  system  of  conductors  be  three  io  QUDiber,    Spl 

jere  S  of  radios  a,  and  two  external  conductors,   ["fl^t, 
^;  ^"S-  '^'  °^  dimensions  so  small  in  comparison  with  "f  Elwnw 
I  that  a  charge  of  electricity  ou  either  may  be  considered    titmid 
H  ooncentrated  at  a  point.    Let  the  distance  of  ^j  from     I'oint- 
'.'.  the  centre  of  S,  be  /,  tbo  distance  of  S,  from  i* 
and    let   S,    be    insulated    and    cliarged   with   a 
ritity  q  of  electaicity,  S,  insulated  but  uncharged, 


Ljg)-- 

^HPnninsulated,  and  therefore  at  zero  potential.     By 
^^Rlieory  given  above  (p.  38) 

■  re  p,.  is  the  mutual  coefficient  of  potential  of  S^  and 
(i|,  (=  I/t-jJ  that  of  fi,  and  S^.  and  g,  the  induced 
if^e  on  S.     But  since  the  potential  uf  ■S'  is  zero,  and 

IT  element  of  the  charge  of  5'  is  at  a  distance  a  from 

■  i.entre 
%.     .     .     .     (73) 
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Sarfjoure    or  infinite  surfaces  separating  a  region  within  which  lies 
ti^      any  part  of  the  actual  distribution  from  the  rest  of  space 

replacing 

given 

system. 


is  such  as  to  exactly  produce  at  each  point  of  space 
external  to  that  region  the  same  potential  as  is  pro- 


SURFACE  DISTKIBUTIOXS  OF  ELECTClLlTY.  7: 

ircd   by  that  part;  for  it  is  clear  that  the  potential  at  Snri 

iiy  {M>int  of  the  surfaces  will  he  that  which  would  ho  tin 

j>roiiuced  by  the  octnal  distribution  and  (p.  68  ahove)  ''*1'}" 

tiifi    |M>t«iitial  produced  by  the  electrifieti   suifaccs  at  a]st< 


eroi^'  [loint  of  the  space  whioli  thoy  separate  fruni  the 
•  lectric  distribution  coincides  with  that  duo  to  Uu- 
;ittiial  distribution.  For  example,  if  ^i,  ff,,  H^  (Figs. 
16  and  17)  be  regious  within  which  arc  distributions 


L. 
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f.Un.r\(*.    electrification  on  the  surface  called  forth  by"  2  a*  -P 
Spheriral   ^-^^^^  ^^"^  ^^  ^  Kirtual  charge  of  amount  —  dif^i  sfe  F^ 
Surface,    f.^^^f,  \^^  are  the  «).me  as  would  be  proiliicecl  by  thi»  cBoige 
at  F  if  the  conductor  S  did  not  exist. 

We  see  ea«*ily  that  P  ami  i^  are  conjugate  to  ooe 
another — that  is,  while  P  ia  the  image  of  P  fcr  tiie 
sphere  *Sf  infiuenceii  by  a  charge  dktP.P  is  the  image  of 
f*  for  the  same  sphere  influenced  by  a  charge  at  Z'. 
For  suppose  a  charge  <j  t-o  be  placed  at  P  within  the 
conrlnctor  H  supposed  at  potential  zero,  the  extexml 
potential  is  everywhere  zero — that  is,  tte  induced 
electrification  produces  an  external  potential  and  electric 
force  everywhere  equal  and  opposite  to  that  produced 
by  q.  In  this  case,  since  q  is  within  5,  ^,,  the  induced 
charge  on  H,  is  —  q.  Proceeiling  as  before  with  this 
vahie  of  7^,  we  find  thafi  the  internal  potential  and 
elfrctric  force  due  to  the  induced  electrification  is  that 
due  to  a  virtual  charge  —  ^  at  P,  and  that  for  the 
density  at  any  pf>int  E  in  H  we  get  as  before 

n^^P     1     _^     PA.  PA'     1 
'''^'^     ^a    PE""      ^     \ir.CE    PP   ^'> 

The  induced  electrification  produced  by  any  given 
external  or  internal  electric  system  can  be  found  by 
determining  the  distribution  due  to  each  point  of  the 
ftyHt<;rn  and  superimposing  the  distributions.  Hence  an 
eh'ctric  system  on  the  other  side  of  the  spherical 
surface  is  determined  which  would  produce  on  the 
fiairu;  sirh;  as  the  given  system  the  same  potential  at 
every  {)oint  as  is  produced  by  the  induced  distribution. 
This   system  is  made    up  of  elements  which  are  the 


ISDirCED  DISTItlliUTlON  OS  CONDUCTING  SPHERE. 

■clric  images  of  tlie  elements  of  the  ioducuig  system,    RIeotiiJt 
'   which  it  is  therefore  said  to  be  the  electric  image.       sphSi 
Thus  let  the  system  be  a  series  of  charges  51,  q^,  &c., 
i.-xt«niiil  points  P^,  P^,  &c.,  whose  distances  &t>m  the 
■  tiire  of  the  sphere  are  /j,  /j,  &c.,  the  charge  on  the 

;hi.-re  is  then  —  «  S  ^;  and  the  density  at  any  point  is 


1 


S(/^ 


«1  -' 


(7f 


47ra 

lie    summation   being  taken   for  every  point  of  the 
u'iucing  system. 

If  the  system  be  internal  the  charge  on  the  sphere  is 
-  S5,  and  the  density  is 

If  the  sphere  bo  at  zero  potential  under  the  influence 
:'  both  iin  external  and  an  internal  system,  the  cliarge 
■  iU  the  sphere  will  be  the  sum  of  the  charges  and  the 
ilensity  the  sum  of  the  densities  in  these  two  cases 
taken  separately. 

If  the  sphere  be  insulated  and  at  potential  V,  the  Indi 
distribution  is  obtained  by  superimposing  on  the  in-  bution 
duced  distribution  ju at  found  a  uniform  distribution  of 


9     density    Vji-n-a.       He 
i     this  case 

^^^  4jra    ( 


have  for  the   density  in 


119) 
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I  llie  induciDg  dtstributios  i 


externi 


i  Indneeil    according 

tation  on  internal.     Equivalent  expressiona  for  the  densil  _ 

's'h''*"'  t^JTiis  of  the  charge  Q  on  the  sphere  are  easily  obtai 

by  subatituting  from  the  equation 


IJpeotrio 
Xntrgv  of 
Two 
8]>1iL'ricu1 
Cnii- 


«  J 

It  is  instructive  and  easy  to  calculate  from  1 
expressions  for  a  single  inducing  point-charge 
density  of  the  distribution  on  the  sphere  at  the 
nearest  to  and  farthest  from  P.  to  find  when  these 
opposite  in  sign,  and  in  this  case  to  determine 
position  of  the  circular  line  of  zero  density  on 
sphere  for  given  values  of  Q,  q,  a,/. 

We  may  consider  a  single  poiat-charge  as  on  a  spi 
of  centre  P,  and  radius  b  no  small  that  the  distiibu; 
on  the  small  sphere  may,  so  far  as  its  ctTect  on 
distribution  of  the  large  sphere  is  conceraed,  be  ta 
either  as  uniform  or  as  concentrated  at  the  point 
When  the  radii  of  the  spheres  are  comparable  with 
another  and  with  the  distance  between  their  cent 
the  distributions  mutually  influence  one  another, 
the  effect  of  either  can  only  be  expressed  by  an  ini 
series  of  electric  images.  When  b  is  very  small  > 
pared  with  n,  all  these  images  may  be  neglected  es 
the  first  image  of  the  smaller  sphere.     We  have 

'If 

the   charge  and  potential  of  the  smaller  sphere, 
g  (=  Va  —  q.  n//),   V,  for  those  of  the   larger  spl 


the   respective   values  q,   g  [7  — 


+  Vaif. 


t'OHCK  BETWEEN  TWO  ELECTRIFIED  SPUERES. 

:  ;■  nco  (p.  32)  the  electric  energy,  £,  of  the  system  of 
•■■so  conductors  is  given  by  the  equation 


_  .0" 


h^^d- 


(80) 


-fir-'V  ' 

The  work  done  by  electric  forces  in  separiiting  the 
spheres  by  a  small  distance  d/  will  alter  H  by  an 
amount  dEldf.df,  that  is  -  dEjdf  is  the  mutual 
lepulsive  force  between  the  spheres  io  the  line  of 
But 


r,'/.(81) 


]  Ite  force  will  therefore  be  an  attraction,  zero,  or  a 
:ep;ilfiion  according  as  either  of  the  equivalent  ex-  , 
preasions  on  the  right-band  side  is  negative,  zero,  or  ^ 
positive.  Hence  it  is  jin  attraction  if  V  or  Q  is  zero, 
'.  a,  if  the  sphere  is  uninsulated,  or  if  it  has  no 
I  on  the  whole.  Also  if  /  is  but  little  greater 
k  a,  that  is,  if  the  smaller  sphere  be  very  near  the 
!  of  the  larger,  f  —  a*  is  very  small,  and  the 
!  is  an  attraction.  If  Q  have  the  same  sign  as  q, 
I  be  greater  than  q.uy{2f  -  a^Hf  -  a"),  or  if  V 
■  positive  and  greater  than  q.f*l{f  —  «'),  the  force  is 
spulsion.  These  results  explain  the  apparent  anomaly 
e  attraction  of  a  small  charged  sphere  by  a  similarly 
ugcd  conductor,  when  the  distance  between  them  is 
■iiiall,  and  the  repulsion  between  them  when  they  are 
>t  gteatt^r  distances. 
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Ima^s        If  t^  be  ttic  shortest  distance  of  any  one  of  the  points 
riane  or   -^  from  the  surface  of  the  sphere,  we  have  f  =  d  +  a, 
ill  Sphere  and  J^  —  a*  =  d  {d  +  2a).     Hence  if  a  is  very  great  in   i 
rediuB.     comparison  with  d,  that  is,  if  the  surface  be  an  infinite   : 
plane  (Fig.  20),  or  if  the  point  F  be  near  the  surface,   '. 
we  have  when  V  =  0 

'-Lt-fE («^' 

Klectric        Considering  a^&in  the  sphere  of  finite  radius  a,  we  j 

Ptloe     have   for   the   shortest   distance  of  the  image  of  any  j 

coincident  point-charge  P  from  the  sphere,  the  value  a  —  a^j(d  +  a),  j 

Optical     or  rf/(l  +  dja).     Hence  if  a  is  very  great  in  comparison  I 
Image,     ^j^j^  ^  ^[jjg  ^^\^q  becomes  approximately  d,  that  is  the 
image  is  on  the  normal  to  the  surface  and  at  the  same 


MUTUALLY  INFLUENCING  CONDUCTOHS, 


ve  been  obtained  at  once  without  considering  the  Dim 
i-ii»e  as  a  case  of  a  sphere.  For  clearly  the  plane  is  a  gj,jon 
I  face  of  zero  potential  for  +  q  at  P  and  —  9  at  i",  the     '"fii^ 

■  itical  image  of  P  in  the  plane.  The  electrification  of 
lie  plane  is  therefore  equivalent,  for  till  points  to  the 

it  of  the  plane,  to  the  charge  —  9  at  P*.  But  the 
:.■  rijial  force  outwards,  that  is,  from  the  plane  towards 

i.e  space  in  which  P  is  situated,  is  —  Zgd/PS',  and  the 

[..■ctric  density  at  £  is  therefore  —  gdl^irPE*.  The 
Ti  suits  obtained  above  are  thus  verified. 

It  is  easy  to  show  that  the  integral  of  this  expression 
for  the  density  taken  over  the  plane  is  —  q,  the  value 
which  it  ought  to  have,  since  the  space  to  the  left  of 
iJie  plane  may  be  supposed  inclosed  by  the  plane  and  a 

i>uductor  at  an  infinite  distance.     Let  Ss  be  an  element 

■  t  the  surface  at  E.  The  projection  of  Ss  on  a  plane  at 
:  i::ht  angles  to  PE  is  2s .  djPE,  and  a  cone  with  base  Ss, 

ind  vertex  P  will  therefore  intercept  on  a  sphere  of 
unit  radius  and  centre  P,  an  area  Sa.dIPE'.  The  integi'al 
of  this  taken  over  the  plane  is  therefore  2ir,  one-half 
the  area  of  the  unit  sphere,  and  we  get 


_  yr?    /■  8s 
2wJP£ 


PE'  -      ''■ 

When  two  or  more  conductors  are  electrified  in  the  Mutnallj- 
saroe  field,  the  distribution  on  any  one  is  influenced  by 
tli&t  on  the  others,  and  hence  the  determination  of  the 
actual  distribution  becomes  a  problem  of  great  difficulty, 
the  solution  of  which  has  not  been  obtained  except  in 
certain  cases.  These  have  for  the  most  part  been 
solved  only  by  the  method  of  Electric  Images  combined 
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with  the  pnQciple  of  Electric  Invereion,  by  which  the 
Bolotion  of  any  electric  problem  cau  be  transfonned 
into  the  soIntioQ  of  any  uumber  of  other  problems. 
Th«ae  tnethods  are  dne  to  Sir  WiUiam  Thomson,  to 
whose  pap^s  ire  mast  refer  for  full  informatioQ  regard- 
iag  them.'  We  gire  here,  however,  the  solution  of  the 
piuMum  ot  the  distribation  on  two  parallel  conducting 
{tlaae  sheets  of  unlimited  extent  acted  on  by  a  point- 
dtaige  placed  betamu  tltem.  and  a  short  explanatioD 
of  ths  m«thod  of  iaraBoii  with  one  or  two  examples  of 


A  '  ,V^.  tt    W  ifae  vaas  of  two  ; 

t  miiiiTiinrd  atfl 
e  through  P.f^V 
a  situated,  i 
,  <si  r  from  C,  1 
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■  inU  at  wbicli  a,  perpendicular  tbrough  P  tneeta  the 
;  I  laes,  and  B  a  poiut  on  the  plane  A  &i  a  dUtance 
7  from  C. 

If  the  plane  B  were  removed  the  density  at  E  on  ^'?'}*f-» 
.)  due  to  a  chaise  g  at  f  would,  (82)  above,  be  bution  I 
-  q  .  a/27r(a*  +  7')'.  But  the  electrification  of  B,  which  JfV 
■■  iiild  be  produced  by  the  charge  q  a,t  P  if  A  were 
moved,  has  at  all  points  to  the  left  of  B  the  same 
nect  as  that  of  a  quantity  —  2  at  a  point  I^  distant  $ 
!jin  D  to  the  right  on  PD  produced,  and  the  corre- 
iKinding  electric  density  at  .£  is  therefore 

2^  \{a  +  2^)'  +  7']'' 

Tiiese  two  electrifications  of  A  produce  respectively  the 
;i'_'cts  on  the  electrification  of  B  of  charges  ~  g,  +  g, 
■  the  left  of  A  on  PC  produced,  the  former  at  a  point 
■',  distant  a.  the  latter  at  a  point  J^  distant  a  +  2/8 

'  ■■■  im  C.  The  electrifications  of  B  thus  produced  have  on 
!  the  effects  of  charges  +q,  —  y  at  points  /;,  Ig,  distant 

■ia  +  2,8.   3ffl  +  iff.  to   the   right  of  A  on   CD.    The 

lunespondlDg  densities  at  £  are  therefore 


Sd  4-  2$ 


\-*d 


:iw  {(3.1  +  2^)'  +  y'f    27r  {(3o  +  4^)'"  +  7'}!' 

In  the  same  way  another  pair  of  densities  at  J?  could  be 
■')iind  corresponding  to  point-chai^es  +  q.  —  q,  at  the 
lispective  distances  5a  +  4j8,  5o  +  6^  to  the  right  of 
-!.  and  BO  OD. 

The  electrification  of  ./I  is  that  which  would  if  B 
'■^ere  removed  he  produced  by  +  5  at  P  and  an  infinite 
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trail  of  images  /,,  I^,  I^,  &c.,  of  charges  —q,+q,~ 
&c.,  at  points  to  the  right  of  P  on  CD  produced. 
potential  at  every  point  ou  .4  or  to  the  left  of  im 
plainly  the  potential  due  to  +  9  at  P,  and  the  imat 
charges  to  the  right  of  P,  and  this  is  equal  and  opp< 
to  the  potential  at  the  same  pciint  produced  by  1 
electrification  of  A.     Similar  results  hold  for  £, 

The  potential  at  any  point  between  the  planea  ] 
iluced  by  the  electrification  of  either  is  that  due  to  the 
trail  of  images  behind  that  plane,  and  the  total  actual 
potential  at  any  such  point  is  the  sum  of  the  potentials 
due  to  +q  at  P  and  the  two  trails  of  images. 

To  verify  that  the  potential  of  each  of  the  planes  is 
zero,  let  V  be  the  potential  at  any  point,  E,  of  the 
plane  A.    Then  we  have 

•^  - «  (h'  -  jjs)  +  '^  [ih  -  jz;;i) 

where  ■"  lias  every  integral  value  from  0  to  « 
J^E  =  PE,  the  first  term  is  zero ;  further  each  seneS'fl 
convergent,  and  the  terms  (which  are  arranged  in  1 
same  order  in  both)  are  identically  equal.     Hence  y% 
zero,  and  the  above  process  of  building  up  the  electr 
cation  of  each  plane  gives  the  required  result. 

The  cliarges  and  distances  of  the  images  I^,  I^,  & 
are  given  by  the  table 

Images  /a.r-i,  Jj»> 

Charges  —  5,  +g. 

^^/}-2(,-l)(«  +  ffl  +  2/3,       2.(a  +  «. 


JPOINT-CHARGE  BETWEEN  TWO  ORTHOGONAL  PLANES. 

lere    n   has   every  positive    integral    value   from    1    Charj 

te  charges  and  distances  of  the  images  J^,  J,,  &c.,  "f  i"»m'-». 
I  given  by  tho  same  table  when  a  and  j9  are  inter- 

By  equation  (82),  p.  84,  we  have  for  the  density  at  E    Elecbio  J 

DenaitJvV 


(2«  +  IV  +  2(«  +  1)^ 


'ix.„-   •    Ps) 


..  liere  n  is  any  positive  integer. 

The  density  at  any  point  F  on  B  (Fig.  21}  is  given 
'\  this  equation  when  a  and  ^  are  interchanged,  and  y 
-  taken  as  the  distance  from  D  to  F. 
Aa  an  example  of  a  case  in  which  the  number  of 
i  i.iges  13  finite,  let  the  conductor  consist  of  two  planes 
't  right  angles  to  one  another,  terminated  by  their  line 
1(1'  intersection,  and  influenced  by  a  point-charge  of 
amount  +  q  placed  at  a  point  P  between  them.  Let 
0,  OA.  OB,  Fig.  22,  be  the  traces  of  the  line  of  inter-  wntod 
I  and  the  planes  on  a  plane  drawn  through  P 
lendicular  to  the  conductor.  Let  a  denote  the 
mce  of  P  from  OA,  ,8  the  distance  of  F  from  OB. 
!  surfaces  would  evidently  be  at  zero  potential  if 
iaaulated  without  charge  and  a  charge  —q  were  situated 
«  f  I  the  image  of  P  in  OA,  and  at  P^  the  image  of  P 
ill  OB,  and  a  chaise  +  ^  at  i*,,  the  common  position  of 
;lie  image  of  P  in  OB  and  the  image  of  P^  in  OA. 
If  .V  be  the  normal  force  at  any  point  £  of  the  plane 
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OA,  taken  pomtive  towards  tiie  sf^m^  BOA  in  wiiidi/' 
i«  fritiiated,  we  liave 


N^-tqa 


^84y 


nay  be  regarded  as  die  Sfiace 
Ji5^    external  to  a  cloned  conductor,  JT  ia  tiie  actual  fcacc 
"*•     just  ontaide  the  conducti^r  at  Jf,  and  we  have  for  the 
electric  density  there 


^  ^      2ir  VPi'       PJS", 


Bimiiarly   for   the   density  at   any  point   F  of  OB 
we  have 

^  _  _  -y^^  r  1-  _ 


f»iOTi,    r';lHt,i(;ii 


^,)    .     .     (85  W«) 
In  Fi^.  23  the  distances  6'P,  CT*.  Cq,  CQ  fulfil  the 

CP.CI*  ^CQ.Cqr  =  a\     .    .    .    (86) 


n-RlCAL  INVERSION 

■^  point  P  is  called  the  inverse  of  the  point  Pwith 
-•'^ufA  to  C,  which  is  called  the  centre  uf  inveniioH ;  and  i 
(imilarly  Q'  is  the  inverao  of  Q  with  reft>rence  to  (7.     If 


we  hare  any  sysU-m  of  points  P,  Q,  &c.,  given,  we  can 
finii  in  this  manner  a  corresponding  system  of  points 
f,  if,  &c.  If  /*,  Q,  &c.,  determine  a  surface  or  a  solid 
GaTJre,  F',  Q,  &c.,  determine  a  corresponding  surface  or 

■  lii]  figure.  The  system  f ,  (/,  &c.,  ia  called  the  inverse 
i  the  system  P,  Q,  &c..  with  reference  to  C ;  and  it 

■  'Haws  that  the  system,  P,  Q,  &c.,  is  the  inverse  of  P,  Q', 
it.  with  reference  to  the  same  point. 

From  what  has  gone  before  it  is  evident  that  any  i 
poinl  F  is  the  image  of  the  point  P  in  the  sphere  of  ^ 
raottns  a  and  centre  C.  This  sphere  is  called  the  sphere  S 
'^mmrsion,  and  its  radius  the  radius  of  invcnum. 

In  Fig.  23  the  triangles  CFQ'.  CQP  are  similar.  I 
from  this  it  follows  that  if  i*,  §  be  two  very  near 
pnntB  the  angle  CQP  is  equal  to  the  angle  P'Q'Q ;  that 
".  the  lines  QP,  Q'P'  meet  CQ  at  supplementary  angles. 
'!'Fn:e  the  angle  which  the  inverse  of  any  line  or  surface 
!  ilica  with  any  radius  vector  from  the  centre  of  in- 
T.iion  is  the  supplement  of  the  angle  which  the 
:iL:inal  line  or  surface  makes  with  the  same  radius 
'I  tor.     It  follows  that  the  inverses  of  any  two  lines  or 


r 
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Inversion  surfaces  intersect  at  tbe  same  angle  as  do  the  c 

^^^    lines  or  surfaces. 

Ik'siiJta.  In  particular  it  is  easy  to  prove  that  the  inverse  of  a 
circle  is  another  circle,  aud  therefore  of  a  sphere  another 
sphere.     For  let  P,  Q  (Fig.  23)  be  the  extremities  of  a 

I  diameter  of  the  circle,  and  B  (not  shown  in  the  figure) 

he  any  other  point  on  the  circle,  then  PKQ  is  a  right 
angle.     The  inverse  points  are  P",  Q",  K,  and  the  angle 
FR'Q'    ia    ecjual  to  a  right  angle  +   tlie  angle  PCQ. 
according  as  CR  does  or  does  not  intersect  PQ.    Hence, 
as  ^  is  moved  round  the  circle,  J£  moves  round  anotbet 
circle  which  is  the  inverse  of  the  former. 
Further  the   inverse  of  a  straight  line    is    a   circle 
passing   through  the  centTC  of  inversion.     For  let  P  — 
(Fig.  23)  be  a  point  on  the  straight  line,  such  that  Cj^ 
is  at  right  angles  to  PQ,  and  let  Q  be  any  other  poind 
on  the  line.    Then  if  P",  Q'  be  the  corresponding  invei 
points,  P"  ia  fixed  and  CQ'P  is  a  right  angle  for  evK( 
position  of  Q'.     Hence  the  locus  of  Q'  is  a  cirele  I 
which  the  diameter  is  CP. 
rnTf-raion       The  inverse  of  an  infinite  plane  is  obviously  a  spherical 
^^^^1    surface  passing  through  the  centre  of  inversion. 
Itesnlta.        According  as  the  centre  of  inversion  is  without  or 
within  tbe  original  surface,  the  space  within  the  inverse 
is  the  inverse  of  the  space  within  or  without  the  original 

L surface,  and  the  space  without  tbe  inverse  is  the  inverse 
of  the  space  without  or  within  tbe  original  surface. 
If  CQ  =  r,  CQ"  =  r,  and  P,  Q  be  points  very  near  to 
one  another,  PQjP'Q'  =  rjr'.  Hence  if  r  be  the  distance 
of  any  element  2/  of  a  line,  Ss  of  a  surface,  tv  of  a 
volume,  and  r'  the  distance  of  the  corresponding  inverse 
. J 


Biento  SI',  ds'.  Si 
t  have 

olISl'  =  rjr'  ■     & 
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from   tlie   ceutre   of    il version. 


SsjBs'  =  r^/r'-' ;     h'jSe'  =  r'/rK    (8T) 

I  Agiiu  if  we  suppose  at  the  point  P  (Fig.  23)  n  charge    1 

rf"  which  the  potential  at  ^  ia  F(=y/i'§),  then  putting 

or  the  potential  at  (?'  of  a  charge  agjr  (tlie  corre- 

Dnding  image-charge  with  its  sign  changed)  situated 

"  ai  the  point  P',  we  have    V  =  aqjr.PQ'.    Hence  by 

the  equations  CP.  CP  =  CQ.C(^  =  a\ 


VjV'  =  r'!a  =  a!r. 


(88) 


The  quantity  of  electricity  on  an  element  Ss  of  a 
ifface  is  a.Zit,  and  on  an  element  of  volume  p.Bv. 
I'he  corresponding  image-charges  with  signs  reversed 
!■?  aSs.a/r,  pSv.a/r;  and  by  (87)  the  corresponding 
■•.-aa  and  volumes  are  &' =  Ss .  j-"/r",  6«)' =  &J .  r"/'"'- 
[■■QCe  if  ff',  p,  q'  be  the  image -densities  aud  image- 
I  large  corresponding  to  a,  p,  q  respectively,  we  have 


I 


a-'i'v  =  a'lr"^ 


q'/q  =  Tja  ^  ajr   .     .     .     . 


m 


The  process  of  inverting  any  electric  system  consists  Elaetil 

It!  inverting  the  geometrical  arrangement  of  the  system    j^g^ 

iLiii    substituting    for    every  element  of   charge    the 

■  rrospunding  element  of  image-charge  with   its   sign 

lijuged. 

IF  the  potential  of  any  distribution  on  a  conductor  in 
■  i|iiilibriumbe  KatapointP,  the  potential  of  the  inverse 
iistribution  at  i*  the  image  of  P  is  by  (88)  Vajr',  where 
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Equi- 
librium 
Distri- 
bution 
inverted 


gives 
Induced 
Distri- 
bution due 
to  Point- 
Charge  at 
Centre  of 
Inversion. 


/  is  the  distance  of  P  from  the  centre  of  inversion 
Hence  the  potential  at  P  of  the  inverse  distribution 
the  same  as  that  of  a  quantity  Va  placed  at  C.  T 
inverse  distribution,  and  a  quantity  —  Fix  at  (7  w 
keep  P  at  zero  potential.  If  then  we  invert  an  eqi 
potential  surface  of  the  given  distribution,  we  shj 
obtain  a  surface  of  zero  potential  of  the  distributi* 
composed  of  the  inverse  and  —  Va  at  C,  If  we  take 
the  equipotential  surface  the  surface  of  a  conductor  < 
which  the  given  distribution  is  in  equilibrium,  t 
inverse  distribution  is  on  a  surface  which,  when  —  Va 
at  G,  is  at  zero  potential.  The  inverse  distribution 
therefore  the  induced  distribution  on  the  inverse  co 
ductor  under  the  influence  of  —  Va  at  C, 

It  follows  that  if  we  invert  any  distribution  whi 
gives  at  each  point  of  itself  distant  /  from  C  a  potent: 
Vajr'y  that  is,  the  induced  distribution  of  a  system  —  ] 
at  Cy  we  get  a  system  in  equilibrium. 


-Ar 


Fio.  24. 


Examples.       As  examples  we  shall  invert  (1)  a  uniformly  charg* 
sphere,  (2)   the  induced   distribution   of  two   infini 


rXIFORH  SPHElilCAL  DISTRIBUTIOS  INVRHTEn. 

uiiiiilel  planes  under  the  influence  of  a  single  poiut- 
'  lurge  .between  them. 

:1)  Let  the  potential  of  the  sphere  be  V\  its  radius   . 
■i :  the  radius  of  inversion  CA,  a;  the  distance  of  C  ; 
:r.>iu  any  point  P"  (Fig.  24)  of  the  image  r',  from  the 
i-ntre  0'  of  the  inverse  sphere  /;   and  the  radius  of  i 
liie  inverse  sphere  a.    We  have 


iniing   as  C  13  external  or  internal  to  the  given 


Substituting  the  value  of  j8  just  found  we  get 

f-a*     Va 

"  =±  -r -.T,    .... 

—      *TTa  T 


(«) 


:ifcordiDg  aa  C  is  external  or  internal. 
According  as  C  ia  external  or  internal  to  the  given 

[liiero,  and  is  therefore  external  or  internal  to  the 
inverse,  the  spaces  external  and  internal  to  the  former 
-lie  respectively  the  spaces  external  and  internal  or 
luifnial  and  external  to  the  latter.  Hence,  according 
IS  C  is  external  or  internal,  the  potential  of  the  inverse 
liiatribution  at  every  internal  point  or  at  every  external 
I")int  is  the  same  as  that  of  a  chaige  Va  at  C. 

Also  since  the  potential  of  the  given  sphere  is  the 
-  jjiie  for  all  external  points  as  if  its  cliaige,  V^,  were 

tui'entrated  at  the  centre  0,  the  potential  of  the 
Mverse  distribution  is,  by  (89),  the  same  at  every  point, 
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Induced    external  to  the  inverse  sphere  when  C  is  external' 

TViatri- 

and  internal  when  C  is  internal,  as  that  of  a  charge 


bation 
under 
Point- 
Charge. 


^  —  V^.ajCO  concentrated  at  the  image  /of  the  centre 
of  the  given  sphere.  But  CO  =  ±  ay/(/*  —  a*),  and 
fi  =  ±  a^aKf*  —  a*),  according  as  C  is  external  or 
internal.     Hence 


a 


2^'.  =  ^  .  Va 


(J-) 


that  is,  the  charge  is  the  image  in  the  inverse  sphere  of 
the  charge  —  Va  at  C. 

For  CI  we  have  CI .  CO  =  a\  or 


c..,r^' 


('••) 


that  is,  I  is  the  image  of  C  in  the  inverse  sphere. 

The  results   (a),  (b),  (c)  are  those  obtained  above, 
pp.  78,  79,  80. 


Fig.  25. 


(2)  Let  the  centre  of  inversion  be  F  (Fig.  25),  the 
radius  of  inversion  unity,  and  let  the  planes  and  the 


f     su 
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t 


successive  images  be  inverted,  ouitting  the  charge  at 
P.  The  inverses  of  the  planes  are  then  spheres 
touvlitng  at  P,  and  the  distribution  on  either  sphere 
is  ihe  inverse  of  the  distribution  on  the  corresponding 
|ilane.  For  the  charges  and  disttvnces  of  the  inverse 
charges  corresponding  to  the  trail  of  imai,'os  /,,  Jg,  &c. 
(Fig.  21)  we  have 


Distri. 
tiutioa 


Images 
Cliarges 


h  qa 


2(«-lXa+^)  +  2^      2rt(a  +  ^J 

Distances  \ ^J^ "^ 

iromP    J  2(«  -  IXa  + /9)  +  2j3'     2u(a  +  y9)' 


\ 


T  here  n  has  every  positive  integral  value  from  1  to  ^ . 
The  table  for  the  images  ./,,  J^,  is  formed  from  this 
by  intcrcbiinging  a  and  fi. 

The  diameters  of  the  spheres  A.  B  are  respectively 
a,   ^8,   and    therefore   the   inverse    chargea    corre- 
spoading  to  /„  /j.  &c.,  are  within  the  sphere  B,  and 
the  other  aeries  within  the  sphere  A. 

%nce  the  potential  at  any  point  on  the  planes  or 
behind  them  is  zero,  the  potential  at  any  such  point 
due  to  the  induced  distribution  on  the  planes  is  equal  li 
to  that  of  a  charge  —  q  situated  at  P,  that  is  —  qJT,  where  s 
is  the  ilistance  of  the  point  from  P.    The  potential  at    ' 
ly  point  on  or  within  the  spheres  is  therefore  —  qja,  a 
itant  quantity.    Again,  since  the  potential  produced 
w  tbe  electrification  of  either  plane  at  any  point  on  the 
plwe  or  in  front  of  it  is  the  potentiid  due  to  the  trail 
flf  images  behind  the  plane,  the  potential  at  any  point 
Toi.  I.  H 
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on  or  external  to  either  sphere  produced  by  th«  distri- 
°  butioD  on  the  spliere  is  the  potential  at  that  point  of 
the  trail  of  images  within  the  sphere.  It  foUows  that 
the  charge  on  each  sphere  is  equal  to  the  sum  of  the 
image-charges  whose  positions  fall  within  it ;  and  that 
the  distribution  thus  found  is  the  e>^uilibnum  distribu- 
tion when  the  spheres  are  freely  electrified  in  contact 
'  Denoting  the  charge  on  the  sphere  B  by  Qb,  and  the 
radii  of  the  spheres  A,  B  by  r^,  r,  respectively,  summing 
the  image-charges,  and  substituting  in  the  result  V  for 
—  gla,  a  2r,  for  a,,  n*,  Sr^  for  y3,  we  get 


:  Vr,r,  2 


1 


I 

(90) 


I-  l)ir,  +  n(r,  +  r^\ 
where  n  has  every  positive  integral  value  from  1  to 


CHARGES  ON  TWO  SPHERES  IN  CONTACT. 

This  expression  is  convergent,  and,  wlien  the  value  of  Elcctrin 
"  is  not  infinitely  small,  the  density  at  any  point  can  au^pl^B 
h  a]iproximately  calculated  from  the  potential,  the 
radii  of  the  spheres  and  the  distance  of  the  point 
from/*. 

For  /  =  0  the  expression  (01)  fails,  but  since  the 
ftaaltaot  force  acts  outwards  at  any  point  on  either 
*|il]fre  at  right  angles  to  the  sui-face,  it  follows  that  it 
::iit!t  be  zero  at  aoy  point  infinitely  near  the  point  of 
■'!it.ict ;  and  hence  the  density  there  rmist  be  zero.  The 
'''•■■iiMy  is  a  masimiim  on  each  sphere  at  the  point 
.ujiietricaily  opposite  to  the  point  of  contact. 
The  density  at  any  point  on  £  is  obtained  as  before 
.'  interchanging  r^  and  v^ 

Tlje  charge  on  each  sphere  is  the  difference  of  the 
!ma  of  two  harraonic  series,  and  cannot  he  obtained 
■I  finite  terms.  Each  series  is  divergent,  but  the 
'■"  taken  together  as  in  (90)  constitute  a  con- 
rjeot  series,  and  hence  the  charge  can  be  approxi- 
niftiely  calculated  for  given  values  of  V,  r,,  r^.  The 
'  spressions  agree  with  those  given  in  a  different  form 
W  PoisBon,  who  first  attacked  this  problem,  and  solved 

■  hy  a  direct  but  recondite  method.*     It  is  interesting 

■  note  that  equations  (90)  and  (91)  give  the  alge- 
"liiical  theorem   that   the  integral  of  the  expression 


n  dt  ritatUvl,  1'   partio,  p.  I,     8te  also  Pinna,  Mimoira 
It  dta  Scienfude  Tnrin,  Sine  II.  t  vJL  p.  71,  for  a  fuller 
if  PoiEaon'a  mothoil  and  results.    A  flketcb  ot  the  nothod 
'li  I!tui  in  Mwfiirt'a  TmiU  d^SttdriciU  Statique,  t.  i.  ji,  £72,     It  u 
I  couvirt  th«  etp'"^"'!  ^"^  Qn  '"  (^)  ^^^  i  definite  intcgnJ 
ig  witti  the  leiult  given  b;  Poisson  for  tliia  oue. 
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Churgo  in  on  the  right  of  (91)  taken  over  A  is  the  expression 
twu^iml  **"*  ^'"^  right  of  (90)  with  r,,  r^  interchanged. 
3|jliores.        When  a  =  0,  r^  =  r^,  and  we  have 


«^  =  «.  -  r>,  (1  -  i  +  J  -  J  +  to.) 

»  fri.log.  2  =  693147.  r>-, 


i 


or  the  charge  on  each  sphere  is  to  the  char^  of  the 
sphere  when  alone  in  the  field  and  at  potential  V, 
log,  2  is  to  1. 
C»se  of        If  r^  be  small  in  comparison  with  r,, 


Sninll : 


1 


Vr„-         Vr.r,   "^        1 


^..l^r^"« 


[qD^ 


wnce  ^ — ■ TT  =  1.    The  charge  is  therefore,  nearly, 

the  free  charge  which  the  sphere  would  have  if  ali 

and  at  potential  V.     The  mean  density  is  VJiwr^ 
Raiio  or        On  the  same  supposition  we  have 

'-.     ,1   («  +  l)^  r,      6'       ■     ^^*^ 

and  the  mean  density  is  J  V-n^li-nr^  Thus  the  mean 
density  of  the  small  sphere  is  to  that  of  the  large 
sphere  as  tt^/Q  (=  1'645)  is  to  1. 

Hence  when  a  small  conducting  ball  is  brought  inU» 
contact  with  a  large  electrified  spherical  conductor  aa 
as  to  receive  a  charge  which  can  then  be  removed  oa 
the  ball  and  measured,  the  electric  density  at  the  point 
before  contact  is  to  the  mean  density  on  the  ball  as  I  is  ta 
1  045.   The  same  result  will  hold  whether  the  conductQ 


PROBLEHS  SOLtTBLE  BT  IITTEESIOS. 


i*  spherical  or  not,  provided  its  curvature  be  continuous 
'""nJ  the  point  of  contact  over  a  ttiatance  great  in 
"uuparison  with  the  radius  of  the  ball,  and  of  amount 
-jji;tl[  as  compared  with  that  of  the  ball, 

Mimy  other  interesting  examples  of  the  power  of  the  Probloi 
iiiuthod  of  images  are  to  be  found  in  the  solution  of  the  iny^io,; 
i'r'jblem  of  two  concentric  uninsulated  spherical  con- 
'luctors  under  the  influence  of  a  point-charge  between 
'in.ni,  and  the  derivation  by  inversion  of  the  induced 
■ibtribution  on  two  mutuaUy  influencing  spheres;  the 
^  ilution  of  the  latter  problem  by  a  direct  application  of 
i:ii.ige3  aud  Murphy's  principle  of  successive  influences ; 
iii<--  determination  either  directly  or  by  inversion  from 
■lit  result  of  p.  90  [eqs.  (85)  and  (85  bis)]  of  the 
'ii^mbutioD  on  two  spheres  which  cut  one  another  at 
i^lit  angles ;  the  distribution  on  a  spherical  bowl* 
I'll  other  important  cases.  For  these  the  reader  is 
I'  t'lrred  to  the  works  mentioned  above,  p.  90. 

*  For  the  ipliericiil  boirl  nes  Thomsan's  Eleetrmlatica  and  Mag- 
wtun,  p.  1  "ii,  which  contuns  tha  ramouti  original  solu  tionoF  the  problem. 
Tbe  nljject  has  tofiently  been  CDiiBiilered  by  Mr.  E.  G.  Gallop  (Qtiartcrlji 
Jpfrml  tf  MaHumaiiea,  No.  8S,  February  ISBfl,  p.  229)  in  an  assay 
vMi  mcriU  special  nltentioD  m  containing  Ihe  maul  exhauslive  treal- 
■ut  vhicb  the  problem  hax  yet  received. 
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Section  V. 

ANALOGY  BETWEEN    THEORY  OF  HEAT  CONDUCTION 
AND    THEORY  OF  ELECTROSTATICS, 

SPECIFIC  INDUCTIVE  CAPACITY, 

SOLUTIONS  FOR  SIMPLE  CASES  OF  DIFFERENT  MEDIA 

IN  ELECTRIC  FIELD, 

Analogy  A  remarkable   analogy  between  the  theory  of  the 

Theon^of  c^^^duction  of  heat  in  solid  bodies  and  the  theory  of 

Heat  Statical  Electricity  was  pointed  out  by  Sir   William 

tion  and  Thomson,*  and  made  by  him  a  means  of  establishing 

Theon'  of  many  of  the  most  important  theorems  of  electrostatics. 

Electro-      .,.  ,,  -i  ,.  .  , 

statics.  According  to  the  theory  of  neat  conduction  given  by 
Fourier,  the  flow  of  heat  per  unit  of  area  per  unit  of 

Flux  of  ^^"^^  (which  we  here  call  Jinx  of  Jteat)^  across  a  plane 
Heat  slab  of  homogeneous  material  the  opposite  faces  of 
which  are  maintained  at  two  different  uniform  temper- 
atures, depends  only  on  the  difference  of  temperatures 
between  the  faces,  the  distance  of  the  faces  apart,  and 
the  nature  of  the  material;  and  takes  place  in  the 
direction  from  the  surface  of  higher  temperature  to 
that  of  lower  temperature.  Thus,  if  the  thickness  of 
the  slab  be  x  centimetres  and  z?,  v'  the  uniform  tem- 
peratures of  its  faces,  the  quantity  of  heat,  Q^  conducted 
in  a  second  of  time  from  the  face  of  temperature  v  to 
that  of  temperature  v\  across  one  square  centimetre, 
is  given  by  the  equation 

«  =  ^-^ (05) 

*  Eeprint  of  Papers  on  Electrostatics  and  Magnetism,  p.  1. 


THEORY  OF  FLUX  OF  HEAT, 
wiiere  it  is  a  constant  (always  positive)  depending  on 


Host 


tlie  material.     From  the  fact  that  there  is  the 
flui  of  beat  inwards   across   one   face   that   tliere   is 
(jHlwards  across  the   other,  and   therefore  also  across 
alt  intermediate  parallel  sections,  it  follows   that  the 
miation  of  temperature  from  one  face  to  the  other 
it  uniform. 
The  constant  k  is  called  the  Thermal  Conductivity   Therni(__ 
!  the  Rubstance.     In  bodies  which  have  a  different     ^^y^^ 
:...i!ecular    structure    in    different   directions   (that   is    Jofined. 
ftiiieh  are   not  isotropic*   in   structure),  such   as  un- 
unealed  glass,  or  a  piece  of  otherwise  isotropic  glass 
distorted  by  flesure  or  by  pressure  unequally  applied 
lo  its  surface,  all   crystals  except  those  of  the  cubic 
tyetem,  fibrous   materials,  .Sic.,  the  value  of  k  is  also 
diflerent  in   different  directions.      We   shall   consider 
Gist  the  flow  of  heat  in  a  solid  body  for  which  the 
ralne  of  k  is   the   same  in  all   directions  and  at  all 
points. 

Let  llje  temperature  vary  continuously  over  encli  of  two  Ylow  of 
pinllel  si'ctinnB  id  Ihe  bndy,  uod  from  one  aection  to  tbe  other,  Heat  in  i 
liiougli  not  neoRBisrily  with  it  iiTiifunn  ^nHient.  If  llie  flections  Homo- 
l"  tiiken  very  close  together,  the  deviation  of  the  temperaturfl  Renooni 
-  iilient  from  unifomilty  along  auy  line  drawn  norcnally  from  Isolropi* 
■'  TO  Uip  other  may  be  reglecteif,  and  if  n  siiflieiently  smnll  Solid- 
'1  lie  Ukcn  in  each  aection  nt  the  C'Stremity  of  that  straight 
■I-,  Ihe  deviiition  trora  uniformity  of  tempcrnture  over  thnt 
■1  may  also   be  negteoted.      Taking  equal   areas  in  the  two 


■  A  bod^  in  which  any  RivEn  quality  is  nt  all  points  the 
iflioiii  IS  said  lo  be  ieolropic  as  to  that  quality.  Thp  ter 
-'■  iatrodnoed  by  Cauchy  ;  the  term  aoiolropk,  from  ali^t 


be  ieolropic  as  to  that  quality.     Thp  tenn  wolropic 

...  ,   Cauchy  ;  the  term  aoiolropk,  from  ali^ot,  varU- 

hla  been  used  hy  Thomson  and  Tnit  aa  the  iiepitiee  of  iaotropic. 


L 


>  ''fit  may  rvidently  bo  homogavnuii,  that  ia  ctiual  cubical  porti 
■■  'iijlrrenl  piirt»  of  the  body  which  havo  their  «ido«  in  the  w 
'' tiona    may    be    precisely  sunilac    and   yet    the    body    tiiay  be 
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MnflHurc  sectionB,  each  thus  small  in  any  dimension,  an<]  at  the  same 

of  Heat  time   large   in   cumparison   with   the  distance   of  the  sections 

at  any  apart,   we  may   neglect    the    effect  of   the   remainder  of   the 

Twint  ill  sections,  and  consider  only  the  flux  from  one  small  area  to  the 

Ibotromc  other,  and  ai)ply  the  result  obtained  above.     Denoting  each  area 

Solid.  by  ds^  and  their  distance  opart  by  dx^  and  putting  dQ  for  th» 
quantity  of  heat  conducted  from  one  to  the  other,  we  have 

dQ  =  --k"!^  d8 (96) 

dx 

In  the  limit,  therefore,  wo  have  for  the  flux  in  any  direction,  j-, 
at  a  point  in  a  solid  at  which  the  temperature  is  v,  the  value 

/in 

-  it  — ,  and  the  flow  per  unit  of  time  across  an  element  of  area 
dx 

ds  at  right  angles  to  the  direction  of  x  and  passing  through  the 
point  is  -  >{•  —  ds, 

(IX 

Motion  of  Now  consider  a  small  parallelepiped  of  the  material  with  faces 
H«at  in     parallel  to  three  rectangular  axes  of  ar,  y,  r,  and   bounded  by 

Isotronic  edges  of  lengths  dx^  dy^  dz.  Let  the  temperature  at  the  centre  of 
Solid.  the  parallelepiped  be  p,  then  the  temperatures  at  the  centres  of 
the  y,  z  faces  are 

«  —  J  —  dx,    and     t?  +  i  —   dx, 
dx  dx 

The  total  flow  from  left  to  right  across  the  left-hand  ^,  z  face  is 
tbcreforc 

—  X-  i.    (t?  -  4  -?  dx)  dydz, 
dx  dx 

Differen-    *^^  across  the  opposite  face  in  the  same  direction  is 
EquaUon  ~  ^  ^  ^^  "'"  *  jI  ^"^^  ^^^^' 


found. 


The  excess  of  the  outflow  above  the  inflow  in  the  direction  of  x 
\ii  therefore 

Proceeding  in  the  same  way  for  the  other  two  pairs  of  opposite 
sides,  we  get  for  the  total  excess  of  the  outflow  above  the  inflow 
the  value 

,  (dH    ,    d'-c    ,    dh\  ,    ,    , 

^''Kd-x^+df+d?)'^'''^^'^'' 


(97) 
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If  tliis  hrtve  a  positive  vnlue  there  is  a  geueratlon  of  Iient  vitbin    DiJTeren 
llie  Ctisui :    if  a  nugalivi!  viiliip  mure  ItnivH  in  than  flaws  out.         tini 
In  IJiH  Islier  i-nse  if  e  be  llie  lliermal  capacity  ot  tlia  solid  per    Eqtiatiol 
tinil  of  voliirne.  the   tJiernml  cnpocity  of  tlie  panll«lepipi?d  is      fwuud. 
titijd:.     Dividing  liy  this  the  last  found  ejprosBion  willi  the 
Htn  changed  ire  get  the  tiine-rale  of  rise  of  temperature  of  the 
'.■-'niBut,  or 

L'  1  rino  of  temperature  in  the  Bubalance  of  the  prism  is  not  to 
"lilt  the  esneBs  roust  be  carried  off  or  Iransfornied  witliiu  the 
'  rneat  itself.  If  the  outflow  ia  etiual  to  the  inflow  tliere  is 
iiilier  generation  nor  absorption  of  tieiit,  and  no  change  occiira 
III  ilic  tpin|)prature  of  the  pri«m.  Inqjuding  the  case  of  geiieralina 
of  hwt,  atid  putting  Atch  d^ dj  dz  for  tlie  boat  generated  witliin 
tbe  prinn  per  unit  of  time,  ao  that  4ir»i  ia  the  mean  value  over 
the  pri«m  of  tbn  time  rate  of  generation  of  hent  per  unit  of 
•iluine,  we  liave  when  tliere  is  no  change  of  temperature  in 
tbt  flemeiit 

""  "   +4,7^  =  0  .     .     .     (97o) 

In  the  aatuo  wny  if  dvjrlt^,  de^dv^  be  the  rate  of  variation  of 
Mjierature  along  Donnula  drawn  into  two  media  from  a  point 
"•  turfaue  separating  them,  and  if  ky,  k.  be  the  conductivities 
I  ilw  teapertive  media,  the  quantity  of  heat  conducted  away 
i'Nin  the  lurfnce  along  the  normal  per  unit  of  time  per  unit  of 
"ea  «re  —  L\df,!dv,,  tji/cj/rf*,.  and  this  must  he  equal  to  the 
liins  rate  of  generation  of  iieut  at  the  surface  per  imit  of  area. 
I'muling  the  latter  by  4frfi,  we  have  the  surface  equation 

»,  J' +  '■,*" +  »»(•- 0 I9TS) 

Thns  if  we  consider- the  case  of  a  distribiition  of  Analogy 
coulant  heat  sources  and  a  con-espouding  system  of  '^g!^-" 
temperattireH  in  the  conducting  medium  surrounding  l'-*-' — 
lliem  whioL  also  remain  constant  with  the  time,  that 
a,  Uie  case  iu  which  sources  have  existed  and  given  out 
fieat  so  long  at  a  constant  rate  that  the  medium  has  at- 
UiQed  a  permanent  state  as  to  temperature,  we  obtain  an 


■s 


AnalogniM 
Tlioatiea. 
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equation  wliich  corresponds  exactly  to  Toisson's  cquatioi 
and  holda  for  all  volume-sources,  positive  or  negatiyf 
that  is  wliere  heat  is  supplied  to  tlie  body  or  carried  o 
and  corresponds  to  Laplace's  equation  at  all  other  placei 
for  there  fi,  =  0.  A  surface  differential  equation  (97! 
corresponding  exactly  to  (26)  above  baa  also  been  fount 
by  an  exactly  similar  process,  for  a  surface  distribution  o 
thermal  sources,  and  we  have  seen  that  iu  this  case  t 
rate  of  generation  of  heat  per  unit  of  area  correspond 
to  electric  surface  density  multiplied  by  iw.  Heme 
taking  tetnperature  as  the  analogue  of  electric  potenti 
and  rate  of  generation  of  heat  per  unit  of  volume,  < 
per  unit  of  area,  as  the  analogue  of  electric  volui 
density  or  electric  surface  density,  multiplied  by  '. 
the  fundamental  difiWrential  equations  are  the  same 
tho  theory  of  heat  conduction  in  a  body  in  a  permanei 
state,  and  in  that  of  a  system  of  electric  chai 
surrounded  by  an  insulating  medium.  Further,  sia 
to  a  given  system  of  sources  corresponds  one,  and  on 
one,  system  of  temperatures  at  all  points  of  tbe  o 
ducting  medium,  and  these  temperatures  must  be  z 
at  all  points  infinitely  distant  from  tlie  source,  ' 
electrical  and  thermal  theories  are  identical,  and  eva 
solution  of  a  problem  in  one  is  capable  of 
interpreted  as  the  solution  of  a  problem  in  the  oth 
that  is,  to  a  given  distribution  of  heat  sources  and  t 
resulting  temperatures  in  a  conducting  medium  8i 
rounding  them,  corresponds  an  exactly  similar  dtst 
bution  of  electric  charges  and  their  resulting  potentli 
at  different  points  in  an  insulating  medium,  s 
conversely.     Many  electrical  theorems  are  thus  capat 


PRINCIPLE  OF  SUPERPOSITION. 

iif  being  eatablifhcd  aa  analogues  of  known,  and  indeed 
ubvioQS,  thermal  results. 

Far  example,  consider  a  single  cnnfltant  potiit-Bource  of  heat  iu  Exampl 
I  medium  of  conduclivity  k  in  all  directiotm,  uml  let  the  total  Sin^li 
'  111  generated  at  llie  source  in  unit  of  liino  be  q.  Plainly  this  Points 
nlit;  of  beat  must  flow  out  uf  everj  closed  surface  desciihed 
id  tbe  Hourne.  iJy  what  has  been  shown  (p.  104)  above,  wo 
»,  for  the  total  flus  across  a  apberical  surface  of  radius  r 
■big  tbe  noiii'ce  at  its  cencro,  tbe  value 

-  iw^k  -    =  Q. 


» integrating  wo  tiiuJ 


with 
SiUKle 
Point- 


,   r  =  0,  and  I.liBrefur 
n-    9 


s  the  temperature  i 
,  Putting  i  -  1,  w 
It  a  distance  r  from 


iversely  as  tbe  distance  frnm  tbe 
ee  tliat  v  is  aUo  the  polentiul  at  a 
electric  charge  ^/4fr  concentrated 


The  principle  of  superposition  holds  for  tetnperaturea 

-  wfli  ua  for  potentials,  and  we  have  for  the  temper- 

ijfv  at  any  point,  and  for  the  flux   of  heat  at  any 

■  !ut  and  in  any  direction,  the  sum  of  the  temperatures 

h.i  the  sum  of  the  fluxes  in  the  particular  direction 

.;:i-j  to  the  several  sources  separately.     Now  consider 

tbe   flow  of  heat  across  any  closed   surface   inclosing 

part   of  a  constant   system   of  sources   of  heat   in   a 

■Uedimn  which  has  attained  the  permanent  state.     All 


position  of 
Tumpera- 


1 


-^ 
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the  bvat  ntiicii  tlawn  in  afToss  the  snrfitce  from  t 
g  irithoat  tbe  soHace  mu!>t  tLin-  uuc  again  eUewbere,  awl 
>-  the  whole  heat  ^nctnted  within  the  sur&ce  mast  As* 
aut  acmes  it.  Hence  K—idc  'hhe  cbe  fiuxutheatak^ 
tlte  noRuii  ooi'oranU  across  the  sut&ce  u  &ny  element 
<^  the  total  Sow  outwanU  aeroae  the  whule  sorfboe  pD- 

dnced  b;  the  whole  srstem  of  sources  is  /  j 

taken  over  the  3iirfat:e,  iwd  this  must  he  e^onl  to  (h* 
whole  quantity  of  heat  generated  within  the  sm&oft 
Ve  have  therefore  a  theorem,  fiw  heat 
correapoodiog  to  (IZ)  of  p.  12  above. 

il  Sor&ces  of  ei^oal  tempemtare,  or  Ixftkenmil  S 
correspond  to  eqaiputential  sor&ces  in  the  elKctrici 
analogue,  and  the  llow  of  beat  turuas  any  such  boi 
19  at  every  polat  aloog  the  aormiU.  \o' 
that  the  temperatare  at  any  point  without  any  iao 
thenn^  sorface  inclosing  all  the  sources  ts  independi 
of  the  position  of  the  sources  within  it,  provided  t 
temperature  of  the  sur&ce  remain::  ancbanged;  aadl 
we  may  therefore  sappoae  the  aources  distriboted  < 
the  surface  ao  as  to  fuUil  this  condition.  If  this  b 
done  the  tempemture  at  every  point  within  the  isa 
thermal  surface  most  be  ibe  same  as  at  the  surface; 
for,  aa  there  are  no  sources  within  the  snriace,  the  How. 
ontwards  &om  within  is  on  the  whole  zero,  and  tbeio> 
fore  the  total  Sow  from  the  external  isothermal  e 
within   ts   zero,  and   so  on   for  successive   isoUiermal 

r,  fBifiwfei  wilhin.     Htnce  there  is  no  flow  of  beat  any- 

■Mhne  within,  that  is,  the  temperature  is  constant. 

^^^nliea  v  be  the  temperature  at  the  surface,  and  i 
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^^^p  amount  of  heat  generated  in  uoic  of  time  per  unit  I 
^^Bft  at  any  element  ds  of  the  surface,  the  temperature 
"P  Uany  point  at  distance  r  from  ds  is,  by  the  result  found 
(|i.  107)  above, /t.rfs/ir.     Hence  the  total  temperature 

at  any  poiut  is  ;  /  /  -  ds  taken  over  the  surface,  and  this    ■ 

must  be  equal  to  v  for  any  point  either  on  or  within 
the  isothermal  surface. 

Now  since  the  temperature  of  the  siirface  and  the 
utemal  temperature  remain  unchanged  the  flux  of 
beat  at  every  external  point  remains  unchanged.  Hence 
the  flux  from  the  surface  outwards  is  —  kdvjdv  at  each 
it  as  before,  and  since  the  flux  is  nonnal  to  the 
surface  this  must  be  equal  to  the  value  of  ^  at  the 
["lint  in  question.  We  have  therefore  the  result  that 
I  Jistribution  of  sources  of  heat  over  the  isothermal 
-iirface  sueh  as  to  give  intensity  equal  to  —  kdvjdp  at  each  : 
!"iiiil  will  produce  the  same  external  system  of  temper- 
'itires.     From  this  we  get,  putting  k=l,  the  important   ! 

I'll  ctiical  theorem  proved  in  pp.  29  and  73  above. 
So  far  we  have  considered  the  medium  surrounding  j 
tli^  conductors  to  be  vacuum,  and  we  have  defined  unit 
jiiantity   of    electricity  on    this    supposition   as   that   i 
jn.tnlity  of  electricity  which  placed  at  unit  distance 
jiri  an  equal  quantity  would  be  repelled  with  uuit 
lorce.     But  in  all  cases,  even  in  a  so-called  vacuum,  say 
the  most  complete  that  can  be  made  by  the  best  air- 
pump  ou  the  Sprengel  or  Geissler  principle,  there  must, 
according  to  the  theory  proposed  by  Faraday  and  now 
almckst  universally  accepted,  be  a  medium  or  dieketric 
which   transmits  the  electric  influence.     To  this  view 
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!  Faraday  was  l&l  by  tbo  results  of  his  own  experimeDti 
^  which  proved  that  the  phenomena  of  electrostatic 
i  induclioQ  depend  on  the  nature  of  the  dielectric  ' 
medium  interpiJsed  between  the  conductors;  and  he 
gave  a  theory  of  the  action  of  the  medium  which  J 
since  been  fully  worked  out  mathematically  by  Thomson. 
Maxwell,  and  others.  It  would  be  out  of  place  here  to 
give  details  of  the  theoretical  investigations  of  these 
writers ;  we  shall  mei'ely  state  briefly  such  reunite  as 
for  tho  most  part  will  be  of  use  to  us  in  the  accounU 
of  meaaurementa  which  follow. 

The   consideration    of   the  propagation   of   electric 
.   action  through   a  medium,  as  due   to   a   polarization 
of  its  particles  along  the  lines  of  force  so  that  ( 
becomes  oppositely  electrified  at  its  extremities,  sboqj 
that  the   transmission  of  electric  force  depends  on  J 
certain    characteristic    property    of   the    medium, 
precisely   tlie   same   way  as   the  rate  of  flow  of  bet 
in  a  substance  deponds   on  the  thermal  conductivid 
of  the  material.     We  have,  in  the  sketch  of  the  i 
^ogy  between  heat  conduction  and  electrostatic  the< 
above,  put  ft  =  1,  in  interpreting  electrically  the  reBullJ 
The   behaviour   of    difi'erent   media    can    however   i 
accurately  expressed   by   supposing   each  medium   i 
have  at  every  point  a  quality  which  is  the  analtw 
of  thermal   conductivity   in  the   parallel   theory, 
is  called  the  Specific  Inductive  c(i,pac^.y  of  the  medioj 
Wo  shall  see  when  we  come  to  deal  with  magnetisgi 
that  precisely  similar  considerations  apply  to  magnet 
media.     Also  we  ehall  see,  chap,  ii.,  that  the  Theory  o 
Flow  of  Electricity  is  completely  analogous   to   thai 


SPECIFIC  INDUCTIVE  CAPACITY. 

:  Hi^at  Conduction,  or  that  of  tlie  motion  of  an 
uijpressibie  fluid  under  certain  conditions. . 
!■'  most  of  the  experimental  investigatious  hitherto 
■-'■:  have  been  on  media  which  have  the  same  electrical 
ilities  in  all  directions,  we  shall  give  here  only  some 
i.ral  considerations  regarding  such  cases,  and  shall 
■I  specially  with  such  questions  regarding  crystals 
i  'itiier  bodies  of  ieolotropic  structure  as  may  arise. 

Tire  themiiil  analogy  shows  elanrly  how  tlio  reanlta  given  above 
1  ikiwliuui  of  unit  specific  inductive  cupncity  (or  raeuum  as  wc 
■"!';  sucli  fl  raedium  for  brevity),  uro  to  be  modified  in  tlie 
jf  any  other  medium.  We  biive  seen  llint  tbe  total  flow  uf 
■i  iKToea  any  closed  eurfitce  in  a  laediiim  of  thermal  caLiductivity 

/  I  tdi .  Je/Jr.    Detjotiag  the8|ieeific  inductive  capacity  by 

>  I'  have  for  tbe  total  quantity  of  electricity  within  any  closed 

.'I'.i!  in  ihe  dectric  field  the  value   -  —   /  /if        di;  and 

fi'/i .  dFldr  is  now  tlie  Eiectrk  laduetiim  ocrosa  the  element  A, 
''■  A  as  before  the  component  electric  force  at  right  nngles  to 
■iirfacB.  Tbe  induction  is  thus  a  directed  quantity  which  liag 
">  cry  point  in  an  isotropic  niediuro  the  eaiue  direction  aa  the 

^^'e>  have  llius  in  all  the  in  ventilations  above  to  substitute  for 

■  arnpancnt  forces  —  dFjdx,  &c.,  the  eipreBsiona  -  KdFidi, 

whicli  are  called  the  components  of  Ekcfric  /nrfucfion),  to 

-'-'■^1}  the  rcBults  spplicable  to  the  case  of  an  isotropic  medium 

of  inductive  ciipscily  A'.    For  example  in  Green's  Theorem,  p.  63 

^ve,  we  ribtain  the  6(|uation  of  energy  by  putting  U  =  V, 

and  a'  =  A",  and  dividing  by  8?r. 

We  also  see  that  tlie  force  between  two  quanttiieii  g,  q'  of 

1  ricity  cuncenirated  at  points  at  distance  r  apart  in  such  a 

I  r  may  ho  noticed  here  that  jiiat  as  in  the  thermal  analogy  tlie 
titin  of  the  flus  of  heat  in  an  leolotropic  body  is  not  in 
ril  at  right  angles  to  tbe  isothermal  surfaces,  so  in  an 
tn.ipic  medium  the  direction  of  tlie  resultant  electric  in- 
tii  III  at  Hny  point  is  not  in  general  the  same  as  the  direction 
A  (lie  resultant  electric  force  at  the  same  point.    Here  also  tbe 


llodiiica' 
tion  oi 
Theo- 

RFSutta  for 
MEdium  cj 

'cap.  K. 


betneen 

wo  Point- 


Igoation.  equation  for  a  m 
from  iHiint  to  po 


ELECTllOSTATJC  TUEOEY. 

e  parallel,  buL  it  is  beyond  our 

nl   oncQ  the  modificJ  clisraelenBltc  iliflbi 
lediuiii  of  specific  indjctive  oupucity  K, 
nt,  but  tlie  aaoie  in  nil  direcCionB  \t  i 


rinii  nt  ■ny  electrified  siiifuce  in  the  medium, — 


If  the  electrified   aiirface   be   i 
I.  two  innditt  tif  8|ieoiflc  inductiv 
equittioD  is  by  (OTd)  iibove 


Biirfnue  of  aepnnilio 
I  cftpucilicB  A'„  A'),  tli«  s 


li.thao  at  To  tlio  case  of  a  field  occupied  in  diflercnt  regions  by  medin  of 
K|Mventl  different  specific  inductive  cnpBcitiofl,  tlie  characteristic  equation 
'     Hpplied  with  tlie  correaponding  v«liie  of  the  A''s  in  ench 


region,  luid  the  Biirface  equation  (101)  ut  ouch  Bepurating  aiirf»ee. 
It  is  to  be  observed  Chat  the  elerlriu  deiiBitles  p  and  o-  are  the 


Elfctr 


\  true  electric  ileiieities  which  « 
vS'  charge  conveycil  lo  the  medium 
Sen-  ''"^  include  the  electrification  of  tlie  medium  in  consecjuence  of 

We  may  put  tlie  theorem  of  (101)  iiilo  words  as  follows. 

If  JV„jVgbe  the  normal  forces  at  infinitely  near  points 
on  opposite  sides  of  the  surface  of  sup&ration  between 
two  isotropic  media,  each  force  being  reckoned  in  the 
direction  from  the  surface,  A',,  K^,  the  specific  inductive 
capacities  of  the  respective  media,  and  if  thero  is  no 
electric  charge  on  the  surface  except  that  dui;  to 
induction,  then 

KjN^  +  K^N^  =  (i.  .    .    .    (101  Jtt) 


This  equation  may  be  written  in  the  form  Case 

A-  +  jy,  -  4^,' =  0.      .     .     .     (102)    MTdU 


wliere 


J^,  - 


I-   _  I'  Field. 

'  'AV   (103)     ■■Tm«' 


iir         K^  '       47r  A', 

This  value  of  o-'  is  the  electric  surface  density  which  EUotrifli 
"fould  exist  on  the  separating  surface  of  the  media  if     *"*"*■ 

li  had  unit  specific  inductive  capacity  and  iV,,  iVj 
Mir  actual  values,  and  baa  been  called  by  Maxwell  •  the 
vfRi  electric  density  on  the  surface.  If  a  distri- 
Idoii  of  this  density  be  made  over  the  surface  of  the 
B  occupied  by  K^,  and  the  specific  inductive  capa- 
%  Ki,  A'j  be  made  each  unity,  the  same  electric  force 
II  be  produced  at  ail  points  internal  or  external.  For 
the  distribution  if  made  gives  the  actual  values  of  N  at 
the  surface,  and  equation  (99)  will  plainly  be  satisfied  ; 
iiiJ  we  have  seen  that  under  these  conditions  there  can 
I ".  only  one  value  of  the  potential  at  any  point. 

If  this  apparent  eleclrification  be  removed  during  the 
.ition  of  the  inducing  force  by  bringing  every  part  of 
'•!•■  surface  to  zero  potential,  say,  by  passing  a  flame 
■  ver  it,  and  the  inducing  force  be  then  removed,  there 
w-ill  appear  a  true  electrification  equal  and  opposite  to 
<7'.  This  fact  has  been  used  by  Sir  William  Thomson 
to  explain  the  phenomena  of  pj-ro-electricity  shown  by 
certain  crystals.-)- 

We  may  also  wrile  for  pQiBBOn's  Bijuiition,  (99)  above, 
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where 

If  K 18  constant  the  last  equation  gives 

P'  =  £ (loe 

The  vahie  of  p  given  by  (106)  is  that  required  in  a  field  o 

specific  inductive  capacity  unity  to  produce  the  same  potential  ^ 

R  fra  t*       '®  produced  in  the  actual  field  by  the  density  p. 

of  Liner  ^®  surface  of  separation  is  not  at  right  angles  to  the  lin^« 

of  Force.    ^^  force,  then  resolving  the  forces  at  two  infinitely  near  poin^- 

on  opposite  sides  of  the  surface  along  and  at  right  angles  to  tks^^ 

normal,  we  have  by  (101),  if  the  surface  is  not  electrified, 

and  s<noe  V^  =  ^j,  at  every  point  of  the  surface, 

dVy    ^    dJ\ 
dm  da) 

where  dF/d<o  denotes  rate  of  variation  of  potential  in  a  directi(^  "^ 
parallel  to  the  surface  of  separation,  and  in  the  plane  of  the  lir»-  ' 
of  force  and  the  normal.  Hence  if  ^p  0^  be  the  angles  whi(?  ^ 
the  line  of  force  makes  with  the  normal  in  the  first  and  in  tlm ' 
second  medium  respectively,  we  have 

tan  ^1  = 

and  therefore 

tan  ^1  =  ^  tan  0,^ (107) 

Com-  The  line  of  force  thus  undergoes  a  species  of  refraction  in 

parison  of  which  the  tangents  of  the  angles  of  incidence  and  refractioa 

Electro-  are  related  as  are  the  sines  of  the  corresponding  angles  in  the 

static  and  refraction  of  light.    It  is  to  be  observed  that  according  to  the  law 

Optical  of  refraction  of  lines  of  force  they  can  show  nothing  corresponding 

Refrac-  to  the  optical  phenomenon  of  total  reflection.    This  refraction  is 

tio°-  illustrated  in  Fig.  26. 


di 


<a 


le  surface  of  Bepuration  between  two  media  be  at  right 
■i^ifiitntlic  lines  of  forte  in  oneuieviium,  itis  by  equation  (107)  nt 
Tii:lii  BBglcH  ti)  tbe  linea  of  fore's  in  the  other,  thnt  is,  the  surface 
i>  ID  njuipolentiul  surface. 

The  apparent  electrification   and   the  force  at  any  Ei»niple» 
l»iat  iire  easily  found  in  the  following  simple  cases, 
uliicli  it  ia  instructive  to  consider. 


(I)  Two  isotropic  media  A,  B  (Fig.  26),  of  specific  (i)  Two 

iodtictive  capacities  A",,  -ffj,  have  a  plane  surface  of  "*^' , 

separation,  and  a  point-charge  of  amount  q  ia  situated  bj  Plane 

at  a  point  i*  in  the  medium  ^  at  a  distance  d  from  the  ^'"**''- 
e  of  separation.   The  normal  force  due  to  the  charge 
I  2 
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J  is  at  aoT  point  E  in  tbe  plane,  q.^  PFin  the  diiec- 
i   tion  from  AioB.    Ht-noe  if  e-'  be  the  appuent  soxface 

rj«DSTT  at  E  we  bare  the  eqnadMtf 


.    Ci«) 


.Vj 

-- 

^. 

+  irr. 

-V. 

= 

+  !«•. 

Butbr 

•i':-3. 

ff'  = 

1    A'.- 

=  +^  -A- 

*': 

.V,  = 

,    1    r.-*= 
4i       A", 

.JV 

Reoce 

•re  hare 

-V,  =  - 

A'  -  Aj  ■ 

►    -y 

sr, 

^.- 

The  f...i 

rce  at  anv 

PO" 

a  in 

the  mediom  ^  is  i 

(100) 


f.-re   by  the   pnnciple  of  electric  images  (p.  84)  that 
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s  at  right  angles  are  the  lines  of  induction.  The 
ppoteotial  surface  nearest  P  in  the  diagram  is  a 
,  and  the  surfaces  interior  to  it  are  omitted. 
K  distances  betweea  successive  eqiiipotential  surfaces 
jthe  left  show  how  the  electric  induction  K^F  varies 
n  point  to  point  in  the  medium,  and  the  lines  of 
action  are  so  drawn  that  if  the  diagram  were  rotated 
t  the  line  PP  the  field  on  the  left  of  the  plane 
f  separation  would  be  divided  by  the  equipotential 
■il'aces,  and  those  generated  by  the  lines  of  induction, 
•uUi  cellular  spaces  each  containing  the  same  amount 
of  the  electrical  energy,  considered,  as  in  p.  34  above, 
u  baving  its  seat  in  the  medium. 
On  the  right  of  the  separating  line  the  curves  axe 
'"continuations  of  those  on  the  left  into  the  second 
I  "'iliuni.  The  equipotential  surfaces  arc  here  spherical 
'uiiaccs  with  P  as  centre,  and  the  lines  of  induction 
straight  lines  radiating  from  P. 

The  apparent  density  for  any  given  electric  system 
's  uf  course  obtained  by  superimposing  the  densities 
ihuj  found  for  the  several  elements  of  the  system. 

fS)  It  is  ea-sy  to  apply  the  principle  of  images  to  find 
''ii'  force  and  potential  at  any  point,  and  the  density  of 
■ '  apparent  electrification,  in  certain  simple  cases  of 
'ii'.-e  or  more  media  occupying  different  regions  of  the 
1  trie  field.  For  instance,  let  the  infinite  planes  .^£ 
fi,'.  27)  be  surfaces  of  separation  of  three  dielectrics 
liiph  completely  occupy  the  field,  and  let  the  electric 
■I'-iu  be  a  point-charge  at  P  in  the  medium  between 
■  planes.  Let  the  specific  inductive  capacity  of  the 
ineiiium  to  the  left  of  A   be  denoted  by  A'j,  of  the 
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Two      medium   to  the  right  of  B  by  -ffl,  and  that  of  the 
separated  medium  between  the  planes  by  K,  and  write  fi^  for 

K^:  (^  -  ^o/(^ + ^i)'  1"^  f""-  (^  -  ^«)/(^ + ^^-  '^^  »p- 

third,     parent  electrifications  of  the  planes  A^  B,  can  be  built 

under 
Inflnence 
of  Point. 
Chai^  in 


one 


^3 


if| 


B 


Fig.  27. 


K2 


up  by  considering  the  apparent  electrification  on  A  due 
directly  to  the  charge  q  at  P,  then  the  apparent  electri- 
fication of  B  due  to  12  at  P  and  the  electrification  of 
A  already  found,  then  the  electrification  of  A  due  to 
the  electrification  of  B  already  found,  and  so  on.  We 
get  in  this  manner  the  result  that  the  potential,  and 
therefore  the  force  at  any  point  whatever,  produced  by 
the  apparent  electrification,  is  that  due  to  a  series  of 
charges  of  the  amounts  and  in  the  positions  specified  in 
the  following  table : — 


("'HAEGES  EliUIVALENT  TO  APFAREST  ELECTHIFICATION.   AppaTO»t   . 


I.— Plan  A. 

Poaitiona  (Fig.  27). 
/,or/,.        /.or/., 

J^  or  /,.  &c. 

ficftlion  of 

(1)   Wh<.T, 

in  Miil'lle 
Stratuiti  r 

Charges, 

J 

ftMiS.          Mi>,5. 

/^iV;'?.  &C. 

1 

Distances  from  plane  A 

1 

a  +  2^,        3a  +  2A 

3a  +  4;fi,  &c. 

1 

ToUl  cLwgG  OD  plane  A  =/*ili±i^?. 

The   &C.S   here    indicate    that   the  series  are  to  be 
continued  to  infinity  according  to  the  law  indicated. 


SJ.—Plaiu-  B. 

The  same  table  with  /  written  for  J,  Jtoi  I,  m  for 
n...  and  n,  for  ^i,  a  for  0,  and  ^  for  a  throughout. 

In  these  tables  alternative  positions  are  given  for  the 
:  liarges.  Of  these  the  first  in  each  case  in  the  first 
;ible  and  the  second  in  each  case  in  the  second  table, 
ill  vice  vcrsd,  are  to  bo  used  in  calculating  the  potential 
r,  or  I^s)  at  any  point  according  as  the  point  is  on  the 
j-.ft  of  A  or  the  right  of  B,  and  the  second  in  each  case 
ii  both  tables  in  calculating  the  potential  (F)  at  any 
.■!nt  between  A  and  B.  If  ^  he  any  point,  we  have  for 
■  'le  potential  in  each  of  the  three  cases  the  values — 
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Apparent 
Electri- 
fication of 
Planes — 


''1-2        Qp        + 


^^'-^Mir^^-^^^^li!^^)-' 


r  = 


_  _? 


QP 


+  ftiq 


11 


(110) 


'^^^(^^T^a-^S^?^^4 


The  expression  for  V^  is  obtained  from  V^  by  writing 
/Aj  for  /i2»  A4  '^r  /ij,  and  /  for  J  throughout. 
(2)  When       Let  P,  the  position  of  the  charge,  be  in  the  medium 

in  omTo?  ^^  ^^®  ^^f^  ^f  -^»  ^^^  1®^  ^^  *^is  ^^^®  -^»  ^"i»  -^2  denote 


the  Side 
Dielectrics. 


P 


£        F 


B 


Fio.  28. 


the  specific  inductive  capacities  of  the  media  in  the  order 
from  left  to  right.  We  have  the  foDowing  table  in 
which  ^i,=iK-K\)l{K+K\),^i,=iK,-K^KK,+K^ :- 
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GE3  EQUIVALENT  TO  APPAHEST  ELECTRIFICATION.    Ek-cti-iE- 

uatloD  of 
Planet— 
riane  A.  "hen 

Positions  (Fig.  28).  the  Bida  | 

r  I.,,  Ja  or  ^  J^  or  /,. 

Charges. 

Distances  from  plane  A. 
a.  2^  -  a,  4,9  -  3a,  6^  -  5o,  &c. 


Total  Charlie  oa  plane  A  = 


1  +  l^i/^i 


riaiif.  B. 

Positions  (Fig.  28). 

P  or  ^,.        I.  or  J^,         /j  or  J^,         /,  or  J^,  ha. 

Charges. 

Distances  from  plane  B. 
H.  3/3  -  2a,  5/3  -  4a,         7/9  -  6a,  &c. 

Total  charge  on  plane  B  =  ^ii±^'l?. 

If  f"'  y\<  Fj  he  as  before  the  potentials  at  a  point  Q 
■j  the  media  of  specific  inductive  capacities  A'  A'„  A'j, 
1  5peclively,  we  have — 
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f.=«Cl+/.i)(l+c,)(^-^'^«+'^-fa.)  ;;>   (111) 
>-  -  ?  U  +  ft)  I  gp-  g/_  +  Qi^  -4-c. 

The  apparent  density  at  any  point  on  either  plane  is 
easily  found  from  the  charges  and  their  distances  iu  the 
manner  shown  in  pp.  84,  89  above. 

(3)  The  following  case  is  of  great  importance  in  the 
theory  of  magnetism  and  of  practical  interest  in  the 
exjjerimental  determination  of  specific  inductive  capa- 
cities, A  spherical  portion  of  an  isotropic  dielectric 
medium  in  which  the  electric  force  has  everywhere  the 
same  magnitude  and  direction,  that  is,  in  which  there  is 
a  uniform  field  of  force,  is  replaced  by  an  equal  spherical 
portion  of  another  isotropic  dielectric.  It  is  required  to 
find  the  apparent  electrification,  and  thence  the  force  at 
any  point  without  or  within  the  sphere. 

Let  K^,  A'i  be  the  specific  inductive  capacities  of  the 
surrounding  medium  and  the  sphere  respectively.  F  tho 
unifonn  electric  force  in  the  first  medium  produced 
independently  of  the  apparent  electrification,  N^,  A'j  the 
estema!  and  internal  normal  component  forces  at  any 
lint  due  to  the  apparent  electrification,  a'  the  surface 
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ilensity  of  the  apparent  eiectrification  at  that  point  of 
the  separating  suii'ace,  and  0  the  angle  which  a  radius 
Irawn  to  the  point  matces  with  the  positive  direction  Condition 
Taking  N^,  N^  in  the  direction  from  the  surface  byHorwal 
'  Forces  at 


i.u  bot>i 

sides  we  get  by  (101  hU) : 

mi  (102) 

F 

cos  0  +  A\-\-  J?  (-  F  cos 

ie  +  A',)  =  0 

or 

1    A-,-;r 

cosS  +  iVj) 

1     A'j  -  ff,  .      „ 
Itt         a-.        I     ' 

COS9  +  J-.J.    . 

(112) 


This  is  the  surface  characteristic  equation.     The  dis- 
tribution  supposed   formed   in   the   following   manner 


Ajiparent  ■ 
givMQ  by 
d«  GlisFie- 


itisfies  this  equation  at  the  aurface,  and  Laplace'a 
juatiou   at   every   internal   and   externa!   point,   and 

.  ves  therefore  the  apparent  surface  density  for  the 
ISO.  Two  equal  spherical  volume  distributions  of 
I'.ctricity  of  uniform  density  p,  one  positive,  the  other 

j.t-atjve,  and  of  the  same  radius  as  the  sphere,  are 
liiced  in  coincidence;  then,  according  as  K^  is  greater 
:  less  than  ^|,  the  positive  or  the  negative  distribution 


J 


1  nternal 
Point  due 
to  Dixtii- 

liution. 
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is  displaced,  Fig.  29,  in  the  direction  of  F  througli     a 
finite  distance  a  less  than  the  sum  of  the  radii      -A. 
positive  volume  distribution  of  meniscus  shape  is  thus 
formed  on  one  side,  a  negative  distribution  preciael/ 
similar  on  the  other,  and  in  the  apace  occupied  by  the 
coincident  parts  of  the  distributions  there  is  zero  electric 
density.     Now  let  the  distance  a  be  diminished  inde£- 
nitely  and   the  density  of  the  volume  diatributioD  p 
increased  so  that  pa  remains  equal  to  its  former  Talue. 
Drawing  then  any  radius  making  an  angle  0  vitb  the 
direction  of  F,  we  have  for  the  thickness  of  the  stratum 
in  the  direction  of  the  radius  the  value  a .  cos  0.   Hence, 
writing  (7g  for  ap,  tbe  surface  density  at  the  extremity 
of  the  radius  is  o-'d  cos  8.      Its  value  is  »„  or  ~  a'^ 
according  as  fi  =  0,  or  180°. 

The  force  at  any  internal  point  F  due  to  tbe  distri- 
bution is  plainly  the  resultant  of  tbe  two  forces  due  to 
tbe  two  spherical  portions  of  the  volume  distributions 
which  have  C,  C  as  centres  and  P  a  common  point  on 
their  surfaces.  These  forces  are  in  magnitude  re- 
spectively 4/3 .  trp .  CP,  4/3 ,  irp .  CP,  and  act  in  the 
directions  shown  in  the  figure,  and  therefore  their 
Bsultant   acts   in   the  direction  CG'.    Putting  Jt  for 


DIELECTRiC  8PHEEE  IN  UNIFORM  FIELD. 
By  (113), 

jVj  =  q'Jra  ^  cos  o  =  ^tto-  , 
\  tliieh  gives  by  substitution  in  (112) 


K^-JC^ 


Hence  according  as  iTj  is  greater  or  less  than  K^  the 
■rce  within  the  sphere  is  less  or  greater  than  the  force 
'  w-ithout. 

The   directions   of   the   lines   of  force   outside  and 


-=  Tc  3n  •  5jr  cbe  case 
^^s%  •  ;  3*1. 


COSDUCTING  SPHERE  IN  UNIFORM  FIELD, 

The  potential  energy  of  tlie  dielectric  sphere  in  the   Potent 
uoifurm  field  is  found  simply  by  calculating  the  work   jjj^ 


r    the 


done  ty  electric  forces  in  the  relative  displacement  of  ^ 
the  imaginary  volume  distributions.     If  r  be  the  radius 

cue  19  n  straight  line,  k  the  axis  of  r.  In  Fi^,  SO  and  32,  j/'  is 
ererywhcre  less  tlmn  fr" ;  ia  Fig.  31,  y'  u  eTerywhere  greater  than  ft*. 
Each  wt  of  ciUTM  is  drawn  for  it  constant  value  of  n  which  ia  indicBt«d 
below  the  diagram,  anii  valneaof  i  equal  lo  D,  -So,  '4a,  -Sa, ....  I'fln. 
In  Figs.  80  and  32,  the  curve  for  b  -  iJa/\/ii.  a  -  I'S'So  is  dranm. 
This  curve  has  n  pair  of  double  poiola  through  which  the  circle  in 
Fig.  32  puBsra :  io  Fig.  30  tliese  points  fall  within  the  circle  and  arr 
not  ihown,  In  Fig.  32  the  circle  haa  radius  —  a/^3  =  '7Sl(i  and 
<-tiU  nnhogoTully  all  the  curves  exci^pt  that  on  which  are  the  double 
polDta  :  in  Figs.  30  and  31  the  mdii  of  the  circles  are  1  'I<i  and  1  '31a 
ropevtiTel;.  [See  Sir  W-  Thomson'a  Rtprint  itf  Paptn  on  EketTO- 
ikdia  and  Magvetim,  p.  4S2,  bom  which  these  FigOTES  arc  token.] 


I 
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of  the  Sphere,  the  total  quantity  of  electricity  in 
.  positive  volume  distribution  is  4/3 .  trpr^.     The  wor 
I  done  by  electric  forces  in  displacing  tliia  through  a  dis^ 

tance  a  is  4/3 .  Trpr* .  Fa.     Hence,  if  £  be  the  energy 

the  sphere 


(118 

This  expression  has  been  obtained  for  a  uuifono, 
field,  but  it  will  also  hold  for  a  variable  field  if  r  be  a 
email  that  the  value  of  F  is  sensibly  constant  in  magni-. 
tude  and  direction  at  every  point  of  the  sphei 

On  this  supposition,  the  rate  of  diminution  of  E  iai 
any  direction  v  in  a  variable  field  is  given  by  tfaft 
equation 

dp-"^   2k\-i-K\     dv   •     ■    ■     ^^^^^ 
and  tills  must  be  the  total  electric  force  on  the  sphere. 

Writing  x,  y,  z  respectively  for  p  in  this  formula  we 
get  X.  ¥,  Z  the  component  forces  in  the  direction  t 
these  variables.  Tbe  dirention  of  the  resultant  force  on 
the  sphere  is  that  for  which  d  (F'')/dv  is  a  maximuin 
and  in  which  F'  increases.  The  direction  therefore  tat 
which  the  sphere  tends  to  move  is  towards  a  place  < 
maximum  value  of  F^ ;  that  is,  in  which  the  value  o{F  it 
numerically  greatest  without  distinction  of  sign. 

For  a  conducting  sphere  (119)  becomes 

dE       ,d(F^  „,„, 
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u II i  the  sphere  tends  to  move  in  the  same  direetion  as    Force  in 
ih^  dielectric  sphere.  '^FWd'* — 

I      Since,  as  we  have  seen,  there  ia  no  place  of  maximum  (2)  on  Owe 
...  "^  ...  liui^iina 

or  mmiinum  potential  in  space  not  occupied  by  any    sphew- 
pttrtof  the  electrification,  a  point-charge,  or  small  sphere 
snpjwsed  uniformly  electrified,  would  nowhere  be  in 
fflttble  equilibrium  except  in  contact  with  some  part  of 
I     tie  electriti cation  ;  and  the  proposition  may  be  extended 
''>any  electrified  body.     Hence  in  the  cases  here  con- 
iiiered  the   spheres  move  along  the   line   of  greatest 
L  ^sristion  of  force  towards  a  place  wliere  the  force  is 
^■gUaerically  greatest,     Generally,  this  is  the  direction 
^^B  which  all  bodies  of  small  dimensions,  placed  in  the 
^PUectric  field  without  charge,  tend  to  move, 
f      By  (119)  and  (120)  (A',  -  A',);(2A',  +  A'J  is  the  ratio 
of  the  force  on  a  dielectric  sphere  of  specific  inductive 
capacity  Ka  to  the  force  on  a  conducting  sphere  of  the 
same  radius  placed  at  exactly  the  same  place  in  the 
field  of  specific  inductiTO  capacity  A',. 

This  relation  has  been  used  by  Boltzmann  for  the 
detenniuation  of  specific  inductive  capacities  (see 
Chap.  VII.). 

We  shall  now  apply  the  results  stated  above  to  one  or 
two  important  cases : — 

fl)  An  electric   field   consists  of   two  regions,   one    Vacaam 

r   Tiunded  by  eiiuipotential  surfaces,   and  filled   with  a '^"''.'i"''' 

i-leclric  of  specific  inductive  capacity  K  the  same  in  all  DieWu^ 

1  rt'ctiona,  and  the  other,  the  remainder  of  the  space    g  ^jlS 

itbin  the  zero  equipotential  surface,  occupied   by  a    Cap.  K 

dielectric   of  unit   specific   inductive    capacity.     It  is 

instmctive  to  refer  this  example  directly  to  the  thermal 

VOL.  I.  K 


,  whil 

■I 


analogy.     The  analogue  of  the  electrified  system  I 
geometrically  correaponding  system  of  heat-sourcesjl 
isothermal  surfaces  in  a  medium  of  conductivity  etj 
where  unity,  excopt  in  a  region   bounded  by  isothej( 
^  Tharmal    surfacDS,    where  the    conductivity  is  k.      Suppose  ^ 
'  whole    medium    at    first    of    unit    conduct! rity, 
that  then  a  medium  of  conductivity  k  is  substitutf 
for  the  former  medium  in  the  space  referred  to,  whil 
everything  else  remains  unaltered.     The    effect  of,| 
troduoing  the  medium  of  (say)  higher  conductivity  i 
diminish  the   difference   of  temperature   between  I 
inner  and  outer  surfaces   of  the  new  medium  in  tbi 
ratio  of  1  to  t,  nince  everywhere  in  that  medium  tin 
flux  along  a  line  of  flow  becomes  -  Mr/dr,  whicK 
tlie  generation  of  heat  is  unchanged,  must  be  eqw 
the  former  value  of  —  dvjdr.   Hence  also  the  flux  at  ei 
point  which  is  not  in  the  new  medium  is  unchai 
and  we  have  thereforeat  every  such  point  the  samed 
dieut  of  temperature  as  before,  and  therefore  also  i 
same  difference  of  temperature  as  before,  between  j 
point  of  the  system  of  sources  and  the  inner  surfad 
the  new  medium,  and  between  any  point  in  the  outerfl 
face  of  the  new  medium  and  the  surface  of  zero  temp« 
ture.     If  then  the  temperature  of  the  inner  surface  wa 
formerly  v,  and  that  of  the  outer  surface  v',  the  tempera 
ture  of  any  point  of  the  source  has  been  lowered  by  tj 
introduction  of  the  medium  of  conductivity  k 
amount  {v  —  v')(!c  —  l)/t, 
lljaveria        In  precisely  the  Same  way  in  the  electrical  prol 
liowerinR  jf  the  electric  charges  are  kept  the  same,  the  eh 
tPotflnlial    „  .      °.      .  ,  ■  ,       , 

gSj»tom.  force  at  every  pomt  mside  or  outside  the  new  mi 


of  Con^ 
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-  unaltered,  and,  at  every  point  within  the  autstance 
"f  tbe  medium  itself  is  changed  from  its  former  value 
f  to  FjK,  and  the  potential  of  any  part  of  the  electrified 
(jBtem  is  lowered  by  the  amount  {V—  V'){K~\)IK, 
wliefQ  V  and  V  are  the  respective  potentials  of  the 
itmer  and  outer  separating  surfaces  of  the  media. 

If  the  new  medium  fill  the  whole  space  between  the 
"iwtrified  flystem  and  the  surface  of  zero  potential 
y  =  0,  the  potential  V  of  any  part  of  the  system  has 
'"-■■Q  diminished  in  the  ratio  of  1  to  A'  and  the 
■iJiirge  of  the  whole  system  necessary  to  produce  a 
L-ivon  potential  at  any  part  of  it  hiis  therefore  been 
increased  in  the  ratio  of  AT  to  1 ;  that  is,  the  electro- 
'  ilic  capncity  of  the  ayatem  has  been  increased  in  this 


The  same  results  would  be  obtained  by  imagining  DieWtri 

ibe  medium  of  inductive  capacity  K  replaced   by   a  N^niyiilM 

I  medium   of  unit  inductive  capacity,  and   the  internal  DUtribn 

I  and    external    surfaces   of    the   region    electrified 

tbat  the   surface   density  at    any  point  of  the  inner    tHdty. 

surface  is 

A'-l  (IV 
47r      dv 

ml  at  any   point   of   the   outer  surface 

A'-l  f/r 

\Te  dVjdv  is  the  rate  of  variation  outwards  alonj 
.1'-  of  force  passing  through  the  point  taken  in  the 
se  just  inside,  iu  the  second  case  just  out-sfde,  the 
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Dielectrics  region  in  question.      These  being  equilibrium   distri- 

cquivat!^nt  butions  would  not  alter  the  actual  distribution,  and 

toSiirface  the  foFce  inside  and  outside  the  region  at  any  point 

timi  of     would  be  the  same  as  before,  while  within  the  region 

.?^r! ".      it  would  be  diminished  at  any  point  in  the  ratio  of 

""^'     ItoiT. 

We  see  in  the  same  way  that  if  the  specific  inductive 
capacities,  instead  of  being  1  and  iT,  were  respectively 
ifj  and  -STg,  the  difference  of  potential  between  the  two 
sides  of  the  layer  K^  would  be  less  than  its  value  for 
the  same  space  occupied  by  the  medium  K^  in  the 
ratio  of  K^  to  K^,  and  the  density  of  the  imaginary 
distribution  described  in  the  last  paragraph  would 
be 

j^ — * 

47r        dv 

for  the  inner  surface,  and  for  the  outer  surface 

_  K,  -  K,  dV 
47r       dv 

Condi-nscr  (2)  The  same  method  applies  to  the  case  of  a 
of"iim'rs  ^cld  Composed  of  dielectrics  of  inductive  capacities 
ofdiilerent  jr  ^   ^   g^n    each  bounded  by  equipotential  surfaces, 

Dioltjctncs  .  .  •^      X     A 

and  arranged  in  this  order  outwards  from  the  electrified 
system,  which  we  suppose  in  the  medium  JC^.  Let  V 
he  the  potential  of  any  part  of  the  electrified  system, 
V^  the  potential  of  the  outer  surface  of  K^  and  the 
iiiiKT  surface  of  A'g,  V^  the  potential  of  the  outer 
Burliicc  of  A'g  and  the  inner  surface  of  A'g,  and  so  on. 
Then  if  K^  alone  were  replaced  by  vacuum,    V  —  V^ 
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irtmld  become  A'j(r—  V^)  tbe  other  differences  of  Cniiilunsi 
potential  remaining  the  same  as  before ;  if  K^  were  „?  Lriy'i 
then  replaced  by  vacuum,  V^  —  V^  would  become  ofdjUerei 
KJ^  Vy  —  Fj),  and  so  on.  Hence,  if  all  the  media  were  tric«, 
replaceil  by  vacuum,  the  potential  of  any  part  of  the 
electrified  system  would  bs  changed  from  Via 

HJMice,  if  0  be  the  new  value  of  the  electrostatic 
capacity  of  the  system  and  C  its  former  value, 
we  have 


A'i(  y-  y^  +  A7  r,~  v^  +  &c: 


(121) 


I 


Maxwell*  has  considered  a  dielectric  medium  sur-  Mmwill 
rounding  an  electrified  system  as  in  a  state  of  strain  ^l^^l 
under  stresses  consisting  of  a  tension  (as  in  a  stretched  fiu 
wire  or  cord)  acting  at  each  point  along  the  direction  u,..,iini 
of  the  electric  force,  and  an  equal  pressure  at  the  same 
point  in  all  directions  at  right  angles  to  that  of  the 
electric  force.  The  amount  of  the  tension  and  pressure 
(each  taken  in  units  of  force  per  unit  of  area)  at  any 
point  at  which  the  electric  force  is  ^  in  a  medium  of 
ipecific  inductive  capacity  K  is  KF'jStt;  that  is,  equals 
(p.  34  above)  the  electric  energy  of  the  medium  per 
unit  of  volume  at  that  point. 

Further,  he  lias  regarded  the  electric  charge  of  the  ■ 
system  as  the  surface  manifestation  of  a  change  which      '^Jj 
Uyik  place  in  the  medium  when  the  electrification  was 
set  up.    This  change  he  has  called  Electric  Bisplacenient, 
'  El.  aiul  Mag.,  vol.  i.,  sec.  ed.,  ]>p.  SB— 67  luid  153—168. 
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Sloctric 


and  coniiists  in  a  passage,  across  every  surface  drawi 
the  medium  so  as  lo  enclose  the  electrified  system,  q 
quantity  of  electricity  equal  to  the  chaise  on  the  sysi 
8o  that  the  introduction  of  a  charged  system  within 
closed  space  doca  not  produce  any  change  in  the  ta 
quantity  of  electricity  within  the  space.  Thus  in 
one  coating  of  a  condenser  is  charged  positivelyj 
equal  quantity  of  positive  electricity  passes  towM 
the  other  coating  across  every  intermediate  surft 
and  the  chargos  oa  the  coatings  are  to  be  regarded] 
the  charges  of  the  surfaces  of  the  separating  dieleeti 
If  any  change  take  place  in  the  charge,  a  correspond 
change  takes  place  in  the  displacement.  Hence  wli 
a  quantity  of  electricity  is  transferred  from  one  coatA 
A,  to  the  other,  B,  as  when  charge  or  dischai^e  t^ 
place  along  a  wire  connecting  them,  an  equal  quanl| 
of  electricity  crosses  every  section  of  the  dielectric  m 
B  towards  A.  If  therefore  we  regard  the  process  of  « 
placement  as  an  electric  current,  the  dielectric  and! 
wire  constitute  a  closed  circuit  round  which  a  cuiH 
passes  so  long  as  any  change  in  the  electric  state  al  t 
system  is  taking  place.  I 

The  magnitude  of  the  electric  displacement  is  K^A 

m^'     ^"^  ^^  displacement  across  any  element  Ss  of  a  suis 

Induoiion.  drawn   everywhere   at   right   angles   to   the   linesj 

induction  is  KF&hj^tt.    The  integral  of  this  exprea 

taken  over  the  surface  is  the  whole  quantity  of  electrifl 

in  the  form  of  a  charge  within  the  surface.  j 

The  ratio  ^vIK  of  the  electric  force  to  the  elect 
displacement  Maxwell  has  called  by  analogy  i 
Go-fffident   of  Mecti-u   ElastiHty  of  the   medium.  J 
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virtue  of  the  electric  elasticity  a  force  opposing  the  Electric 
displacement  is  set  up  which  restores  the  medium  to  ^  ^^^  ^* 
its  former  state  when  the  electric  force  is  removed. 
In  a  conducting  wire  this  elastic  force  is  continually 
giving  way,  and  being  restored  by  the  displacement 
continually  going  on,  which  therefore  constitutes  an 
electric  current. 


niAKOE  FKOlf  ONK.EQUaiBIUUH  STATE  TO  ANOTHEH. 


■;';i8e  of  the  electric  energy  of  the  other  conductor    Diminu- 
■■lib  a  rise  of  its  potential,  and  a  diminution  of  the    Electric 
elfLtric  energy  of  the  whole  system.     To  estimate  these  ^"Wuf 
chauijea  in  a  specific  case  we  shall  suppose  that  the 
''inductors  are  brought,  without  any  change  of  position, 
iiitii  contact  by  means  of  a  thin  conducting  wire  such 
that  its  capacity  may  be  neglected  in  comparison  with 
tiiatuf  either  of  the  conductors  connected.     Aiter  con- 
tact tlierefore  these  may  be  regarded  as  one  conductor 
with  charge  equal  to  the  sum  of  the  separate  chaises 
'  fi)re  contact,  and  capacity  equal  to  the  sum  of  the 
['■■rate  capacities.     Let  then  §„  Q^,  be  the  charges  of 
' "  '■onductors  before  contact,  A',,  A',,  their  capacities. 
The  energy  before   contact  was  ^Q^/Kj  +  ^Q'flK^; 
I'Tcontact  it  is  k(Qi  + Q„yj{K'i+K^.     The  diminu- 
D  of  energy  is  therefore  given  by  the  expression 

|ji:,     A's      A'l  +  A-,  3      ^%K,(K\+K,;)--'^  ' 

itialiy  positive. 
enei^  represented  by  this  expression  is  trans-  EnnivJuBt 
il  into  heat  which,  when  no  magnetic  or  chemical      i^t. 
E  is  done,  takes  the  form  of  heat  given  out  pailly 
t  intermediate  conductor,  partly  in  the  couductora 
lelves,  and   partly  in  a  spark  when  the  contact 

I  passage  to  the  new  state  of  equilibrium  may  ^."iJ'J™ 
tde  to  occupy  a  longer  or  a  shorter  time  ac-    ■" 
eording  to  the  arrangement  adopted.     For  example,  if  " 
the  conductors  be  the  opposite  plates  of  a  condenser, 
Ibe  joining  conductor  be  a  long  thin  wire  wound 
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into  a  helix  containing  an  iron  core,  the  time  tok^ 
annul  a  given  diEFcrence  of  potential  between  the  I 
ductors  may  be  made  so  long  as  to  be  capable  of  fl 
measurement. 

During  the  time  of  transition  there  is  a  flow  of  t 
tricity  from  one  conductor  to  another,  and  thia  is  1 
is  called  an  Electric  Current. 

The  average  Strength  of  Current  over  any  cross-se 
'curreut.'"  of  the  conducting  wire  is  measured  by  the  limit  toflj 
which  the  ratio  of  the  quantity  of  electricity,  which  p 
the  cross-section  in  a  small  interval  of  time,  to  the  R 
nitude  of  the  interval  approaches  as  the  interval  is  q 
smaller  and  smaller ;  that  is,  it  is  the  time-rate  of  \ 
of  electricity  across  the  section.     Hence,  in  all  cat 
which  the  current  may  be  regarded  as  having  the  h 
value  at  any  one  instant  over  every  croas-8ectio% 
time-rate  at  which  one  conductor  loses  and  at  y 
the  other  gains  charge  is  equal  to  the  current. 
shall  see  later  how  current-strengths  may  bo  meafl 
experimentally, 
Ikfloition       The   current   has  the   same  value   at  every  i 
ift  Stonily  ■  ,  ,  .  ,  f 

-Carwui.    section  when  the  capacity  of  the  connecting  conduct 

negligible  in  comparison  with  that  of  each  of  the  A 
ductors  connected,  and  also  when  the  current  is  ste, 
that  is,  when  its  value  for  any  one  cross-soction  | 
not  vary  with  the  time ;  but  in  many  cases  of  cun 
of  veiy  short  duration  the  assumption  of  the  ful&lq 
of  this  condition  must  bo  regarded  as  giving  i 
which  are  only  approximately  true,  and  in  other  i 
for  example  that  of  a  submarine  cable,  cannot  be  i 
at  all. 


THERMAL  ANALOGUE  OF  ELECTRIC  CONDDCTIOy.  ISB 

When,  however,  this  comlition  is  fulfilled,  we  see  tbat  j^-^''^'?' 
an  electric  current  may  be  compared  to  a  current  of  an  Anabgj-, 
incompressible  fluid  betweeu  two  vessels  communicating 
bv  a  rigid  canal,  whicb  opens  only  into  the  vessels  and 
':.  kept  full  by  tbe  current.  Tlie  difference  of  potentials 
I  uveen  the  conductors  is  analogous  to  the  difference 
\  pressures  between  the  two  vessels,  and  the  current 
:  fiiss  any  section  of  the  conductor  to  the  time-rate  of 
■w  of  tbe  fluid  across  any  section  of  the  channel, 
•'iiice  the  fluid  is  incompressible  and  the  channel  is 
kcpi  fiill  and  unaltered  in  dimensions,  tbe  time-rate  of 
flow,  however  it  may  vary  with  the  time,  will  have  at 
My  one  instant  the  same  value  at  every  croas-aection. 

The  time-rate  of  loss  of  energy  at  any  instant  is  Timp-mt« 
plainly  equal  to  the  product  of  the  current  and  the  dif- 
ference of  potentials  between  the  conductors.  Denoting 
'■111?  pot«ntiab  of  the  conductors  by  K,  and  V^  and  the 
irrent  or  time-rate  of  loss  of  chaise  by  y,  and  using  A 
'ij  denote  time-rale  of  working,  or  Adivity,  we  have  for 
ibis  ctise 

J  =.(>-,-  v.y, (2) 

This  expression  is  of  course  precisely  similar  to  that 
■  hich  in  the  hydrofcinetic  analogy  expresses  the  rate  of 
'  tking  of  the  current  of  fluid. 

The  flow  of  electricity  in  bodies  is  also  exactly  analo-  Audi^  of 
gOQs  to  the  conduction  of  heat  and  to  the  dift'usion  of  Thermal* 
liquids  and  gases,  and  the  mathematical  theory  common  Condnc- 
'•I  these  two  classes  of  phenomena  may  be  used  also  to 
'■.':  results  in  the  electrical  problem.  We  shall  aee 
!r.w  that  the  amount  of  flow  depends  on  the  nature 
ot  the  substance  exactly  as  the  flow  of  heat  depends  on 
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\::AofCfo!  ti,g  Thermal  conductivity  of  the  substance.     In  fact,]l 

J  iiiTmnl    we  take  a  difference  of  temperature  as  the  analogue  o 

'^  Tifiii"'"    *  difference  of  potentials,  rate  of  flow  of  heat  across  a 

area  as  the  analogue  of  an  electric  current,  and  cott 

tductivity  of  a  substance  for  heat  (taken  as  independeW 
of  temperature  according  to  Fourier's  supposition)  t 
the  analogue  of  a  quantity  which  we  call  the  Speajk 
Miedric  C'rtidtictivity  of  a  substance,  we  may  transfer  t' 
equations  of  heat  conduction  bodily  to  the  theory  of  floi 
of  electricity.  For  example,  the  theory  given  in  SectN 
v..  Chapter  I.,  for  electrostatic  induction  in  differe 
media,  can  be  at  once  translated  into  a  theory  of  e 
tlow,  or.  as  it  is  also  called,  conduction  of  electricity,' 
different  media;  and  we  shall  see  below  that  the  resu' 
of  that  section  are  available  without  modification. 

The  analogies  we  have  referred  to  are  ouly  son 
tLuse  which  exist  between  the  mathematical  theories  % 
electricity  and  magnetism,  the  motion  of  fluids  (ij 
eluding  diffusion),  and  the  conduction  of  heat;  and 
seems  highly  probable  that  some  of  these  analogies 
consequences  of  hitherto  undiscovered  mutual  relatU 
of  the  phenomena. 
Kloctrio  It  ia  found  experimentally  by  measuring  with  a  d 
'  of  »  cate  electrometer,  that  between  any  two  cross-secti* 
,  '•""^''  A  and  fi  of  a  homogeneous  wire,  which  is  not  in  moti 
in  a  magnetic  fidd,  and  along  which  a  steady  cun 
of  electricity  is  kept  flowing  by  any  means, 
exists  a  difference  of  potentials,  and  that  if  the  ' 
be  of  uniform  section  throughout,  the  difference  of 
potentials  is  in  direct  proportion  to  the  length  of  wire 
between  the  cross-sections.     It  is  found,  further,  that  if 
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the  diCFerence  of  potentials  between  A  and  S  is  kept    EUotrio 
constant,  and  tlie  length  of  wire  between  them  is  altered,       ^f , 
thestrengtli  of  the  current  varies  inversely  as  the  length     I-™' 
af  the  wire.     Again,  if  the  length  of  wire  and  the  dif- 
ference of  potentials  between  A  and  £  be  kept  the  same 
vliile  the  cross-section fil  area  of  the  wire  is  increased  or 
diminished,  the  current  is  increased  or  diminished  in 
'}\e  same  ratio.    Hence  the  wire  is  said  to  oppose  to  the 

nrrent  a  reiti^awe  which  is  directly  proportional  to  the 
^'igth  of  wire  between  the  two  crOBs-sections,  and 
inversely  proportional  to  the  cross-sectional  area  of 
the  wire. 

If  for  any  .particular  wire  raeaaurementa  of  the  current 
ttmigth  in  it  he  made  for  various  measured  differences 
of  {mtenlials  between  two  cross-sections,  the  current 
strengths  are  found  to  depend  only  on,  and  to  be  in 
■iniple  proportion  to,  the  differences  of  potential  so  long 

■  there  is  no  sensible  heating  of  the  wire. 

if  Y  be  put  for  the  strength  uf  the  current  flowing  in      '^'^^ 
n  wire  of  resistance  R  between  two  cross-sections  at 
potentials  V^.  l\  respectively,  these  results  are  all  ex- 
pressed, and  unit  resistance  is  defined,  by  the  equation 

r,  - 1; 


m 


Electre- 


Tliis  is  equivalent  to  a  relation  given  by  G.  S.  Ohm,* 
nd  is  hence  called  Ohra's  Law.     Olim  used  the  expres-      Force 
i...ii  "Gefalle  der  Elektricitiit"  for  a  quantity  which,    ''''^''"*- 
I  ti]e  earlier  works  which  appeared  after  the  publication 
■  his  essay,  was  called  "Difference  of  Tensions,"  but 
*  Dit  Oalraniifhe  £flU  malhenitUiMh  JiearlciUt,  Bertie,  1827> 


THEORY  OF  FLOW  OF  ELECTBICITT. 
wKkctro-    wliich  is  aow  recognized  as  proportion&l  to   F", — 
TfornT     ^°<^  i^  'B  ^^i^'  usual  to  give  a  special  name  to  differai 
of  potentials  when  considered  in  coouectioa  with  i 
flow  of  electricity.     Thus  the  name  Elatromotive  Fm 
is  frequently  given  to  the  difference  of  potentials  betwa 
two  points  or  two  equipotential  surfaces  in  a  hoi 
geneous  conductor,  when  thus  considered  with  referen; 
to  flow  of  electricity  from  one  to  the  other,  and  i 
accordance  with  custom  and  authority  the  term  may  1 
thus  employed,     A  somewhat  more  general  sense  y 
which  the  term  is  used  will  presently  be  explain 
It  is  to  be  carefully  remembered,  however,  that  elec 
motive  force  is  not  a/orce :  the  two  words  must  be  tat 
together  jis  a  single  term  having  the  meaning  assigi 
to  it  in  its  definition. 

A  constant  difference  of  potentials  may  be  i 
taiueil  between  the  extremities  of  a  hom(^cne( 
conductor,  and  therefore  also  a  current  maintained 
the  conductor,  in  several  different  ways:  for  exami 
by  a  voltaic  battery,  a  thermo-electric  pile,  or  a  dynai 
electric  or  magneto -electric  machine.  Farticnlais  : 
garding  different  forms  of  voltaic  batteries,  and  \ 
practical  construction  of  other  electric  generators,  i 
given  in  various  treatises ;  at  present  we  deal  only  w. 
principles  which  are  generally  applicable,  reserving 
consideration  later  their  applications  in  particq 
cases, 

Equation  (3)   is  not  fulfilled  in  general  by  a  ed 
ductor  maile  up  of  different  homogeneous  portions,  i 
I  end  to  cud,  or  by  a  conductor  moving  across  the  lines 
force  of  a  magnetic  fleld,     For  such  cases 


OHM'S  LAW  ly  HLTEROGEKEOl'S  CIUCUITS. 


7=  - 


r,  -  r, 

K 


R' 


.     (3«)  , 

where   Tj,  V^  denote  as  before  the  potentials  at  the 
ei^mities  of  the  conductoi',  anel  B  the  sum  of  the 
resigtannps  of  the  homogeneous  portions  of  the  conductor 
in  the  former  case,  or  the  actual  resistance  of  the  coii- 
(Inclor  in  tlie  latter.     The  conductor  in  such  cases  is 
mid  to  coiUain,  or  to  ho  the   seat  of,  an  electromotive 
/•'i-ceE,oT  (as  frequently  in  what  follows)  an  electro- 
motive force  H  is  said  to  be  in-  the  conductor.    The  total 
■-lectromotivc  force  producing  a  current  in  the  conductor 
.     ia  now  V^  —  V^  +  E.  Since  in  a  heterogeneous  conductor 
I     (3)  applies  in  the  first  case  to  every  part,  except  any, 
Iiowever  small,  which  includes  a  surface  of  discontinuity, 
'lie  electromotive  force  is  said  to  have  its  seat  at  the 
Jirface  or  surfaces  of  discontinuity.     In  the  other  case 
I'-'-trouiotive  force  has  its  seat  in  every  part  of  the 
■miiuctor  moving  in  the  field,  according  to  a  law  which 
>'■  ^fiall  afterwards  discuss. 
Ia  a  circuit  composed  of  different  homogeneous  con- 
■    iJuotore  let  adjacent  points  he  taken  on  opposite  sides  of 
I    *ach  surface  of  continuity,  and  let  the  difference  of 
Tvifmtials  between  the  pair  of  points  in  each  conductor 
■   measured;   the  sum  of  these  differences  taken   in 
•  ■IfiT  round  the  circuit  is  equal  to  the  sum  of  the  parts 
■!  A'  contributed   by  the  discontinuities.      For  going 
iind  in  the  direction  of  the  current  from  a  point  (not 
-.  .1  surface  of  Jiscoutinuity)  to  the  same  point  again 
we  have  V^  =  V.^  and 

~  '-I w 


Con. 
ductor. 


■lijj':! 
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But  (leDoting  the  snccessire  homogeneooa  o 

tlieir  ordor  round  the  circuit  by  the  suffixes  1,  2 «, 

and  the  diffurences  between  their  extremities  by 

v,-r\.r,-r^....  v.-r\ 

An<l  the  corresponding  resistances  by  R^,  S^  ....  B^  we 
have 

r,-v\  _  r.-v\         r.-v.    t^r-r),. 


11, 


Hence 

S(r-r')"^ (4) 

E  is  called  the  total  electromotive  force  in  the  circnit, 
or  simply  the  electromotive  force  of  the  circuit 

In  Chapter  VIII.  will  be  found  an  account  of  experi- 
mental methods  used  for  the  verification  of  Ohm's  Law, 
and  details  as  to  its  application  to  chains  of  conductors 
of  different  substances.  We  will  consider  here  as  an 
example  of  the  principles  just  stated  its  application  to 
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f  each.     Let   V^  denoto  tbe  potential  of  the  copper 

e;   Fi  the  potenlial  of  the  copper  wire  close  to  ite 

tion  with  the  zinc  plate ;   Fj,  the  potential  of  the 

of   the   liquid   close  to  the  zinc  plate ;    and 

9'^  the  potential  of  the  stratum  of  the  liquid  close  to 

k  copper  plate.     The  difforence  of  potentials  between 

points   in  the  copper  conductor  near  its  ends  is 

Fa  —  Fi,  and  that  between  the  two  isdes  of 

I  liquid  is  V,,  —  F^.     Both  of  these  di£ferenees  are 

pitive.  and  the  current  flows  from  the  copper  plate  to 

c  plate  through  tlie  wire,  and  from  the  zinc  plate 

he  copper  through  the  liquid.     Further   it   is   an 

lerimental  fact,  as  we  shall  see  later,  that  tbe  current 

}  any  cross-section  is  the  same  at  every  part  of  the 

Calling  E  the  resistance  of  tbe  copper  con- 

xa  joining  the  plates,  and  r  the  resistance  of  the 

^id  of  the  cell,  we  have  by  (3) 


F, - 


F,   -    Vu: 


R-\ 


Va  —  I'lt  is  the  finite  difference  between  tbe 
intial  of  the  copper  plate  and  that  of  the  liquid  in 
ict  with  it,  and  V^t  —  Vt  is  similarly  the  difference 
veen  the  potential  of  the  liquid  in  contact  with  the 
c  plate  and  that  of  tbe  extremity  of  the  copper  wire 
Went  to  the  zinc  plate,  and  the  sum  of  these  two 
tTOL,  J.  L 
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dififerences  comtitutea  what  ia  called  the  BUetromotvee 
Force  of  the  cell.    Calling  thia  £,  we  have 

'-sfr- w 

Any  other  case,  howerer  more  complicated,  might  be 

treated  in  a  einular  manner. 
Distriba        If  K  be  the  difference  of  potentials  between  any  two 
Potential  points  in  the  copper  wire,  S  the  resistance  of  the  wire 
m  Circait.  ijetween  these  two  points,  and  r  the  remunder  of  the 

resistance  in  circuit,  we  hare  from  the  eqaationa 

_r       E 

'^~  R~  S  +  r 
the  result 


ELECTROaOTIVE  FORCE  OF  VOLTAIC  BATTERY. 

If  instead  of  a  single  cell  we  have  a  battery  of  several  Kloctro- 
cells,  its  electromotive  force  is  found  in  exactly  the  same  pc 
manner  by  summing  all  the  finite  differences  of  poten-  ^^ 
tial  at  the  surfaces  of  separation  of  elissimilar  substances  Batteir: 
in  the  circuit.  Hence  if  there  be  n  cells  in  the  battery 
joined  in  series,  that  ia  to  say  the  zinc  plate  of  the  first  AmuigB- 
cell  joined  to  the  copper  plate  of  the  second  cell,  the  ™^°,*  "> 
iuc  plate  of  the  second  to  the  copper  plate  of  the  third, 
so  on  to  the  last  cell,  the  total  electromotive  force 
the  arraDgeraent,  if  the  cells  have  each  the  eleotro- 
'iTe  force  E.  is  nS.  If  the  copper  plate  of  the  first 
and  the  zinc  plate  of  the  last  be  joined  by  a  wire, 
S  denote  as  before  its  resistance,  r  the  internal 
of  each  cell,  a  current  of  strength  7  given  by 
the  equation 

•""  (8) 


•ill  Soi 


1  tie 


'-Jl  +  nr    ■     ■     ■     ■ 
vire.     This  equation  may  he  written 


iiioh  shows  that  when  n  is  so  great  that  R/n  is  small 
1]  comparison  with  r,  little  is  added  to  the  value 
'  7  by  further  increasing  the  number  of  cells  in  the 
jitery. 

The  method  of  joining  single  cells  in  series  is  advan- 
■i^eous  when  B  is  large,  but  when  S  is  comparatively  Anange- 
small  it  fails  as  shown  above,  and  it  is  necessary  then  to  MtUtipb 
diminisL  r  as  much  as  possible.  The  value  of  r  is.  for 
cells  is  which,  as  is  generally  the  case,  each  plate  nearly 
L  2 
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Amnf^-  covers  the  cross-section  of  the  liquid,  nearly  in  tt 
Ualtiplo  inverse  ratio  of  the  area  of  the  plates,  and  directly  i 
A"-  the  distance  between  them.  Hence,  by  increasing  tli 
area  of  the  plates  and  placing  them  as  close  together  s 
possible,  the  resistance  may  be  diminished.  One  larg 
cell  of  small  resistance  may  be  formed  of  several  suu 
cells  by  putting  all  the  copper  plates  into  metallic  coi 
nection  with  one  another,  and  similarly  all  the  zir 
plates.  Several  compound  cells  of  large  surface  tin 
made  may  be  joined  in  aeries.  The  electromotive  fun 
of  each  compound  cell  will  be  £  as  in  a  simple  cell,  bi 
if  m  cells  be  joined  so  as  to  form  one  compound  « 
its  resistance  will  be  rim.  If  n  of  these  compound  ce 
be  joined  in  series,  we  have,  calling  the  total  oittern 
resistance  R, 

__     nE  WTt  g  . 


R  +  n^_ 


"  m.  .H  + 


Condiiiou       If  ^  be  not  too  great,  and  we  have  a  proper  numl 

■  Maiimam  of  cells,  it  18  possible  to  lurangc  the  batt«ry  so  that 

ihrouKh    ™^y  have  a  maximum  value.     There  being  m  n  ce 

given      in  the  battery  the  numerator  of  the  above  value  of 

cau   nca  ^^^^  ^^^  change  when  the  arrangement  of  cells  ia  vari 

and  therefore,  in  order  that  7  may  have  itB  great 

possible  value,  m  R  +  n  r  must   be  made  as 

possible.     But  identically. 


1 


As  the  last  terra  on  the  right-hand  aide  does  not  v 
with  the  arrangement  of  the  battery,  it  is  plain  t 


HOST  EFFICIENT  ARRANGEMENT  OF  BATTEKY. 
nS  +  nr  will  have  its  smallest  value  when  Jm  R  -  J  m  r 
ranishes,  that  is  whenBifi  =  ?t?'or^=  Mr/Hi, or, in  words, 
when  the  total  external  resistance  of  the  circuit  is  equal 
to  the  internal  resistance  of  the  hattery.  Il  may  not 
U  possible  in  practice  so  to  join  a  given  battery  as  to 
fulfil  this  condition,  hut  if  the  strongest  possible  ciin'ent 
is  required  it  should  be  fulfilled  as  nearly  as  possible, 
This  method  of  arranging  the  battery  is  called  joining 
it  in  multiple  arc. 

It  is  to  be  carefully  observed  that  this  theorem  applies  C 
mlv  to  the  case  in  which  we  have  a  given  battery  and  jy| 
li:ivc-  to  arrange  it  bo  as  to  produce  the  greittest  mrreiU 
|liiuui;li  a  given  external  resistance  H;  and  the  fallacy 
I*  U)  be  avoided  of  supposing  that  of  two  batteries  of  ^ 
equal  electjoraotive  force,  but  one  having  a  high,  the 
other  a  low,  resistance,  the  former  is  better  adapted  for 
tnrking  through  a  high  external  resistance.  Nor  is 
tiiis  method  of  using  the  battery  to  be  confounded  with 
'he  most  economical  method.  By  this  arrangement  the 
.i-ntu8t  rate  of  working  in  the  external  part  of  the 
nit  is  obtained;  for  by  (7  his)  the  total  rate  of 
ikiug  is  tiEy,  and  the  part  of  this  which  belongs 
:lii.-  external  conductor  is  vinEyRj(niR  +  nr).  which 
.L  maximum  under  the  same  conditions  as  -y.  As 
.i;iii  energy  is  thus  given  out  in  the  battery  itself  as  in 
ihe  external  resistance,  and  it  is  plain  that  for  economy 
%a  little  as  possible  of  the  energy  of  the  battery  must 
be  spent  in  the  battery  itself,  and  as  much  as  possible  in 
lie  working  part  of  the  circuit.  Hence  for  economical 
roridng  the  internal  resistance  of  the  battery  and  t!ie 
mce  of  the  wires  connecting  the  battery  with  the 
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working  part  of  the  circuit  must  lie  made  as  small  as 

poaaible.     We  alidll  return  to  this  qnestion  in  a  latei 

chapter. 

IlW>)7  of      We   shall  now   consider  shortly   the   theory    of    a 
■  wnB«     Bystem   of  linear   conductors   (homogeneous   wires  of 

uniform     section)     in     which     steady     currents     are 

flowing. 


It  has  heen  stated  above  that  when  a  steady  current 
is  kept  flowing  across  any  cross-section  of  a  conductor. 
the  current  strength  is  the  same  across  every  other 
section  of  the  conductor ;  or.  in  other  words,  that  the 
flow  of  electiicity  at  any  instant  into  any  portion  of 
the  conductor  is  equal  to  the  flow  out  of  the  same  por- 
tion. This  is  what  is  called  the  prin^ple  of  continvity 
as  applied  to  the  case  of  a  steady  flow  of  electricity. 
By  the  same  principle  we  have,  in  the  case  in  which 
steady  currents  are  maintained  in  the  various  parts 
of  a  network  of  conductors,  the  theorem  that  the 
total  flow  of  electricity  towards  the  point  at  which 
several  wires  meet  is  equal  to  the  total  flow  from 
that  point.  Thus  the  current  arriving  at  A  (Fig.  33) 
by  the  main  conductor  is  equal  to  the  sura  of  UmJ 
currents  which  flow  from  A  by  the  arcs  which  conw 
it  with  B. 


jScteic  conductittit.  is 

By  Ohm's  law,  if  two  points  A  and  B,  between  which  Eoi 
a  difference  of  potentials  V  is  maintained,  be  connected  jtesigt 
by  two  wires  of  resistances  r^  and  Tj,  the  current  in  that  °[ 
of  resistance  t-i  will  be  K/r,  and  in  the  other  Vjr^.  But  Ar 
if  7  be  the  whole  current  flowing  in  the  circuit  we  have 
by  the  principle  of  continuity 

V       V      V 

^  =  n  +  ^  =  T 

'.here^  ia  the  resistance  of  a  wire  which  might  be  sub- 
:>titutied  for  the  double  arc  between  A  and  B  without 
altering  the  current  in  the  circuit.     Hence, 


.(10) 


R=  ■ 


The  reciprocal  of  the  resistance  £  of  a  wire,  that  is,  IjR,  DeEnitk 
i;  called  its  amdticliviiy.  Equation  (9)  therefore  affirms  j^tj,^ 
■  liat  the  conductivity  of  a  wire,  the  substitution  of  which 
iir  r,  and  r,  between  A  and  B,  would  not  affect  the 
.Tirrent  in  the  circuit,  is  equal  to  the  sum  of  the  con- 
'lactivitiefl  of  the  wires  T^  and  r^.  From  equation  (10) 
we  Bee  that  the  resistance  E  of  this  equivalent  wire  is 
equal  to  the  product  of  the  resistances  of  the  two  wires 
divided  by  their  sum. 

If  for  r^  we  were  to  substitute  two  wires  having  an 
equivalent  resistance,  so  that  A  and  B  should  be  con- 
nected, as  in  Fig.  33,  by  three  separate  wires  of  resistances 


Til  KOI:  V  OF  Vlj>\V  <'r  ELE'/riilclTV. 

'V  '-2'  '*;{'  ^^'^  should  have  in  the  same  manner  for  th 
current  in  r^,  V/f\  ;  in  r^,  V/r^;  in  r^  F/'V  ^^^ 


1111 

^  =  -  +  -  +  - 
E      rj     r^     r^ 


^1  ^2   4-  ^2  ^3  +  ^3  ^4 


(1 


Con-  Generally,  if  two  points  A  and  B  are  connected  by    ^ 

"  Md*  ^  multiple  arc  consisting  of  n  separate  wires,  the  condu<3 

Rcgifltance  tivityof  the  wire  equivalent  to  the  multiple  arcconne<=^ 

Multiple   tion  is  equal  to  the  sum  of  the  conductivities  of  the    '^ 

^"^      connecting   wires;   and  its  resistance  is  equal  to  th»- 

product  of  the  n  resistances  divided  by  the  sum  of  sb- J 

the  different  products  which  can  be  formed  from  the    '^ 

resistances  by  taking  them  ti  —  1  at  a  time. 

As  a   simple  example,  we  may  take  the  case  of     ^ 
number  n  of  incandescence  lamps  joined  in  multiple  ar^^ 
If  the  resistance  of  each  lamp  and  its  connections  be  ^ 
the  equivalent  resistance  between  the  main  coijductor^^ 
the  resistance  due  to  the  latter  being  neglected,  is  bV 
(11)  r"/?tr""^  =  rjn.     Thus  if  r  be  60  ohms  when  the 
lamp  is  incandescent,  and  there  be  twenty  lamps,  their 
resistance  to  the  current  will  be  3  ohms. 
Total  -^y  ^^®  considerations  stated  above,  we  at  once  deduce 

Electro-    from  Ohm*s  law  the  following  important  theorem.*     In 
Force  in    any  closed  circuit  of  conductors  forming  part  of  any 
p.*"y  .     linear  system,  the  sum  of  the  products  obtained  by  mul- 

Network    tiplying  the  current  in  each  part,  taken  ib  order  round 
of  Con- 

Ts.        *  This  theorem  and  the  application  of  the  principle  of  continalty 

were  first  stated  explicitly  by  Kirchhoflf,  Pogg.  Ann.  Bd.  72,  1847,  also 
Qes,  Abharui.,  p.  22. 


EXAUPLES  OF  LINEAR  SYSTEMS.  153 

le  circuit  by  its  resistance,  is  equal  to  the  sum  of  the 
motive  forces  in  tlie  circuit.  This  follows  at  ooce 
I  by  an  application  of  Ohm's  law  to  each  psirt  of  the 
circuil.,  exactly  as  in  the  investigation  in  p.  145  above  of 
Ibe  electromotive  force  of  the  circuit  composed  of  a 
ii-ll ai)J  a  single  conductor. 

.'V3  an  example  of  a  circuit  containing  no  eleetro- 
iinitiTe  forces,  consider  the  circuit  fonned  by  the  two  Exwnp! 
tires  (Fig.  33)  of  resistances  r„  r^  joining  ^B.  We 
MVe,  for  the  current  flowing  from  A  to  B  through  '/■,, 
tie  value  V/t^  ;  the  product  of  this  by  r^  is  K ;  for  the 
'■'irreni  flowing  from  5  to  ^  through  r,  we  have  —  K/r^, 
■"111  the  product  of  this  by  r^  is  -  V:  the  sum  is 
'  -  r  or  zero.     As  another   example,   consider   the 


aiagnim,  Fig.  34,  of  resistances  r,,  r^,  j-j,  i\,  r^,  l>etiveen 
the  two  points  A  and  B.  By  what  we  have  seen,  if 
fV  Tft,  Vf,  V4.  be  the  potentials  at  A,  B,  C,  D, 
respectively,  the  current  from  A  \q  C  Ss,  {Va—  Vt)lr^ 
from  CioDiV,-  VS)!r.^.  and  from  JO  to  ^  ( Kj  -  V,)ir^\ 
Bence,  taking  the  sum  of  the  products  of  these  cnrreiiO 
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strengths  by  the  corresponding  resistances  for  the  drcnit 
ACDA,  we  get 

Fa  -    Fe  +   Fe  -   V^  +   F^  -   Fa  «  0.   .   .    (12) 

To  illustrate  the  use  of  the  principles  which  have 
been  established,  we  may  apply  them  to  find  the 
current  strength  in  r^  (Fig.  34)  when  r^  contains  a  battery 
of  electromotive  force  E,  Let  r,  be  the  resistance  of  the 
battery  and  the  wires  connecting  it  with  A  and  J?,  and 
let  7^,  72>  ^^->  ^^  ^^^  strengths  of  the  currents  flowing 
in  the  resistances  rj,  r^  &c.,  respectively,  in  the  directions 
indicated  by  the  arrows.  By  the  principle  of  continuity 
we  get 


(13) 


Applying  the  second  principle  to  the  circuits  BACB, 
AGDA,  CBDC,  and  using  equation  (12),  we  obtain  the 
three  equations, 


7i  (^i  +  ^3  +  ^e)  +  72^«  -  76^8 


7i^i 

7l^8 


-  72^*2  +  76^6 
-70^4-75(^8+   ^4  +'•5) 


(14) 


Eliminating  7^  and  y^,  we  find 


_  E  (r,  r,  -  r,  rj 
76 2? 


(15) 


where 


D^r^U  (Ti  +  ^2  +  ^3+^4)  ^  ^6  (^1  +  ^s)  (^2  +  O  + 

^6(^l  +  ^2)(^3  +  ^4)  +  ^1^3(^2+^4)+^2^4(n+^s)-    •    (16) 


,  8UPEHP0SI1I0N  OF  STATES  OF  A  LlSKAIt  SYSTEM. 

By  BubstitutiDg  for  7^  in  the  second  and  third  of   Probl(_ 

equatioQH  (14)  its  value  70  -  7,,  we  get,  I'oint* 

joined  by 

-^•'■=M.  (17)  Vr 

^fi)  -  7«  ^  ^  ^    J  Con. 

•iaaUm, 

From  these 


r,  (r, +  r^  +  V,r, 
T.  Ir,  +  O  -  7s  (•■. 


e  obtaio  b^  elimmating  7,, 


-lA'j 


i^_ 


'.  ('i  +  '•,  +  '■■  +  '■■)  +  ('i  +  's)  C'.  +  'J 


(IS) 


By  means  of  equations  (15)  and  (18)  we  can  very  easily 
solve  the  problem  of  Sudiog  the  equivalent  resistance 
of  the  system  of  five  resistancea  r^,  r^,  &c.,  between  A 
and  B.  For  let  Ji  he  tbis  equivalent  resistance,  since 
7g  is  the  current  flowing  through  the  battery,  we  have 
7a  =  £i{rg  +  li).  Substituting  this  value  of  7^  in  (IS), 
eqiutting  the  values  of  7^  given  by  (15)  and  (18),  and 
solving  for  Ji,  we  got 


£  = 


r,{ri  +  r;)(r.  +  r;)  +  r^r^(T^  +  r^)-i-r^r,(r,  +  r^ 


r,(r,  +  . 


'■4j  +  (n+'-JC^3+^) 


(19) 


It  follows  from  Ohm's  law,  and  the  theorems  which  prjno 
have  been  deduced  from  it,  that  any  two  states  of  a  "^  ^° 
system  of  conductora  may  be  superimposed ;  that  is, 
tlie  resulting  potential  at  any  point  is  the  sum  of 
■'lie  ]x>t«utiala  at  the  point,  the  current  in  any  con- 
liiclor  the  sum  of  the  currents  in  the  couductor,  and 
I  be  electromotive  force  in  any  circuit  the  sum  of  the 
_electroinotive  forces  in  the  circuit,  in  the  two  states  of 
I  system. 
vXha  following  result,  which  is  a  direct  inference  from 


::■;  Tiii:<'»r:v  of  rL"V.-  of  i:r.KvTrj<-iTV. 

the  furegoing  principles,  aud  can  be  veritieJ  by  experi — 
nient,  will  be  of  use  in  what  immediately  follows. 
Besnlt  of       Any  two  points  in  a  linear   circuit   which   are  2lMz 
Foregoing  different  potentials  may  be  joined  by  a  wire  without: 

Pnnciples.  .  ^  e-    ^  >      -^ 

altering  in  any  way  the  state  of  the  system,  providefl 
the   wire   contains   an   electromotive  force  equal  ancfl 
opposite  to  the  difference  of  potential  between  the  twopi 
points.     For  the  wire  before  being  joined  will  in  con — 
sequence   of  the   electromotive   force  have   the   sames^ 
difference  of  potentials  between  its  extremities  as  theress 
is  between  the  two  points,  and  if  the  end  of  the  wir^ 
which  is  at  the  lower  potential  be  joined  to  the  point> 
of  lower  potential  it  will  have  the  potential  of  that^ 
point,  aud  no  change  will  take  place  in  the  system.    Th^ 
other   end  will  then  be  at  the  potential  of  the  other' 
point,  and  may  be  supposed  coincident  with  that  pointy 
without  change  in  the  state  of  the  system.     The  new 
system  thus  obtained  plainly  satisfies  the  principle  of^ 
continuity,  and  the  theorem  of  p.  152  above,  and  is  there- 
fore possible ;  and  it  can  be  proved  that  it  is  the  only 
possible  arrangement  under  the  condition  that  the  state 
of  the  original  system  shall  remain  unaltered. 

As  a  particular  case  of  this  result  any  two  points  in 
a  linear  circuit  which  are  at  the  same  potential  may 
be  connected,  either  directly  or  by  a  wire  of  any  resist- 
ance, without  altering  the  state  of  the  system. 

Further,  it  follows  that  if  an  electromotive  force  in  one 
conductor,  A,  of  b.  linear  system  can  produce  no  current 
in   another  conductor,  J?,  of  the  system,   either  con- 
ductor may  be  removed  without  altering  the  current  in 
be  other.     For  let  the  conductor,  A,  be  removed  :  the 


inEOnV  OF  A  NETWORK  OF  {.OKDLTTORS. 

poteniials  at  the  points  of  tlie  system  at  whicb  it  was  ' 
uttatlied  will  in  general  then  be  altered.  And  since  j' 
My  two  points  in  a  linear  system  between  which  there 
is  s  difference  of  potentials  may,  without  altering  the 
s'Jitc  of  the  system  in  any  way,  be  joined  by  a  wire 
"liich  contains  an  electromotive  force  equal  and  opposite 
'o  tlie  difference  of  potentials,  we  may  suppose  the 
'■oaductor  replaced  with  an  electromotive  force  in  it 
tquiil  to  the  difference  of  potentials  now  existing 
iwtween  the  two  points,  and  its  presence  or  removal 
w'ill  not  affect  the  current  in  any  part  of  the  system. 
But  the  same  result  may  be  attained,  of  course,  without 
f^moviog  the  conductor,  by  simply  placing  within  it 
"le  re(|uirpd  electromotive  force,  and  this  by  hypo- 
"lesis  does  not  affect  the  current  in  the  other  conductor. 
Heuce  the  removal  of  the  conductor,  A,  does  not  affect 
''">  current  in  the  other.  Again,  hy  the  first  reciprocal 
ii'lation  below  (p.  159),  if  an  electromotive  force  in  A 
'in  produce  no  current  in  B,  an  electromotive  force  in 
^■pan  produce  no  current  in^.  Hence  the  same  proof 
^hnvts  that  B  may  be  removed  without  affecting  the 
nirrent  in  A. 

If  A.  B,  C,  D  be  four  points  of  meeting  in  a  net-  Theoirme 
work  of  linear  conductors,  in  one  wire  of  which  j'uning  ^^J^nrl; 
AB  there  is  an  elettromotive  force,  while  CD  is  con-    of  Con- 
nected by  one  or  more  separate  wires,  the  network  can 
be  reduced  to  a  system  of  six  conductors  arranged  as 
in  Fig.  34,  and  such  that  the  \vires  AB,  CD,  the  currents 
in  them,  and  the  potentials  at  their  extremities  remain 
nncbanged.     For  currents  ivill  enter  any  one  mesh  of 
the  network  at  certain  points  and  leave  it  at  certain 
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I  other  poiDts.  One  of  the  former  points  most  be 
■  xmroT^  point  of  maximum  potential  in  the  mesh,  one  of 
of  Con-  latter  the  point  of  minimum  potential  The  circuit  of 
the  mesh,  therefore,  consists  of  two  parts  joining  these 
two  points,  and  to  any  point  in  one  of  the  parts  will 
correspond  a  point  of  the  same  potential  in  the 
part.  We  may  therefore  suppose  every  point  i 
in  coincidence  with  pointa  of  the  same  pot«ntial  in  tl»e 
other ;  that  is,  the  mesh  replaced  by  a  single  wire  joinii^ 
the  two  points,  and  such  that  the  currents  entenog  or 
leaving  it  by  wires  joining  it  to  the  rest  of  the  s^'stem, 
and  the  potentials  at  the  points  of  junction,  are 
altered. 

Since  the  only  electromotive  force  is  in  the  wire 
the  current   must   enter   the   network   at   one  of 
extremities.  A,  say,  and  leave  at  the  other  extremity, 
A  and  B  are  therefore  the  points  of  maximum 
minimum  potential  of  the  network.     Hence  we 
replace  the  meshes  of  the  system  one  by  one  by 
wires,  keeping  CD  unaltered  until  we  have  reduced  tl 
network  to  two  meshes,  one  on  each  side  of  CD,  coi 
nected  by  single  wires  to  A  and  £  respectively, 
mesh  and  connecting- wire  can  be  replaced  by  two  wii 
joining  A  and  £  respectively  with  CD,  and  thus 
whole  system  is  reduced  to  an  equi^'alent  system  of  thi 
form  shown  in  Fig.  34.     We  can  now  deduce  from  this 
simple  system  relations  for  the  currents  and  potentials 
ia  the  conductors  AB,  CD,  which  will  hold  for  thew 
raductors  in  the  more  complex  system, 
,  Let  the  electromotive  force  hitherto  supposed  actii 
A£  he   transferred   to   CD,  while   the    resistant 
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Tf,  Tj  are  mtuntained  UDaltered.     The  value  of  7^  will  ^ 

be  obtaiped  from  (15)  bj  retaining  the  numenitor  un-  « jtgtwg 
altered  and  interchanging  r.  and  r.,  r,  +  r.  and  r,  +  r.,  f  ?<'■■ 
r,  +  ^^  and  r^  +  r^  in  iJ.  But  these  interchanges 
will  DOt  effect  any  alteration  in  the  value  of  D,  aud 
hence  the  new  value  of  7^  is  equal  to  the  former  value 
of  7j.  Hence  the  theorem: — An  electromotive  force  p^^j'^Jj^J 
which,  placed  in  any  conductor  Ct  of  a  linear  system,  BeUtiom 
causes  a  current  to  flow  in  any  other  Op  would,  if 
placed  in  Cp,  cause  an  equal  current  to  flow  in  Ct. 

If  the  arrangement  is  such  that  when  the  electro-  Conjiig«e 
motive  force  is  in  Ci  the  current  in  C.  is  zero,  the  current 
in  Ct  will  be  zero  when  the  electromotive  force  is  in 
C^ ;  and  no  electromotive  force  in  one  will  produce 
a  current  in  the  other.  The  two  conductors  are  in 
this  case  said  to  be  conjugate. 

We  can  easily  obtain  another  important  theorem. 
The  five  conductors  AC,  AD,  BC,  BD,  CD,  iu  Fig.  3i 
ma;  be  regarded  as  the  reduced  equivalent  of  a  network 
of  conductors,  at  one  point  of  which.  A,  a  current  of 
amount  7,  enters,  and  at  another  point  of  which,  B, 
the  same  current  leaves.  Multiplying  the  expression 
for  7j  by  r^  we  get  for  the  difference  of  potentials 
between  C  and  D  the  value 

^.    _  T«'-6(V«  -  ^i'-.) /om 

^'  *        '■iCn  +  ^,  +  ^  +  U)  H-  W  +  '■()('■,  +  rj  '  ^     ' 
But  the  resistance  of  the  system  of  five  conductors, 
')etween  the  points  CD,  is 

rj(/-i  +  J-j  +  rj  +  rj  +  (r,  +  r^{T^  +  rj 
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.iijagate  and  if  a  current  of  amount  y^  enter  at  C  and  leaw 
luctors.  -^1  ^1*6  difference  of  potentials  between  C  and  D  4 
be  equal  to  this  expression  multiplied  by  7^. 
product  multiplied  by  rj(r,  +  Tj)  is  the  difference 
potentials  between  C  and  A,  and  multiplied  | 
's/C^'s  +  '"*)  is  the  difference  of  potentials  betw 
C  and  B.  Hence  the  difference  of  potentials  betwi 
A  and  B  ta  the  difference  of  these  products,  or 


r^i^i  +  rj  +  r~+  rj  +  {r,  +  T^{r,  +  rj' 

the  same  value  as  that  given  in  (20)  for  the  different 

of  potentials  between  C  and  D.    Hence  the  theorem  ;-4 

,1      If  to  a  current  entering  at  one  point  j4  of  a  linei 

■  system  and  leaving  at  another  point  B,  there  uorreepoM 

a  certain  difference  of  potentials  between  two  oth 

points  C  and  D,  then  to  an  equal  current  entering  t 

system  at  0  and  leaving  at  D  there  will  correspc 

the  same  difference  of  potentials  between  A  and  B* 

The  following  result  is  easily  proved,  and  is  frequent^ 

e  useful.     If  the  potentials  at  two  points  A,  B,  of  a  linei 

system  of  conductors  containiog  any  electromotive  foro 

be  V.  V  respectively,  and  R  be  the  equivalent  resistance 

of  the  system  between  these  two  points,  then  if  a  wire 

of  resistance,  r,  be  added,  joining  AB,  the  current  in 

the  wire  will  be  ( K  —  V^)i{R  +  r).     In  other  words  the 

linear  system,  so  far  as  the  production  of  a  current  in 

*  The  tbearems  just  proved  have  been  abtninctl  in  ditTerent  waja 
Kirchhofr  [Fogg.  Am.  Bd.  73.  1847,  sod  Oa.  Abhand.  p.  22), 
Uai:irHll  (£1.  and  Afag.  vol.  i.,  p,  371)  (rem  a  comridention 
gCDonl  theory  of  a  linear  aystem. 
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the  added  wire  is  concerned,  maybe  regarded  as  a  single  Effont  rf 
luctiOr  of  resistance  Ji  connecting  the  points  A  B  and  (,f  s  sing 
C'lataining  an  electromotive  force  of  amount  V—  V.  Y"™** 
Flit  let  the  pointa  A  and  B  be  connected  by  a  wire  Sjatmii 
'if  resistance  r,  containing  an  electromotive  force  of 
iimount  V  —  V  opposed  to  the  difiference  of  potentials 
Ijc-tween  A  and  B,  no  current  will  be  produced  in  the 
wire,  and  no  change  will  take  place  in  the  system  of  con- 
1  daetors.  Now  imagine  another  state  of  this  latter  system 
I  of  conductors  in  which  an  equal  and  opposite  electro- 
motive force  acts  in  the  wire  between  A  and  £,  and 
there  is  no  electromotive  force  in  any  other  part  of  the 
svatem.  A  current  of  amount  {V  —  V)!{B  +  r)  will 
tWin  the  wire.  Now  let  this  state  be  superimposed 
"II  the  former  state,  the  two  electromotive  forces  in  the 
"ire  will  auuut  one  another,  and  the  current  will  be 
unchaDged.  The  potentials  at  different  points,  and  the 
(■urrents  in  different  parts,  of  the  system,  will  be  the 
9IIII1  of  the  corresponding  potentials  and  currents  in  the 
two  states,  and  will  therefore,  in  general,  differ  from 
tbose  which  existed  before  the  addition  of  the  wire. 

So  far  we  hame  conBidered  only  eases  of  steady  flow  in  con-  Sieadj 
.iiiclora  which  are  CBlled  linear— that  is,  conductorn  for  which  it  is  flow  in 
'  iirenient  to  conuder  the  total  current  flowing  from  one  equi-  Non- 
J  'ilential  surface  to  another,  and  when  no  electrumotif  e  force  has  Liumt 
:i  Fieat  ID  thia  poHition  of  the  conductor,  to  take  the  ratio  of  the  Condiu* 
■  Mference  of  tJie  polentials  of  the  aurfacen  to  thia  total  current  aa  ' 
'  i..'  resiatance  between  the  surfaces.  It  is  of  importance,  hoW' 
<  VLir,  for  the  comparison  of  experimont  with  theory,  to  cnnaider 
li.e  distribution  of  the  flow  throughout  conductorB,  nnd  the 
fiirina  of  the  equipotential  surfoeea  io  different  cases,  and  for 
this  purpose  it  is  necpssary  to  lind  tlie  differentia!  ei|iiation  of 
liif  poleiitiul  for  the  case  of  steady  flow  in  any  one  medium,  and 
from  one  medium  to  another.  Wb  shall  consider  only  iaotropio 
VOL.  L  M 


niEORr  OF  FLOW  OF  ELECTRICITY.  ^ 

m«<)ia.    Tlie  theory  given  above  (pp.  103-106)  for  Uie  flow'  "' 
heat  is  directly  apptieable. 

AsBuniing  whftt  is  llie  fiinilamental  principle  of  the  theory  fit 
Law;  Kon-  Ohm,  that  the  rale  of  flow  of  elortricity  at  bdv  point,  r,ji,  t.  in  anr 
Lmcur  direction  ia  directly  proporlional  to  the  gradient  of  potenlial «' 
Conduc-  that  point  and  in  that  direction,  we  have  for  the  flow  of  eleelricilj 
*"™  -.     »  .■  -.     -  -^  p^j.jj  ijf  three  mutuailr 


tngular  directions  in 


a  isotropic  medium  Ibe  values 


since  the  flow  takes  place  in  the  direction  in  which  fdiminiahet. 
The  coefficient  k  is  the  Spfctfie  ComltielicHy  of  the  material,  anil  is 
measured  by  the  reciprocal  uf  the  resistance  between  two  opposite 
facea  of  a  centimetre  cube  of  tlie  eubslance. 

Considering  now  an  elementary  reciangulsr  parallelepiped 
having  edges  of  lengths  dx,  dy,  di,  and  its  centre  at  j.f,  t,  and 
containing  within  it  no  electromotive  force,  we  get  for  the  flow  in 
the  direction  of  x  into  the  element  the  value 


and  for  the  flow  out  of  the  element  acroaa  the  opposite  face 


-'{-iii+if+T^y"^'^- 


that   is,  Laplace's  ( 

density  is  therefore 

Surfaea         At  any  point  of  a 

Charaoter-   ductivlty  i,  from  on 


iteady  this  must  be 

KjDntioo  holds  fc 


1  +  -. 


this  case.    The  electn 
of  such  a  conductor, 
rface  which  separates  a  medium  of  oi_ 
[  conductivity  jt,,  we  have  the  equation 


■e  the  rates  of  variation  o 


whererfr/A,,rfr/rfi.^i 

[nifaoe  along  normals  vi,  t^  drawn  from  the  point  into  the  medlR 


PARTICULAR  CASES. 

■  uuiug  Hf  —  V,  vi'e  get  fnr  the  equntion  at  the  Hurfsce  aepnrntiDg     BarftMNt 
'  ooiKluctiiig  meaium  from  one  of  zero  conductivity  Chanieta 

f=» P')'""" 

"I  the  coiDponent  of  flow  nt  right  nngles  to  tlie  surface  ie  aero 

M  every  point  on  the  aurfuoe. 

If  on  Um  Burfiice  of  nepHration  hetween  the  media  there  be  an 
eJectfora olive  force  A' acting  from  tlie  mediiira  of  conductivity  i, 
to  that  of  conductivity  *„  we  have  besides  (22)  the  equation 

r,  -  r,  -  J  =  0 (24) 

where  r„  Tj  lU^  the  potentials  at  tJie  point  but  on  opposite  sideB 
of  the  Burfnoe  of  separation, 

These  difierential  equations  ure  precisely  similar  to  the  equa-  Eleetn 
tioDs  obtainvd  (pp.  102  <J  tfg.)  fur  elect rotitatiu  phenunjena  from  stalio 
the  thermal  analogy,  and  the  solutions  are,  with  the  substitution  Analog) 
nimpty  of  the  analogues  of  certain  qaaatities,  at  once  interpretable 
for  flow  of  electricity.  These  substitutions  are  speci&c  con- 
ductivity for  specific  inductive  capacity,  flow  of  electricity  per 
□  nit  of  area  per  unit  of  time  for  electrosttttic  induction,  and  line 
or  tube  of  flow,  for  line  or  tube  of  force. 

We  ehftll  consider  in  addition  one  or  two  simple  and  interesting 

1.  An  annular  space  contained  within  two  cylindric  Biirfucss  is   Partionl 
filled  with  a  conducting  liquid,  and   the   Inner   and   outer  eur-    " 
inaint&ined  st  given  potentials ;  it  is  required  to  And 
ance  of  the  liquid  for  conduction  between  these  two 

Let  the  inner  and  outer  radii  of  the  space  be  denoted  by  r,,  r^ 
and  tJie  distance  of  any  point  from  the  common  axis  by  r.  We 
may  take  the  flow  as  everywhere  radial  between  the  two  cylinderB. 
L>q)lac0'8  equation  (21)  becomen 


dr'   ^  r   dr  ~ 
By  integration  this  gives 


(25) 


nnd  r  -  ^  log  r  +  ^ (27) 

Hence  if  F^,  Fj  be  the  inner  nnd  outer  potentials  we  have  by  (27) 


I 


But  if  I  be  the  length  of  llie  cylinder,  F,  tlie  greater  potentii'. 
and  k  tlie  «>pec)flc  conductivity  of  the  liquid,  tLe  total  curreot 
is  -  'Zirilr.dFldr  or  -  2iiilJ.     Hence  we  have 


-  2b«^   ' 


2nil  " 


Tlie  expression  on  the  right  is  the  totnl  reMHtance  of  the  liquid 
for  conduction  between  the  two  cylindera,  and  depends  only  on  the 
ratio  of  the  two  radii,  and  nnt  on  their  abaolute  anioiinta.  This 
IB  the  case  of  the  column  of  liquid  between  two  oosiial  cjljndric 
plates  in  a  voltaic  cell.  This  rsxult  might  have  been  obtained 
by  interpretation  from  the  equation  for  V,  p.  5G  above. 

2.  Two  smnll  highly  conducting  Bpherica!  electrodes  kept  «t 
1  different  potentiab  are  buried  in  an  infinitely  extending  con- 
»  doctor  of  comparatively  much  lower  specific  conductivity  i  ; 
it  is  required  to  6nd  the  resistance  between  the  spheres. 

The  potential  of  each  sphere  must  be  nearly  the  same  through- 
out its  mass,  and  if  the  distance  apnrt  he  great  in  comparison 
with  the  potential  at  any  point  in  the  neighbourhood  of  eidier, 
will  be  nearly  in  inverse  proportion  to  the  distance  of  the  point 
from  the  centre  of  the  sphere.  Thus  if  /^,,  f,  be  the  potentials 
of  the  spheres  in  order  of  magnitude,  and  rj,  r,  the  radii,  the 
potential  at  such  a  point  will  he  FJr  in  one  case  and  F^/r  in  the 
other  if  r  he  the  distance  of  the  point  from  the  sphere  in  qaee- 
tion :  and  the  oorreapooding  outward  gradients  of  potentiid 
drjdr,  dVjdr  will  be  -  T,/^,-  VJ,'.  This  jrives  at  the  surfaeM 
nf  the  electrodes  the  ralues  -  Fjr^  and  -  FJr^.  The  outward 
flow  from  the  sphere  uf  higher  potential  is  therefore  ^kF^,  and 
the  inward  flow  over  the  other  —  inkF^  Hence  if  y  be  the  total 
current,  we  have 


For  the  total 
other  we  get 


y  =  2.r*(r,  -  r,). 

R  to  conduction  from  one  sphere  to  the 


PAHTICULAK  CASES. 

I  ^'thtlie  "eartbiDg  "  of  telegrapb- wires  and  other  conductors,  for 
^  «« infer  that  Lh?  reBiBtanoe  between  two  electrodes  buried  In  tlie 
Mlth  l»  practically  iDdependent  of  their  diittance  apart 
L  If  tbe  conductor  were  eeparated  into  two  ports  by  a  plane 
^M'ng  tlirou^h  llie  centreR  uf  the  spheres,  the  reniHtanee  between 
bt  bemiaphericnl  electrodes  in  eacn  part  would  be  double  tliat 
^?Bnby  (30).  orl/,r*. 

3.  The  same  Cftse  ae  in  2,  eicept  that  the  eUctrodcB  are  oircu- 
krdiscs.     Supposing,  as  before,  the  electrodes  to  be  at  adistance       Disi;- 
ertit  in  compnrison  with  either  disc-,  the  distribution  of  potential  Kleairod** 
in  the  medium  surrounding  either  is  the  same  approxiiiialely  as         i";^ 
ii  would  be  if  the  electrode  were  alone  and  char;;ed  in  sn  intinite    ,'"''"'" 
raedium.  Let  rj,  r,  be  the  radii  of  the  discs,  Fi,  Fj  their  potentials    ' 
in  unler  of  magnitude.  If  a  be  the  electric  surface  densily  at  any 
point  nn  the  surface  of  the  disc  at  potential  F„  then  the  outward 
IiArtii«]  oomponent  of  electric  force  —  dF/Jv  =  isa.    Hence  inte- 
gMting  over  the  whole  disc  (both  faces),  and  putting  Q  for  the 
whole   charge,    -  jdi.  dF/dr  =  itrQ.  But  the  total  outward  flow 
my-ijdi.dF/d»  =  4:TkQ  =  6kF,ri  [by  (55)  p.  53  above].     In 

tfan  Mine  way  from  the  other  disc  y  =  ijriQ, ikF^,.     Hence 

y  =  «(r,r,  -  F^J  =  (F,  -  F^IS. 
SInee  F^r,  »  -  F^r^  ibis  gives 


Sir.: 


■   (31) 


We  infer  that  the  parts  of  R  due  to  the  respective  discs 
aiel/8)tT,  nnd  l/Hhr^ 

It  the  alecs  lie  in  the  hounding  surface  conduction  takes  place 
ffi.m  only  one  face  of  each,  and  the  value  of  K  is  twice  that  just 
.'btFiined. 

Thin  result  gives  an  inferior  limit  to  the  correction  to  be  mode   Correotiou 
ri  the  residlance  of  a  cylindrical  wire  which  w  joined  to  a  large         for 
iiiAHH  uf  metal.*     Let  the  junction   he  mnde  by  a  thin   disc  of    MusiVH 
pprfettly  conducting  matter.     Theendof  the  wire  will  be  brought    El«ctrodu  . 
to   one   potential,  and  therefore  its  conducting  power  up  to  the  JO'"*?  ^i^ 
disc  fully  made  use  of.     Hence  an  inferior  limit  to  the  correction      r/at,  | 
is  an  addition  of  l/4itr,  to  the  resistance,  or  if  li^  be  the  conduc- 
tivity of  the  wire,  of  wk'r/ik  to  the  leOKth.     Lord  Rayleigh  has 
giv«n  "8212  tfr/i  as  a  superior  limit  to  tiie  addition  to  the  length. 


'  Sm  Huwdl,  St.  and  Mag.  »ol.  i.  pp.  3BB,  397  [sec,  od.). 


^k 


iieiltoto 
Win.  M 


VARIABLE  LISEAR  FLOW. 


>ccnnling  sa  tlje  upper  or  lower  sign  ie  taken.      Taking  now 
,    Tor  ponvenience  k  m  the  cooductivitj  of  tlie  conductor  per  unit 
■^f  length,  we  have  by  Ohm's  law  for  the  6aw  toworda  the  right 
!ia  A  and  C  leBpectivelf  the  expreBHions 


'(f 


I  nie  flow  ftcrose  the  outer  surface  is  proportional  to  tLe 
nee  of  potentials  between  the  wire  and  the  eitemal 
B  of  the  coating,  that  ia  to  y.  If  we  denote  by  h  the 
idactivjty  of  unit  length  of  ilio  coating,  the  lirne-rat«  of  loss 
cfanrKe  acrosB  the  lateral  aurface  of  the  portion  between  A  and 
||  AFtr.  The  tolnl  rate  of  loss  of  charge  from  this  portion  of 
ivi/e  in  equal  to  the  cicesa  of  the  rate  of  Iohb  acroaa  C  and 
\  lateral   aurface   above   the   rate   of  guin  across  A,  itiid   is 


St  +  hrSx. 


le  effect  of  loss  of  charge  must  be  to  lower  the  potentini  of 
I  elenient  between  A  und  C,  and  the  rate  of  fall  of  potentini 
It  be  equal  to  the  last  expression  divided  by  the  electrostatic 
Kity  of  the  element.  By  (60),  p.  56,  the  capacity  of  the  wire 
_  unit  of  length,  if  of  circular  section  and  covered  with  a  coaxial 
mlating  coating  also  of  circular  section,  is  1/2  log  (j/a),  where  a 
Bie  internal,  b  the  external  radius  of  the  covering. 
hooting  this  by  c,  we  have  for  the  capacity  or  the  element 
*.  Di%-iding  the  rate  of  loss  of  charge  by  this  number,  and 
■ting  tlie  result  to  —  dF/ill,  the  time-rate  of  fall  uf  potential, 
i  get  the  differential  equation 


dF 


i  d^F 


....     (32) 

This  is  prcoipely  the  same  as  the  equation  of  the  linear  motion 
of  beat  given  by  Fourier,*  and  his  aolutions  are  immediately 
applicable.  It  ia  of  course  for  A  =  0  a  particular  case  of  (97), 
p.  lOS  above- 

*  rtorK  AiteUytiqut  d«  la  C/taleur.  Chap.  U.  Art.  lOfi. 


VARIABLE  FLOW. 
n  may  be  aimplified  by  writing  V  = 


(39A») 


which  ifl  the  differential  e(|Dation  tor  i  =  0  or  the  ca«e  of  eero 
leak'ige.  A  Bohition  for  the  Intter  cane  caa  be  converted  into 
one  for  any  value  of  i  by  Bimply  multiptying  the  polential  found 
by«-M/e. 

Sir  William  Thomson  has  given  the  name  difativity  to  the 
quantity  t/c,  and  ilenotea  it  by  i.  The  quantity  il  currcsponds  to 
what  for  thsrmal  radiation  lie  haa  called  emiimi'ili/* 

Tu  integrate  (32)  for  the  oaae  proposed  above,  let  firat  the 

end,  jr  =  0.   of  the  cnble,  to  -which   the  battery  is  applied,  be 

brought  suddenly  at  time  (  =  tl  to  potential  F^  and  kept  at  that 

potential  ever  afier.     Let  r  be  measured  from  that  end,  ond  let 

■'  /  be  the  length  of  tlie  cable.     The  potential  for  x  =  I  is  likewise 

''  nlways  zero ;   and  there  is  a  conlinuiil  approach  with  lapse  of 

■    time  to  a  state  of  uniform  variation  of  potential  with  reeielsTicB 

from  one  end  to  the  other.     These  renditions  are  fulGlled  and  ti 

differential  equation  satistied  by  the  solution 


+  n.-"/»2  Ai,^ 


I 


where  i  is  any  integer,  and  k  is  written  for  k/e.  , 

It  only  remains  to  determine  the  constant  Ai,  so  that  when  tb 
only  infiniteaiinally  greater  than  0,  F  =  fn  for  x  =  0,  and  =• 
for  every  other  value  of  x.     Putting  f  =  0  in  (S3)  we  get  t 
equation 


S  ^"'' 


^I-.)»'»h 


,-(l-.>v'w«« 


which    mnst    hold  for  every  value  of  «■  greater   than    i 

Multiplying  both  sides  by  sin  (jirx/fjitx,  where  J  is  ai . 

and  integTiiting  from  ;r  =  0  to  j^  =  ^,  we  get  on  the  left  (rinji 

'  Eneytl.  Bril.,  Art.  "  Heat",  g  71. 


FLOW  ALONG  TABLE  OF  FINITE  LENGTH. 


every  term  vanishes    eicept  tlint   for  which  j  =  i)  At.  1/2  ; 
Had  on  the  righL  -  iirKlcj(i^KC  +  iP).     Hence  (33)  twcomea 


F  =  F  't'-'>^*^"  -  «-«— )^*'" 

Tlifl  series  on  the  right  is  convergent,  and  admits  of  easy  nurner 
evaluation. 

If  the  lenkaga  is  incotisidcrabk,  ttiat  is,  if  i  mny  be  taken 
zero,  the  equation  reduL'es  to 


Putcntiil 
&t  diataticu 

(tending 
.        end,. 


>:'-^'-«'.Xl 


r-  ■  m 


From  this  we  obtain  tlie  (current  y  at  distance  x  from  the  end 
■  =  0  (the  sending  end)  by  finding  -  kdFjdx.     We  thus  get 

=  iF   ^  tC"-')*'^  -  r-<i-*)*'»Ar 


(lV|i/<e 


i-lv'w.o 


CoiTent  w. 

diBtan<!ex 

sending 


2ir„ 


_'  iVw  +  A'P 
When  X  =  i  and  il  =  0,  tliis  becomes 


•  .     (S6) 


t 


1  +  2S(-')' 


pk  nqridly  convergent 
'  »  =  /  (the  receiving  i 
Tlie  oflinntes  of  c 
Id*'  values  of  y  for  different  values  of  t 
i  of  the  current  ia  talcon  as  unity 


^ries  which  gives  the  current  at  the  end 

id)  when  the  leakoKB  is  zero. 

rve  A,  Fig.  36,  calculated  from  (37),  give 

sbeciBsee.     Tlie  filial 

nit  of  the 


scale  of  absciiisre,  is  for  the  reason  stilled  below  made  to  represent 
I  =  2/'/n'» .  log  j.  The  sum  of  the  series  on  liie  right  approaches 
4  as  f  is  made  inure  nnd  more  nearly  zero.  Hence  the  current  at 
the  end  of  the  cable  is,  as  was  to  be  expected,  zero  immediately 
ftfter   tliB   first   contact.     It  does  not  differ  sensibly  from  zero 


vabiable  flow. 


until  the  firet  lerm  of  the  series  ia  grealer  than  J,  thai  is  until  ( 
is  greiil^r  than  P/v^k.  log  j.  This  value  of  /  has  been  called  hv 
Sir  William  Tlicioison  the  retardation  of  the  cable.  After  tlie 
inlervai  of  returdaljon  hna  elapsed  tlie  current  increases,  as  » 
the  diagram,  rapidly  at  first  and  more  and  mori' 
gradually  iifi«rward0  lowards  tne  value  iFjl,  which  it  reicliru 
when  (  =  CD .  This  agrees  with  what  we  ought  to  eipet't.  ae  l!l 
is  the  resistance  of  the  whale  cable  and  Fq  the  diScreace  of 
potential  between  its  eitremitieij  :  the  Ntate  uf  the  cable  ap- 
proaches a  unifonu  gradient  of  poleotiul  from  end  to  end. 


Granhic         Outre  {!)  gives  the  current  at  the  receiving  end,  for  differ" 

itolationa    values  uf  I  as  nhsciRBiB,  iu  the  case  in  which  tlie  sending  end  fi 

iadillereut  broui;ht  suddenly  to  potential  f^  and  maintained  at  that  polm*' 

caaes.       tial  tor  ou  interval  of  time  a,  or  twice  the  retardation,  and  then 

brought  suddenly  to  zero  potenlial  and  kept  so  ever  after.    It 

hnn  been  coiiBtrucled  by  cnmpounding  with  A  the  asnio  curve  as 

^  drawn  on  the  opposite  side  of  the  lineofabBcissse  and  beginning 

at  a  diatonee  a  to  the  right  of  zero.     Curvea  (2)  and  (3)  give 

similarly  the  curT«ntB  for  the  cases  of  contact  nt  the  same  constant 

potential  lasting  interTals,  renpectivcly,  foul  times  and  six  times 

the  retardation. 


k CONDITION  OF  SIMlLAKITy  OF  TWO  CABLES, 
e  (B)  gives  the  carrent  for  the  aose  of  contact  of  duration  Craphii< 
it«ly  eliort.  Ttie  equation  or  a  finite  value  of  r  is  Euluii"]..' 
iy  iudiUowii^ 

-  =  7. -y.-., (38) 
y,  'lenotes  tbe  current  at  time  /  due  to  +  ?'„  eBtubliehed 
origin  when  /   =   0,  and  Fi-,  the  current  due  to  -  To 
liiM  eetabliitbed  at  lime  S  =  t.     But  if  r  ie  very  HUiall  we  may 


'~  s  (- ')'+ 


Ttiii  curve  eoincides  with  tbe  other  ciirvea  from  /  =  0  to  /  =  a/2, 
»nd  risea  rauidly  lo  a.  maiimum  wbitb  it  reachea  whan  ir'ttlP  is 
a^Deurly. 

Cuu»i(ierin^   the   distrihulinn    of   potential   in   two   cables   of  Canditioa 

Iniglht ;,  f  with  the  siiine  potential  at  the  sending  ends,  we  see     "t  pimi' 

'•StpoiiitB  «,  *',  fulfilling  the  condition  *//  =  y/f  will  be  at  the    '"i'y  *" 

Jie  potential  for  the  same  value  of  (  if  «//"  =  n'Sf*.  ibat  is.  the  t«o  ™1>1.-b 

^tWMhles  will  hitve  the  anme  retardation  only  if  llie  dlffucivilies  wdilToreut 

^   IWBtlie  squares  of  tbe  lengtlis  of  the  cables.     But  ditTusivity     "'«"»'■ 

■  kjf  =  l/re,  where  r  is  the  Tesistance  of  unit   length  of  the 

**i>\»;  hence  in  order  thut  the  reiardatiun  at  distances  x  varying 

"")  lengths  uf  the  different  cables,  or  at  the  receiving  ends, 

.  .'siuam  C'onstunt  re  must  vary  inversely  as  the  square  of  the 

lenpli  of  the  Ciihle.     This  means  practically  thut  the  diameter  of 

tho  ronduL-Ior  and  the  external  und  internal  diameters  of  the 

cvrering  must  be  doubled  when  the  cnble  is  doubled  in  length  in 

order  that  the  speed  of  signalling  may  remuin  unchanged.*' 


of  ilB  validity  by  thoM  interested  ii 
I  adoption  of  copper  of  the  highest 
pnwible  cimdactiVity  for  the  conductors  of  the  cablra,  aud  of  matarial 
(vmU  liug  low  spocifiu  inductivH  capicity  with  high  meistanci^  for  the 
arering.  This  has  given  rite  to  a  new  indniitry,  the  niauuracture 
B  ■  eiTiDinerrial  seals  of  [irnctically  purr  copper,  now  curried  on  to  an 
—  Ml*  nitent  The  scientific  expcriniDiits  made  in  order  to  find 
_je  miterials  have  added  greatly  to  knowledge  of  electrical  pro- 


r 


DeiiTfttion 

»rH«Iulton 

fntni  tbRt 

for  Finite 

Cahic, 


TARUBCE  PLOW. 

TIm  unw  TOiH-Ineton,  it  iR  to  be  ninMiad.  majr  beil<*nr«d  from 
Iht  diffezemi&l  equation  ilirectlj.     For  ilie  t*o  nioatiiaM 
dF       )_<l^        ^  _   1  ^^ 
,dl    ^  re  di*"        if    ~  t'^  d^ 
»re  identical  if  j*/*^  =  tfi'lfre-.  in  other  wonls  two  cabl«i  uc  aX 
Mual  potentials  at  BitniUrlj  nilaate'l  pointa,  (tLi«t  ispointifoc 
whicli  il^  —  llf),  at  tbe  same  lime.if  f'/y  =  r>;rr.  Tbishobk  alao 
in  (he  case  of  leakage  if  the  fartherreUtioo/'yP  —  i;i'b(ntfi[|«d. 

It  will  be  obaerved  tliat  tLeta  is  proper)}'  apenkiEij^  aa  Tchicitj 
of  propagation  of  electiicitj  through  a  cable.  In  tbe  example* 
giveo  above  (p.  170)  aa  eoonaacoDtact  ismul^  at  the  aeodii^  enii 
the  poleotial  at  distance  t  begins  to  rise,  inhnttel;  (lowly  at  fint, 
but  with  gradually  increasing  rapidity  ontil  after  a  certain  interral 
of  time  ban  elapiMd  the  potentiaj  has  riaen  to  a  speci6ed  fraction 
of  ita  maziniuni  amount.  This  interval  of  time  depanila  as  we 
have  seen,  p.  170,  ud  the  nature  of  the  cable.* 

In  the  ciwe,  however,  of  an  impressed  potential  at  the  eending 
end,  varying  as  a  simple  h^innonic  function  of  the  time,  there  is 
a  definite  rate  of  propagation  of  the  electric  impolses  through  the 
cahle.     This  caae  we  shall  coi)>ider  later. 

Biiuations  (3-1) . . .  (39)  contain  the  complete  solution  of  the  pro- 
blem proposed  for  the  different  circumstances  considered;  and  from 
thii  solution  we  can  easily  obtain  the  solution  of  related  probletna 
of  great  interest.  We  shall  consider  first  the  case  of  an  infinitely 
long  cable,  or  which  is  the  same,  a  cable  whose  length  I  is  great 
in  comparison  with  the  distance  x  of  Huy  section  considered ;  and 
we  shall  assume  iirst  that  lliere  is  no  leakage.  From  the  solnUon 
on  this  supposition  we  can  easily  pass,  as  shown  above,  la  that 
for  an  infinitely  long  cable  with  a  covering  of  unifurra  conductivity 
h  per  unit  of  Itngth. 

AsBiiming  that  /  is  very  great  in  comparison  with  x  we  may 
write  in  (35)  a  for  inrjl,  da  for  nxH,  anil  the  sign  of  integration    i 
for  that  of  Bi  -         i^.  .     ■ 


■ir^  I 


Tills  integral  may  be  simplified  as  follow 
on  Integral  Calculus  that 


(«»j 


r--" 


THEORY  OF  LOKG  SUBMARINE  CABLE. 

Mnhipljing  both  sides  of  tliis  eqiiBtion  by  rf«  and  iotegrating 
with  respect  to  n  beiweea  llie  liiiiiU  0  anil  1  (nn  the  loft  within 
the  mgn  of  integration),  we  get 

B   B  Jn  Jo 

Writing  the  last  integral  in  tbe  form  I  «-'*  di,  and  putting 
^  =  j*/4j(/  at  the  Huporior  limit  we  boTe 

-^-_    ['.-"d.)    ....     (41) 

•JjT   J  0 


It  hiis  been  shown  by  Sir  Willi 


TboruBon  •  that 
ISi+D.'/itti  COS  (li_+I^_f  4 


VffMI 


'X-'"* 

where  ■  ie  an  integer,  and  M  a  quantity  wbicli  is  ineenEihle  if  a 
W>  large  that  to  the  degree  of  accuracy  to  wbicU  the  value  of 
■*  is  dexired  »-■'/*  niny  be  neglected. 
By  multiplying   botlk   sides  of  this   equation  by  /{i)dt   nnd 

intepating  between  0  and  i  we  can  evaluate  j    t-^/{z)di  in 

any  caw  in  which  I    /(«)  co»{iwtla) .  dt  can  be  easily  calculated, 
;tiae/W=  I  we  get   ^ 

(-2.-_+ .)..,, 


*-*if 


(jii  +  i)V;^-t 


,-{w+i)!»"/<a»8i 


where  5  is  inHensible  if  a  fulfils  tbe  condition  already  stated. 
The  series  is  rapidly  convergent,  and  a  very  few  terms  suffice 
to  give  the  nunierical  value  of  tbe  integral  lo  a  high  degree  of 
kccuncy. 

Calculating  thus  tbe  values  of  V  for  different  values  of  I  and 
a  single  value  of  z,  and  plotting  tbe  remtlls  with  values  of  i  as 
a  and  tlie  correaponding  values  nf  V  as  ordinales  we  get 


•  Math,  arut  Phyi.  Papers,  rol.  ii.  p,  56.  •  On  the  Calculation  of 
ent*  of  the  form   /  t~''f(x}dx.' 


VARIABLE  FLOW, 

the  carve  A,  Fig.   3G,  which  Ihefefore   representa  thi 
potentist  at  Ilie  dietanc^  z  fiom  Ihe  urigin  uflct  the  eBtabltshmefl 
of  putentiHt  ff,  at  the  origin. 

If  the  potential  at  the  origin  be  maintained  at  ?",  for  on  interval 
...  I  of  time  T,  and  be  then  brought  to  zero  and  kept  ho  et'er  after,  the 
pBhort  potential  at  an^  section  at  distance  x  may  be  suppoxed  pr(Klu(?«ti 
Rltactfl.  bjr  supposing  impressed  at  the  origin  a  potential  F^  from  /  =  " 
.ml  a  poteatial  -  f,  from  f  =  r  to  /  =  oo .     Tliia  it 


taphic 


be 


jpposed  done  by  conneciing  for  an  interval  r,  nt  the  end, 
0,    of  the  cahie  one  lenniDal  of  a  suitable  battery  whose 
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Fio.  36. 

reaistance  is  Bmall  compared  with  that  of  the  caHe,  whils  the 
other  terminal  ie  connected  with  the  enrth.  then  disconnecting 
the  battery  nnd  keeping  both  ends  of  the  cahlo  in  contact  with 
the  earth.  The  curve  of  potential  for  thp  former  of  these  is  A. 
(hnt  for  (he  ktter  ie  simply  A  drawn  on  the  opposite  aide  of  the 
line  of  abscisRie  and  beginning  at  a  distanoe  t  to  the  right  of 
zero.  The  reaidtant  obtained  by  compounding  these  two  curves 
shows  for  the  case  coneidered  the  varintion  of  potential  at  distuicf 


"CURB-SIGNALLrNG"  THROUGH  CABLES, 

r  fmtD  the  origin.     Potential  curvea  drAwn  in  tliia  manner  are 

L'iven  in  Fig.  36,  (!)  for  r  =  i»/4it,  (2)  for  r  =  2t'/4«,   (3)  for   ! 

!  =  3j^/1«,  tlinl  IB  for  vsIugb  of  r  respectively  a,  2a,  3a  on  the    for  She 

•c«le  of  the  diagram,  CoaOatai 

CntrpB  cHU  be  rtrawii  in  a  nimiliir  manner  for  olber  cnseB :  for 
wsniple  the  cane  of  polertial  at  the  origin  +  F„  for  «n  interval 
S«,  then  -  Kfl  for  an  equal  intervnl,  then  +  K,,  for  an  interval  it, 
ni  lero  polentinl  ever  after.  Tliis  curve  would  be  drawn  by 
ewnpoundiiig  with  the  curve  A,  Fig.  36,  three  other  curves,  ne 
Ibllowg, — s  negative  curve  with  ordinatea  double  those  of  A  for 
the  ume  abacissn,  and  starling  at  (  ■=  da,  a  positive  curve 
pTMntiely  the  Bame  bh  the  lust  in  ordinatea  and  abscians,  and 
tUrting  at  /  =  fin.  and  lastly,  a  negutive  curve  precisely  the 
Biiau  B8  A  starting  from  I  '^  la.  Another  important  case  ia 
Ui»l  in  which  the  potential  at  the  origin  ia  }\  for  say  3o,  then 
-  r,  for  2«  nnd  zero  ever  after.  The  ciir\-e  for  this  ,:a9e  would 
bo  dniwn  by  omitting  the  last  curve  of  the  previoiia  example, 
»nd  making  the  positive  curve  atart  at  (  =  ba,  instead  of  itt 
'  =  (lo. 

these  examplea  are  of  interest  as  illustrating  what  is  called  Curb' 
'curh-WKnalling"  through  telegraph  cables.  When  to  produce  Signi"" 
■  VftaA  the  battery  is  applied  at  the  sending  end  of  the  cable  for 
•ay  interval,  and  that  end  then  placed  in  contact  with  the  earth 
»in  ordinary  uncurbed  signalling,  the  potential  at  a  distance  x 
f»pidly  rises  and  then  slowly  falls.  To  more  rapidly  discharge 
"is  cable  so  as  to  bring  the  effect  of  one  signal  to  zero  before 
■nother  is  began,  and  thutt  render  the  eignala  sharper  and  more 
tfftinet,  the  operator,  instead  of  putting  the  cable  to  earth  after 
;ll)»S«t  application  of  tlie  battery,  reverses  the  battery  on  the 
'~^le,  generally  for  a  shorter  interval,  as  in  the  second  case  just 
iribed,  and  then  connects  to  the  earth  before  beginning  the 
'  sigDal,  This  has  been  called  signalling  with  gingU-cuTb. 
sr  of  thus  dividing  the  signal  into  two  parts,  a 
negative,  the  operator  may  arrange  to  divide  it 
three  parts,  a  pnaitive,  a  negative  and  a  positive,  of  suitable 
itioDS,  aay  ia,  ia,  a,  or  3a,  2a,  a,  nnd  then  connects  to  earth. 

effect  of  the  positive  third  part  is  to  render  the  potential  of 

the  cable  more  nearly  ;iera  throughout  at  the  end  oi  the  signal. 
This  has  been  callt-d  signalling  with  dnubU-airh.''  Curve  (o) 
Fig.  2&  ebowa  the  current   in  the  cable  for  the  case  of  curb- 

*  An  instrumBut  by  which  the  signals  arc  made  and  the  curb,  either 
^«  or  double,  in  any  required  prnportioDS,  ii  applied  autnoialically, 
I  bern  invented  by  Hir  William  Thomson.  For  desoriptioa  see 
■  f  At  Soeietf  <if  Tet*gTapk  Rigineen  for  1878. 
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signalling  in  which  the  positive  pole  of  the  bmtteiy  is  applied  for 
an  interval  3a/2,  the  negative  for  an  equal  interral,  and  ludj 
the  positive  for  an  interval  a/2. 
Analytical      The  erjuations  of  the  carves  (1),  (2),  (3)  of  Fig.  36  are  easily 
Solution    obtained  from  (41)  above.    For  let  Ft—r  denote  the  potential  at 
for        distance  x  from  the  origin  due  to  potential  V^  established  at  the 
Infinitely  origin  when  /  =  r,  and  U  the  potential  at  x  after  time  t^  doe  to 
Short       ^  Vq  established  at  the  origin  when  ^  =  0  with  —  F^  Baperina^ 
Contact    posed  when  t  =  r.    We  have 


U-:-  Ft  -  Ti-T.    . 

If  r  be  small  we  may  write  this  equation 

,,         ffF         dF  dz 
at  dt    dt 

Using  this  in  (41)  we  get 

27r*ici/| 


(^ 


(43) 


If  tlie  interval  r  be  finite  then  plainly 

27ria  J  0  (/  -  ^' 


(44) 


where  S  is  any  value  of  /  less  than  r. 

In  actual  practice  the  value  of  the  potential  at  the  origin  is 
not  constant  throughout  the  whole  interval  during  which  the 
battery  is  applied  but  varies  with  the  time.  Hence  the  potential 
at  the  origin  after  tlie  interval  has  elapsed  from  the  instant  at 
which  the  battery  is  applied  may  be  denoted  by  F{0),  This 
substituted  in  (43)  for  Fq  gives 


U^  _^W)r_ 


t-a^lUt 


(46) 


and  (44)  becomes 

2fr*a  J  o(i  -  B)i 


.    (46) 


It  is  to  be  noted  that  only  values  of  /  which  are  greater  than 
T  c»m  be  ii8Pd  in  the  evaluated  intograls  of  (44)  and  (46). 

The  current  y  at  time  i  and  distance  x  from  the  origin  can  be 


SIGSALLINfi  BY  C0SDEN3EES. 

-  i.dr/ilx.      For  osample 


■     {") 


f'oimd  in  every  cnse  by  cnlculalitig 
tiom  (41)  Vftt  get 

^  di'  dx"    irlC'J*   ' 

"' IiLcb  gives  the  current  at  distance  f  from  the  Bending  end  in  a 
^  .»Wb  wliich  is  so  long  that  k-fyi  is  negligible.  Tbe  v;ilue  of  y 
'■•  tl,U  cdfle  Ib  a  mailiiium  fur  I  =  r'/'it,  and  gradually  falls  lo 
=e  ro  for  /  =  00 . 

If  I  be  not  BO  greiit  that  t/y/  can  bo  neglected,  tbe  tertn 
,~^  F^/l  niuflt  be  restored  to  equation  (41)  before  differcntiition. 
X^ke  current  in  tliiB  uuBe,  at  dialiuice  x  email  in  coinpariBon 
^^ith  /,  is 


=  tF, 


(r  + 


.ri{itOt  / 


(48) 


*»-Tiii  continually  approacliea  the  value  kFo/l.     The  charttoter  of 
■*-r«e  curve  is  tbe  same  aa  tbat  of  A.  Fig.  36,  above. 

KThe  equatifin  for  y  in  the  ease  of  an  inBnitely  short  conflict  ib 
taioed  ffoni  (43)  as  before  by  calculating  -  k.dUliix.  We  get 
acr 


•iiriika 


S  (£-■)■ 


(49) 


n  for  (  =  T'lnnt.  m  zero  for  /  =  *»/2«  and 
e  for  greater  values  of/,  and  gradually  approaches  zero  as 

In  practice  the  speed  of  signalling  ia  increased  by  the  nse  of  SignalUi 
'  ondensere,  bo  tbat  tlie  conductor  of  the  cable  is  kept  iiiaulated.  by  Can 
''lie  [eruiinal  of  the  battery  is  connected  to  earth,  the  other  to  dciuent^ 
"Fie  surface  J  of  a  large  tondenaer,  the  other  surfaoo  of  which 
li  is  jobed  with  the  near  end  of  the  cable.  The  farther  end  of  tliu 
r.'.ilile  is  in  contact  with  one  surface  B'  of  another  large  condenser 
of  which  the  other  surface  A'  ia  connected  to  earth.  The  surface 
.4  cotnea  rapidly  after  contact  to  the  full  potenlial  which  can  ha 
pttjduoed  by  the  battery,  and  the  surface  B  becomes  oppositely 
harged  while  the  surfaces  B  and  A'  at  the  further  end  bet'oiue 
:<'<.'tnl]ed  in  the  manner  of  .-t  and  B  respectively.  There  is  tliaa 
.  (positive  or  negative)  flow  of  electricity  from  the  battery  to  A, 
:  '>ii>  B  io  B^  'm  tlie  cable  and  from  A'  to  eurth,  and  tliis  instead 
f  continuing  and  approaching  a  steady  state,  as  in  tbe  coses 
ir-^^ady  cunsidered,  while  the  battery  cont^ict  is  maintained,  falls 
iI  towards  zero  as  the  cable  approaches  a  uniform  potential 
riirotighout  The  signals  are  thereby,  when  the  operations 
TOL.  I. 


VARIABLE  FLOW. 

described  abore  nre  performed   at  A,  which  i 
ing  end,  rendered  Hliarper  oiid  a  bi^'her  speed  of  signallingj 
oblainable.  * 

We  sliall  conclude  this  part  of  the  subject  with  the  eolul 
'1  of  for  an  inSoitely  long,   well  insulated   eubniftrine  cab' 
trio     potential  at  tbe  origin  varjing  according  to  a  aiiuple 
''"      function  of  the  time.     Let  tbo  potenlinl  be  ^g  sin  '2iit,  thei 
^  *    potential  at  distance  z  from  the  origin  and  tiroe  /  n 
inna  jf^ni  any  inatant  at  which  the  potential  at  the  origin  % 
will  be  given  by  tlie  equation 

F  =  V^' ^''l<  sin  (2»/  ^  z -/Hfi), 

for  tbia  value  of  F  satisfies  the  differential  equaiion  and  all  i 
other  required  coiiditiona. 

Tlie  interval  between  the  time  of  any  particular 
origin  and  that  of  the  corresponding  phiwea  at 
«'/2  Vni  and  tbo  corrcspooding  value  of  F  ia  diminished  in  the 
ratio  of  1  to  f-t^^'.  An  electric  pulse  or  wave  of  potential,  of 
amplitude  diraiaiahing  per  unit  of  distuice  travelled  in  tha 
geometrical  ratio  r-"*^*!',  is  tlius  propagated  along  the  cable  with 
velocity  2  •Jmc,  that  ia  the  velocity  of  propagation  ia  directly  as 
tbe  square  root  of  th,e  product  of  the  frequency  (h/tt)  of  tlie 
oscillation  and  ttie  conductivity  of  the  cable,  and  inversely  as 
the  electrostatic  capacily  per  unit  of  length. 
Uae  of  Such  a  liannonic  variutioQ  of  potential  could  be  produced  at 

Tcleribone  the  nending  end  by  a  telephone  responding  to  a  musical  note  of 
ou  Cable,  definite  pitch.  If  the  note  have  a  frequency  of  100,  that  is  to 
aay  s  period  of  1/100  of  a  second,  and  the  cable  have  a  copper 
conductor  of  resistance  of  6  ohms  (6  x  lO-n  CG.S.  electro- 
static units)  per  knot,  and  an  electrostatic  capacity  of  '3  micro- 
farad per  knot  (3  X  10<  C.G.8.  electrostatic  units)  the  velocity  of 
propagation  of  tbe  note  will  be  about  930  knots  per  second  ;  and 
tlie  amplitude  will  be  diminiabed  to  ^  its  initial  value  in  traversing 
abnut  ^2  knots  and  to  j^  in  traversing  about  96  knots.  Ia  tlie 
cnae  of  a  telephone  responding  to  notes  of  different  pitches  pro- 
duced sitnultnneoUBly,  the  pulses  correaponding  to  the  higher 
notca  would  be  transmittt'd  with  the  greater  velocities,  and  would 
be  received  in  order  of  pitch  beginning  with  the  highest,* 

•  The  subject  of  the  TnuiBmiMion  of  Elsctriral  Waves  along  a  Wir^  J 
hers  only  touohod  ttjion  under  limitations,  has  been  mors  iully  " — 
cuaed  by  Professar  S.  J.  Thoiuson,  Proe.  London  Math.  Sm,  vol  x 
Hos,  872,  37S  ;  and  by  Mr.  Oliver  Heaviaide.  PhiL  Ma^.  Feb.  U 
~  le  also  Sir  William  Thomson's  HiUh.  and  Phjii.  Paftrt,  voL  ii 


A.   PHYSICAL   quantity  is   expressed   numerically  in 
terms  of  some  convenient  magnitude  of  the  same  kind 
taken  as  unit  and  compared  with  it.     The  expression  of      °^  ? 
tbc    quantity   consists    essentially   of   two    factors,   a  Qouitit;. 
numeric*    and    the    unit    with    which    the    quantity   ui 
measured  is  compared  ;  and  the  numeric  is  the  ratio  of 
the  quantity  measured  to  the  quantity  chosen  as  unit. 
ThoB  when  a  certain  distance  is  said  to  be  25  yards, 
-what  is  meant  is  that  the  distance  has  by  some  process 

*  Tlie  term  immeTK  has  beeu  introduced  by  Prof.  James  ThomaoD 
('Itiomsoli's  "Arithmetic,"  Ed.  LXXII.,  p.  4)  09  an  abbrDTiatiDli  of 
"nnniericiU  expression."  It  denotes  a  number,  or  a  proper  frsutioii,  or 
ui  improper  ftiu:tion,  or  an  iDcommeaanrahie  ratio,  Wn  shiiU  find  it 
conveuieat  to  employ  it  bare  where  wo  wiah  to  lay  stress  on  the  fact 
Uiat  we  are  duUng  with  what  are  easontiallj  nnuierical  eipreaaiotiB. 
Of  conrw  what  ia  avtaallj  ineaiit  by  the  conreniently  brief  eipreidons 
'■«  length,  X,"  "amuss,  M,"  "aforee,  ^."aiKi  the  lite,  ia  simply  that 
X,  Jf.  F.  to.,  denote  the  numerica  which  express  the  tBspective  qtian- 
titka  in  l«>iiia  of  the  imila  chosen,  that  is.  are,  as  we  shall  say  below. 
the  Humeria  oj  Iht  tptaalUia  in  terms  of  those  auitt.  Further  IB  sneh 
pbnsGsaa  "  the  product  of  masa  and  Tetocity,"Dr"theprodtictofcliargD 
lUid  potentiftl,"  and  ao  on,  the  product  (ur  whatever  other  functian  is 
specified)  of  the  namerics  is  of  coarse  what  is  intended.  If  all  mch  ei- 
(ucwioiia  were  made  verbally  aneiceptionBble,  the  rcniltiiig  prolixitj- 
would  tie  intolerable, 

N  2 
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Num. lie    ])cfu  coiuparud   with  the  length,  under  specified  cou- 
Unit      ditions,  of  a   certain   standard   rod    (which   length  is 
defined  as  a  yard)  and  the  ratio  of  the  former  to  the 
latter  found  to  be  25. 

The  unit  of  nieasurement  is  of  course  itself  capable 
of  being  expressed  numerically  in  terms  of  any  unit  of 
the  same  kind,  and  in  the  same  way  therefore  its  full- 
expression  consists  of  a  numeric  and   the   new  unit^ 
Hence  if  N  be  the  numeric  of  any  physical  quantity  i 
terms  of  the  unit,  iV'  in  terms  of  another  unit,  and 
che  numeric  of  the  first  unit  in  terms  of  the  second,  w^ 
have 

N'^^n.N (1> 

Change-  In  order  therefore  to  find  the  expression  N'  of  the? 
quantity  in  terms  of  the  second  unit  from  its  expression 
N  in  terms  of  the  first  we  have  to  multiply  by  n,  the 
ratio  of  the  first  unit  to  the  second.  This  numeric  has 
been  appropriately  called  the  cJiange-ratio  for  the 
change  from  the  first  unit  to  the  second. 

Arbitrary  The  change  from  N  to  N'  cannot  be  made  unless 
the  change-ratio  n,  is  known.  Each  unit  may  have 
been  arbitrarily  chosen  without  reference  to  any  other 
unit,  and  n  determined  by  some  process  of  measure- 
ment ;  or  the  units  may  have  been  derived  from  certain 
chosen  fundamental  units,  and  the  ratio  deduced  from 
the  relation  of  one  system  of  fundamental  units  to 
the  other.  In  the  measurements  described  in  this 
work  the  units  employed  are  entirely  of  the  second 
kind  here  referred  to. 

In  the  early  days  of  electrical  measurements  the  units 
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in  use  were  moat  of  them  thus  arbitrarily  chosen,  each  Aibiti 
without  reference   to   otiier   physical   quantities;  and       " 
futllier    each    investigator    liad    his    own    standards, 
ifiopted   to  suit  his   own   convenience,   by  which   he 
teatfti  the    electrical   qualities   of  the   substances   he 
employed.      The   great  inconvenience,   loss,   and   un- 
certainty caused  by  this  want  of  a  common  system  of 
measurement  became  intolerable  when  practical  appli- 
•Stions  of  electricity  like  those  of  submarine  telegraphy 
Began  to  be  proposed  and  undertaken,  and  led  to  the 
i<ioption  of  so-called   absolute   units,  that   ia,   derived    ••^^l 
imita  depending  on  a  system  of  fundamental  units  in     '"f^ 
"1  way  affected    by   locality  or   other   conditions   of 
'^^[•erimentiug,   or    related    to    the    instruments    and 
"materials  of  any  investigator. 

The  system  chosen  is  one  which  was  suggested  first    Ghum 
''y  Gauss,  and  carried  out  by  him  to  some  extent  for  *n?'^L 
iJynamical  and   for   electric   and   magnetic  quantities, 
estended  and  developed  first  by  Wiihelm  Weber,  and 
then  by  Thomson,  Maxwell,  and  others  who  formed  the 
B.  A.  Committee  on  Electrical  Standards,  and  gradually    curried 
adopted,  until  finally,  at  the  Congresses  of  Electricians  g"?'^' 
held  at  Paris  in  1881,  1882,  and  1884.  electric  units    '.nitto 
founded  on  it  were  chosen  for  use  by  the  whole  civilised 
world.     In  this  system  the  units  of  length,  mass,  and 
lime  are  defined  and  taken  as  fundamental  units,  and 
from  these,  units  for  the  measurement  of  all  physical 
quantities  are  derived  in  the  manner  explained  below. 

It  b  to  be  noticed  that  although  this  system  is  an 
■■  absolute"  system  in  the  sense  just  stated,  it  is  only 
of  several  systems  absolute  in  the  same  sense,  which 
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':uit.-nfe  'i'Aiit  "he  'OTiriameatai  iiuts  uiomeii  are  ;iiiit:^ 
of  'hose  phy??icai  TiixiiiEitiea  -^vhich  ire  measured  coa — 
riauailv  in  *:fae  <>miiiarv  bnaineitt  of  life^  as  thus  all  tb^' 
•ierived  physicai  Txnita  ar&  bron^^ic  into  <iizeet  oampuiao^' 
with  the  .=aanciagria  <  >f  length,  ami  ina»  in  the  coinpMranig- 
ami  reproffaiction  of  which  ao  mnch  aeientiiiB  lafaonr 
haa  be^o.  expemiecL  ami  with  the  eh&borafieljr-aoeiiiite' 

meaaorementa  of  cime  ftimiriierf  br  the  afitamaBiiciL 

■• 

observasoiies  of  the  wnrid. 
"  DinMB-       'Y\j^  taak  be&re  as  is  tao  lieteiiniue  the  i«mwm»>  Jn 
PliTriad    which  che  various  <iKrved  xxmts  involve  the  firmiaifiPiital 
%?"'     units,  diat  is,  we  have  tao  deUtfiiiiiie  ix  each  qomtitf 
^p.  180  above;  the  change-facio  »  in  terms  oi  the  fioids- 
mental  anita.     The  fonnnla  which,  exproaacg  «  fer  a 
unit  of  meaaareniQit;  of  anj  qnandtT  we  AmSL  caD  the 
F'wmMla  of  IhrnengUma  or  the  Diingmaumal  Formmla  of 
the  quantity.    To  prevent  the  nece»ity  for  the  constant 
repetition  of  these  terms  we  shall  denote  the  dimensional 
formula  of  any  quantity,  of  which  the  numeric  is  de- 
noted by  any  particular  synib«>L  by  the  same  symbol 
inclo«wid  in  ar^uare  brackets.   Thus  we  denote  the  dimen- 
sional formula  of  the  quantity  Q  by  the  symbol  [Q\. 

Kxamples  of  the  values  of  [Q]  will  be  found  in  deal- 
in  j{  with  the  various  units  to  which  we  now  proceed. 
We  5ihall  first  conrider  the  definitions  and  relations  of 
the  fundamental  units  in  common  use  and  the  deriva- 
tion from  them  of  the  units  of  other  physical  quantities. 
In  rioing  m  we  shall  find  the  dimensional  formula  in 
%cli  c;aw3  ancl  its  numerical  values  for  certain  changes 
unitfl. 
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DEFIKITION  OF  THE  METRE. 


FUNDAMEKTAL   UNITS. 

(1)  Length,  The  standard  unit  of  length  in  Great 
Britain  is  defined  by  Act  of  Parliament  in  the  following 
terms :  •  "  The  straight  line  or  distjvnce  between  the 
centres  of  the  transverse  lines  in  the  two  gold  plugs  in 
tbe  bronze  bar  deposited  in  the  Office  of  the  Exchequer 
shall  be  the  genuine  standard  of  length  at  62°  F.,  and 
if  lost  it  shall  be  replaced  by  means  of  its  copies." 

Authorised  copies  are  preserved  at  the  Royal  Mint, 
the  Royal  Society  of  London,  the  Royal  Observatory  at 
Greenwich,  and  the  New  Palace  of  Westminster.  Tbe 
comparison  of  the  length  of  the  standard  with  the 
lengths  of  its  copies  has  been  effected  with  the  utmost 
scientific  accuracy,  and  formed  a  most  elaborate  and 
impirtant  scientific  investigation. 

The  length  of  a  simple  pendulum  which  beats 
seconds  has  been  determined  for  several  places  by 
means  of  very  careful  observations,  and  repeated 
pendulum  experiments  at  these  places  would  in  the 
event  of  the  destruction  of  the  standard  and  all  its 
copies  give  a  means  of  accurately  renewing  them. 

In  France  and  in  most  Continental  countries  the 
standard  of  length  is  the  Metre.  This  is  defined  as  the 
distance  between  the  extremities  of  a  certain  platinum 
bar  when  the  whole  is  at  the  temperature  O"  of  the 
Centigrade  scale.  This  rod  was  made  of  platinum  by 
Borda,  and  is  preserved  in  the  national  archives  of 
France,     As  in  the  case  of  the  yard,  authorised  copies 

•  18  and  19  Viot.  o.  7%  Jaly  80,  1866. 
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wboee  lengths  have  been  cnrefullj  compared  with  1 
stAndanl  are  preser\-c(i  in  varioas  places. 

The  metre  was  constructed  in  accordance  vith  | 
decree  of  the  French  Republic  passed  in  1795, • 
enacted,  on  the  recommendation  of  a.  Committee  of  ( 
French  Academy  of  Sciences,  consisting  of  Laplai 
Deiambre,  Borda,  and  others,  that  the  unit  of  lenj 
should  be  one  tea-milliontU  part  of  the  distanod 
measured  along  the  meridian  passing  through  Par 
from  the  Equator  t^a  the  North  Pole.  The  are  of  th< 
meridian  extending  between  Dunkirk  and  Barceloi 
was  measured  byDelambre  and  Mechain,  and  from  ihf 
results  the  standard  metre  was  realised  in  platinu^ 
by  Borda.  The  metre,  it  is  to  be  observed,  is  not  i 
defined  in  relation  to  the  earth's  dioienstons,  and  1 
and  more  accurate  results  of  geodesy  have  therefore  b 
affected  the  length  of  the  metre,  hut  are  themseM 
expressed  in  terms  of  the  length  which  Borda's  rod  ll 
at  0°  C. 

In  the  French  system  the  decimal  mode  of  reckonia 
has  been  adopted  for  multiples  and  sub-multiples  of  m 
the  units.  Thus  the  metre  is  divided  into  ten  eqql 
parts  each  called  a  decimetre,  the  decimetre  into  t 
parts  each  called  a  centimetre,  and  the  centimetre  ij 
ten  parts  each  called  a  millimetre.  Again,  a  length! 
ten  metres  is  called  a  decametre,  of  one  hundred  meti 
a  hectometre,  and  one  thousand  metres  a  kilometr&fl 
Of  these,  in  accordance  with  the  prevailing  practice  ( 
scienliGc  experimenters  who  adopted  the  suggestions  a 
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tile  B.  A.  Conimittee,  the  centimetre  has  been  very 
gi'neraily  choBen  as  the  unit  of  length  for  the  exprosBion 
"I"  scientific  results,  and  on  it  aa  unit  of  length  the 
electric  and  magnetic  units  approved  by  the  Inter- 
niitional  Congress  of  Electricians  held  at  Paris  in  1882 
hace  been  fouuded.  The  reason  for  this  choice  will 
appear  when  we  consider  the  unit  of  mass. 

We  shall  denote  the  numeric  of  a  length  by  L.     The    DEmsn- 
liimensioiial  fonnula  is  therefore  [i].  Fornmli 

For  example,  if  we  wish  to  tiud  from  the  numeric  of  "^  Lenetk 
1  length  in  terms  of  the  yurd  as  unit  the  numeric  of  the 
S'liQe  length  in  terms  of  the  metre  as  unit,  we  have 
[/-]  =  -gHaO,  the  ratio  of  one  yard  to  one  metre ;  and 
tWs  of  conrse  is  equal  to  36/39-3704,  or  91-439/100,  &c.. 
the  ratios  of  the  numerics  of  the  two  units  directly 
"btained  according  as  the  inch,  or  the  centimetre,  &c.,  is 
Wten  as  unit  of  comparison.  Similarly  the  value  of 
[/.]  for  a  change  from  the  foot  a«  unit  to  the  centimetre 
as  unit  is  30-47945. 

(2)  M»s?..  The  legal  standard  of  mass  in  Great  stMidard 
Britain  is  the  Imperial  standard  pound  avoirdupois,  a 
piece  of  platinum  marked  "  P.  S.  1844,  1  lb.,"  preserved 
in  the  Exchequer  Office.  In  the  Act  of  ParUameiit 
(the  Act  already  referred  to)  which  gives  authority  to 
the  standard,  it  is  called  the  "  legal  and  genuine 
standard  of  weight ; "  and  the  Act  provides  that  if  the 
standard  is  lost  or  destroyed  it  may  be  replaced  by 
radians  of  authorised  copies,  which  are  kept  in  the  same 
national  repositories  as  the  copies  of  the  standard  of 
length. 

It  is  to  be  noted  that  the  word  "  weight "  used  in  the 


ItBperial 

deHned. 


DN1T3  AND  DIMENSIONS. 

Act,  is  one  which  is  constantly  used  in  two  distinct 
senses :  (1)  as  here,  to  signify  the  quantity  of  matter  in 
"  a  body ;  (2)  in  ita  proper  sense,  to  signify  the  downwsq 
force  of  gravity  on  the  body.  It  is  evident  that  tlirtj 
two  senses  are  distinct.  The  quantity  of  matter  io 
body  is  invariable ;  the  force  of  gravity  upon  the  body  ' 
depends  on  the  situation  of  the  body,  and  may  even  be 
zero.  At  a  given  place  the  forces  of  gravity  C 
different  bodies  are,  as  was  proved  by  Newton  h" 
pendulum  experiments,  proportional  to  tbeur  massts, 
and  thus  a  comparison  of  the  weights  of  different  bodit'^ 
gives  a  direct  comparison  of  their  masses. 

The  pound  has  bet;n  generally  used  in  Great  Britfun 
aa  the  unit  of  mass  for  the  expression  of  dynamic!^ 
results,  but  in  engineering  and  the  arts,  larger  uniMill 
for    example,  the    ton,  or  mass  of  2240  lbs.,   and  1 
liundred'Weight,  or  mass  of  112  lbs.,  are   frequent!] 
employed. 

The  French  standard  of  mass  is  a  piece  of  platini 
called  the  Kilogramvir  des  Archivrs,  made  also  1 
Borda  in  accordance  with  tlie  decree  of  the  Repula 

mentioned  above.     It  was  connected  with  the  standtfl 

of  length  by  being  made  a  ma^  as  nearly  as  possible 
equal  to  that  contained  in  a  cubic  decimetre  of  distilled 
water  at  the  temperature  of  maximum  density,  4°  C. 
The  comparison  was  of  course  made  by  weighing,  and 
so  far  as  this  process  was  concerned  it  was  possible  to 
obtain  great  accuracy,  but  the  density  of  water  b  some- 
what difficult  to  determine  with  exactness,  and  i 
in  a  small  degree  uncertain.  The  relation  between  t 
standards  is,  however,  so  nearly  that  stated  above  1 
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t  practical  purposes,  tlie  error  may  be  neglected.    But 

I  account  of  this  uncertainty  it  is  important  to  re- 

Fmember  that  the  standard  is  defined  as  the  kilogramme 

1  made  by  Borda,  and  not  as  the  mass  of  a  cubic  decimetre 

of  distilled  water  at  4°  C,  which  it  approximately  equals. 

A  comparison    between    the    French    and    British 

standards  of  mass    made    by  Professor    W.  H.   Miller 

gave  the    mass  of  the   Kilogramme    des   Archives    as 

15«2-34874  grains. 

The  gramme,  defined  as  1/1 000  of  the  Kilogramme  des 
Archives,  and  approximately  equal  to  the  mass  of  one 
pubic  centimetre  of  water  at  4°  C,  was  recommended 
J  the  B.  A.  Committee  as  the  unit  of  mass  for  the 
I  of  experimental  results  generally,  and  this 
boice  has  now  been  ratified  by  the  general  practice  of 
Sntific  men.     The  convenience  of  the    adoption   of 
nis  unit  of  moss  lies  in  the  fact  that  it  is  approxi- 
mately the  mass  of  unit  volume  of  the  substance,  (water 
at  its  temperature  of  maximum  density),  usually  taken 
MHtandard  of  comparison  in  the  estimation  of  specific 
nvities  of  bodies,  which  therefore  become  in  this  case 
e  same  numbers  as  the  densities  of  the  bodies. 
The   multiples   and   sub-multiples   of   the   gramme 
jjroceed  decimally,  and  are  distinguished  by  the  same 
jii-efixes  as  those  of  the  metre.* 

We  shall  denote  the  numeric  of  a  mass  by  M,  and 
lience  its  dimensional  formula  by  [M]. 

The  value  of  [M]  for  a  reduction  from  the  pound  as 
niit  to  the  gramme  as  unit  is  453593,  for  a  reduction 
:i\Fm  the  grain  as  unit  to  the  gramme  as  unit  I5'432. 
*  Sob  Table  at  ond  of  this  Toltune. 


Kelatic 

of  Kn>nch 
StntiiUrd 
ot  Mow  to 
SUndftrd 


of  Mas 


rxris  ASD  DiMEsaioNa 

(3)  Time.  The  deliaition  of  equal  intervals  of 
belongs  to  dynamics  and  cannot  here  be  entered 
but  according  to  it  the  times  in  which  the  earth  turra 
through  equal  angles  about  its  axis  are  to  a  very  high, 
degree  of  approximation  equal.  These  intervals  co^ 
respond  to  equal  intervals  of  time  shown  bv  a  correct 
clock,  and  if  the  clock  just  goes  twenty-four  hoius  in 
the  time  of  an  exact  revolution  of  the  earth  about  its 
axis  (or,  which  is  the  same,  the  interval  between  two 
successive  passages  of  a  fixed  star  in  the  same  direclion 
across  the  meridian  of  any  place),  showing  Oh.  Oni>  0& 
each  time  a  certain  point  of  the  heavens  called 
First  Point  of  Aries  crosses  the  meridian  in  the  aan* 
direction,  it  is  said  to  show  sidereal  time. 

Though  sidereal  time  is  used  in  astronomical  obsCT- 
vatories,  it  is  more  convenient  in  ordinary  civil  afiaiA 
to  use  solar  time ;  but  aa  the  actual  solar  day,  thf 
interval  between  two  successive  transits  of  the  sul 
across  the  meridian  of  any  place,  varies  in  leogtl 
during  the  year,  the  standard  interval  is  the  mean  a 
such  intervals,  and  is  called  a  Jiiean  mlar  tiny.  Oi 
account  of  the  orhital  motion  of  the  earth  the  mes 
solar  day  is  about  Sm.  5a'9s.  longer  than  the  8id< 
day. 

The  mean  solar  second,  defined  as  1/86400  part 

the  mean  solar  day,  is  taken  as  the  unit  of  time  for  th 

expression  of  all  scientific  results, 

Other  We  have  seen  that  the  choice  of  the  fundament) 

BtHQiiardB  units  is  entirely  arbitrary,  and  there  is  nothing  in  thi 

^Length,  nature  which  entitles  them  in  any  just  sense  to  t 

Time,     term  "  absolute."     The  unit  of  time,  which  is  based 
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■  1  le  period  of  rotation  of  the  earth,  is,  we  have  reason  to 
i-_-lieve,  subject  to  a  slow  progressive  lengthening,  due 
to  tidal  retardation  ot'the  earth's  rotation,  and  possibly 
also  to  frictional  resistance  of  the  surrounding  medium  ; 
and  as  a  matter  of  definition,  without  reference  in  all 
iiises  to  realisation,  it  would  be  ensy  to  find  many  much 
iiiiire  satisfactory  standards.  Thus  it  has  been  sugf^ested 
by  Sir  William  Thomson  •  that  the  period  of  vibration 
of  a  metallic  spring,  and  kept  in  a  hermetically  sealed 
exhausted  chamber  at  a  constant  temperature,  or  the 
period  of  a  particular  mode  of  vibration  of  a  quartz 
t-rystal  (or  other  crystal  of  definite  composition)  of  a 
-jiecified  size  and  shape  and  at  a  given  temperature, 
would  be  theoretically  preferable  to  the  mean  solar 
second,  as  fulfilling  with  a  much  nearer  approach  to 
perfection  the  condition  of  constancy.  Clerk  Maxwell  f 
has  also  suggested  aa  units  of  time  the  period  of 
vibration  of  a  gaseous  atom  of  a  widely  diffused  sub- 
Bt&Dce  easily  procurable  in  a  pure  form ;  or  the  period 
of  revolution  of  an  infinitesimal  satellite  close  to  the 
surface  of  a  globe  of  matter  at  the  standard  density, 
which  may  be  any  density  determined  by  a  definite 
physical  condition  of  any  substance,  for  example  the 
tiiaximum  density  of  water.  This  period  is  independent 
uf  the  size  of  the  globe  t  "nd  it  has  been  pointed  out 
that  this  advantage  would  also  bo  obtained  by  founding 

*  EUdricUy  aitd  ifa^elitm,  vol.  i.  p.  3 ;  TUomfion  and  Tail,  Nai. 
PhU.  Tol,  i.  part  i.  p.  227  (second  edition). 

t  P-id. 

I  For  water  at  the  Umpetiiture  of  minimum  density,  it  ia  itppi-oxl- 
nuUelf  10b.  3ia, 


Other 

Hilggestod 

of  Leugtii, 
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Otltei     tfaeonitof  time  on  the  period  <tf  a  8iiiallaim{deb 

1^^^  vibration  of  a  globe  of  standud  dena^. 

°H  ^^"^      "^^  mass  of  a  gaseous  atom,  for  ezamfde  tbat  of  i 

Time,     sodinm  or  hydix^n  atom,  and  the  wave-length  tA  t 

definite  line  in  the  spedram  of  an  easily  obtainable 

substance,  for  example  the  J?  lines  in  the  spectrum  ^t 

sodium,  might   be  chosen   as   the  units   of  mass  aai 

length.     These   units  would   be   quite   definite  sinot 

according  to  the  kinetic  theoty  of  gases,  the  atoms  if 

any   one   substance   arc    undistinguishable    &oin  dm 

I  another  by  any  physic^  test. 


DIMENSIONAL  FORMULAS  OF  DERIVED  UNITS. 

t  by  equation  (1)  i''  =  i'  [/.]',  M"  =  .1/"  [J/]",  and 
^M  OD.    Hence  (3)  becomes, 

=  GZ,'  Jr,"  r,"  .  L/  M^  T.[ .  &c.  [i]'  +  "  +  *"■ 

[^3-fo*-.  [rj-^'+"^-    ...   (4) 

aquation  (1)  therefore  the  dimensional  formula  [N'\ 
the  quantity  is  [Z]'+''+*"'.  [^/]"'+''+''-.  [7-]-+'+*''- 
ccordance  with  the  notatiou  [N],  we  shall  denote 
:  in    future  by   the    more   convenient    expression 

The  numerics  l+p  +  &c.,  &c,,  correspond  to  what 
i'nirier*  called  Ice  expomnts  des  diinensions  of  the 
■'Uiiiiities  which  entered  into  bis  analysis,  and  it  is 
''it-'se  numerics,  not  the  dimensional  formulas,  which 
'"':  properly  the  "dimensions"  of  the  units.  It  was 
I'uiDted  out  by  Fourier  that  in  equations  involving  the 
''ituierics  of  physical  quantities' every  term  must  be  of 
'"■  .same  dimensions  in  each  unit,  otherwise  some  error 
'iiiijt  have  been  made  in  the  analysis.  This  consideration 
:ilfurds  in  physical  mathematics  a  valuable  check  on  the 
wcuracy  of  algebraic  work. 

It  is  obvious  from  equations  (1)  or  (4)  that  the  dimen- 
sional formula  of  the  product  of  any  numberof  numerics-, 
N^,  JVj  of  different  physical  quantities  is  the  produot'j 
fJVi.  iV(.  &c.]  of  their  dimensional  formulas,  and  more 
generally  that  the  dimensional  formula  of  the  product 
fjVi"'.  iVj"'.]  &c.,  of  any  powers  whatever  of  these  ex- 
pressions, is  the  product  of  the  same  powers  of  the 
corresponding  dimensional  formulas. 

*  Thiorit  Aitalyliqiit  de  la  Chaleur,  Ch>p.  II.  Sect.  IX, 
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UNITS  AND  DIMESSIOSS. 
DimeD-  Weare  now  prepared  to  find  llie  dimensional  funiiul:i- 
Unita.  "f  ^^^  various  derived  units.  Tiie  process  will  ccnsi.-; 
in  finding  for  each  quantity  the  formula  correspondiui; 
to  the  right-liand  side  of  (2),  and  thence  deriving' 
according  to  (4)  the  proper  formula  of  ilimensions.  \\''; 
shall  consider  first  the  units  of  Area,  Volume,  ami 
Density ;  then  the  various  dynamical  unite  which  are 
involved  in  those  of  electrical  and  magaeljc  quantities. 

Are*.  Area.    The  general  formula  for  the  area  of  any  surface 

can   be  put  in  the  form  CX^,  where  Z   is  a   numeric 

rexpreasing  a  length,  and  C  is  a  numeric  which  does  not 
change  with  the  units.  Hence  by  (4)  the  formula  uf 
dimensions  for  area  is  [L']. 

Vulame.  Volume.  Similarly  the  formula  for  the  numeric  of 
a  volume  can  be  written  CL',  and  the  formula  of 
dimensions  is  [Z.*]. 

Deoiity.        Density.    The  DensUy  of  a  body  is  expressed  by  H 
numeric  of  the  mass  per   unit  of  volume.     We  s 
denote  it  by  the  symbol  D. 

If  the  body  be  of  uniform  density,  the  numerii 
obtained  by  finding  the  mass  contained  in  any  giVl 
volume  of  the  body :  the  ratio  of  the  numeric  of  t' 
mass  to  the  numeric  of  volume  is  the  density. 

If  the  body  be  of  varying  density,  the  density  at  a 
point  is  the  limit  towards  which  the  ratio  of  the  nume| 
of  the  mass  contained  in  an  element  of  volume  incliicH 
the  point,  to  the  numeric  of  the  volume,  approached 
the  element  Is  Uken  smaller  and  smaller.  Thus  if  1 
,  pfi  ma  ulement  of  volume  including  a  point  at  which  I 


VELOCITY. 
sity  is  D,  and  Sil/"  be  tlie  mass  of  the  element,  we   Deiuii 


}  In  either  case  we  have  for  the  numeric  of  the  volume 
a  CI?,  and  for  that  of  the  mass  contained   in  it  M. 

I  The  l^ecijic  Gravity  of  a  body  is  tlie  ratio  of  the  density 
P  the  body  to  the  density  of  the  standard  substance, 
I  is  therefore  a  numerical  ratio  independent  of  the 
tem  of  units  adopted,  that  is,  its  dimensional  formula 
I  1.  If  ff  denote  the  specific  gravity  of  a  body  whose 
isity  is  D,  and  D,  be  the  density  of  the  standard 
pbatance. 

D=G.D,. 

In  the  French  system  of  units  J),  is  taken  as  unity 
ftud  we  have  I>=  G.  This  is  one  great  convenience  of 
the  French  units  of  length  and  mass ;  but  it  is  to  be 
remembered  that  Density  and  Specific  Gravity  are 
essentially  different  ideas,  and  only  coincide  in  numerical 
value  when  D,  =  1, 

Dynamical  Units. 


Vdonty,    The  velocity  of  a  body  is  measured  by  the   Yelocitj 
nutneric  of  the  length  described  per  unit  of  time.     Its 
specification  involves  direction  as  well  as  mt^nitude; 
but  in  dealing  with  the  dimensions  of  velocity  we  are 
only  concerned  with  the  latter  element. 

VOL  I.  O 
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If  the  velocity  is  uniform,  its  numeric  is  the  ratio  of 
the  numeric  L  of  any  distance  traversed  to  the  numeric 
T  of  the  time  in  which  it  is  described. 
Velocity.  If  the  velocity  is  variable,  its  numeric  v  at  any 
instant  is  the  value  towards  which  the  ratio  of  the 
numeric  ZL  of  the  distance  traversed  in  an  interval 
of  time  including  the  instant,  to  the  numeric  ZT  of  the 
interval,  approaches  as  the  interval  is  taken  smaller  and 
smaller.    Hence 

dL      A 

where  L  denotes  in  Newton's  fluxional  notation  the  time- 
rate  of  variation  of  Z.  We  shall  use  this  symbol  for 
velocity. 

We  see  that  the  numeric  of  a  velocity  is  the  ratio  of 
the  numeric  of  a  length  to  the  numeric  of  a  time- 
iiiterval,  and  therefore  we  have 

[X]  =  [xr-1]. 

As  multiplier  for  a  change  from  mile-minute  units  to 
centimetre-second  units  we  have 

n  =  5280  X  30-4797/60  =  2682-2136. 

In  statements  of  amounts  of  velocities  there  ought 
clearly  to  be  a  distinct  reference  to  the  unit  of  time : 
thus  the  expressions  one  mile  per  minute,  88  feet 
per  second,  2682*2136  centimetres  per  second,  are  per- 
fectly definite,  and  express  the  same  velocity,  while 
such  a  statement  as  a  "  velocity  of  88  feet "  is  devoid 
of  meaning. 
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Acceleration,    The  acceleration  of  a  body  is  expressed  Acceli 
by  the  numeric  of  the  change  of  velocity  per  unit  of  time. 

Like  velocity,  acceleration  involves  in  its  signification 
the  idea  of  direction  as  well  as  of  magnitude ;  and  it  h 
through  a  want  of  clear  apprehension  of  this  fact  that 
difficulty  is  found  by  students  in  the  theory  of  curvi- 
linear motion. 

Let  BL  be  the  velocity  given  in  direction  and  magni- 
lude  which  compounded  with  the  velocity  £  which  a 
{^article  possesses  at  the  beginning  of  an  interval  of 
time  27"  would  give  the  velocity  in  direction  and  mag- 
nitude at  the  end  of  that  interval,  then  BZjBT  is  the 
overage  acceleration  during  that  interval,  and  the  limit 
towards  which  this  ratio  approaches  as  hT  is  made 
smaller  and  smaller  is  the  true  value  of  the  acceleration 
at  the  beginning  of  the  interval.    That  is,  we  have 


dT 

.vhere  L  denotes  in  the  fluxional  notation  the  time-rate 
of  variation  of  L,  that  is,  of  velocity. 

We  shall  use  this  symbol  for  acceleration,  and  the 

two  dots  above  the  L  will  serve  to  recall  the  double 

reference  to  time  which  is  plainly  involved  in  the  notion 

of  acceleration.     This  should  be  clearly  expressed  in 

statements  of  amounts  of  acceleration.     Thus  such  a 

I     statement  as  an  acceleration  of  981   centimetres  per 

second  per  second,  or  32  feet  per  second  per  second, 

.    is  perfectly  definite,  while  such  phrases  as  an  "  accele- 

I    mtion  of  981  centimetres  "  or  "  an  acceleration  of  32  feet 

1  per  second,"  which  are  often  used,  are  meaningless. 

^  o  2 


:m 


■:&  I  4vV}:i 


The  thwensBa'Aial  fbcmnla  is 

For  a  cfaaoze  from  znile-aiziuxte  nnxtt  to  centiiiietie- 

ji  =  o»)  X  *>47'^7  60*  =  M7-0356. 

Xaomh-  Jfr/riMTUum.  Taking  for  sLmpticxn'  the  case  of  a  ligU 
body  moving  without  rotation,  that  is,  so  that  eich 
particle  of  the  hodj  has  the  same  Telocity  at  the  ame 
instant,  the  momentom  of  the  body  is  expressed  as  tbe 
product  of  the  numerics  of  the  mass  of  the  body  and  its 
velocitv.  Hence  it  is  expressed  svmbolicaUv  byJfZ. 
The  dimenaional  formula  is  therefore 

[JIL]  =  [yfZT-'l 

FUtis  of         Time-B/jU  of  Change  of  Mf/mentum.   If  the  momentom 

r  Unsf*:  of  ^^f  ^j^^  bodv  be  not  constant,  then,  since  we  suppose 

trjm.      the  mai»  constant,  we  must  have  for  the  time-rate  of 

variation  the  expression  J/Z,  that  is,  the  product  of  the 

inirnerics   of    the   mass    and    the    acceleration.      The 

rlimensional  formula  is  therefore 

[ML]  =  [MLT-'^l 

YoTcti.  F(/rce  (F).  A  force  acting  on  a  body  is  proportional  to 
the  time-rate  of  change  of  momentum.  Hence  the 
dimensional  formula  just  found  is  that  of  force. 

According  to  the  system  suggested  by  Gauss,  a  force 

is  ineasurfKl  by  the  time-rate  of  change  of  momentum, 

that  is,  the  constant,  C7,  of  equation  (3)  is  in  this  case,  as 

1  the  other  cases  we  have  considered,  taken  equal  to 

lity.    Unit  force  is  therefore  that  force  which  acting 
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Tor  anit  of  time  on  unit  ideiss  produces  unit  change  Einatlc 
of  velocity,  or  simply  that  which  produces  unit  ^"^° 
acceleration  in  unit  mass. 

When  the  unit  of  mass  is  one  pound,  the  unit  of 
length  one  foot,  and  the  unit  of  time  one  second,  then 
Unit  force  is  that  force  which  acting  for  one  second  on 
a  pound  of  matter  generates  a  velocity  of  one  foot  per 
Second.     This  unit  force  has  been  called  a  poundal. 

The  unit  force  in  the  C.G.S.  system,  is  that  force     C.G,S. 
which,  acting  for  one  second  on  one  gramme  of  matter,     p^fj," 
generates  a  velocity  of  one  centimetre  per  second.     To 
this  unit  force  the  name  dyjie  has  been  given. 

This  method  (sometimes  called  the  hindic  method) 
of  measuring  forces  has  now  superseded,  for  scientific 
purposes,  the  gravitation  system  formerly  in  use.  In 
that  aystem  the  unit  of  force  is  the  force  of  gravity 
fin  the  unit  of  mass,  and  has,  therefore,  different 
Tuhies  at  different  places  on  the  earth's  surface,  and 
at  different  vertical  distances  from  the  mean  surface 
level.  This  substitution  of  an  invariable  unit  of  force, 
depending  only  on  the  standards  adopted  for  length, 
mass,  and  time,  instead  of  the  former  variable  unit,  is 
at  the  foundation  of  the  system  of  units  of  measure- 
ntfliit  established  by  Gauss.  It  is  to  express  this  fact 
of  invariability  with  locality  and  other  circumstances 
that,  aa  already  explained,  the  term  "absolute"  is  used 
tor  the  unit  of  force  and  other  derived  units  in  this 
lystem. 

Work  (W).     In  dynamics  vxrk  is  said  to  be  done  ly    Work. 
k    force  when   the   place   of  application   of  the   force 
amrea  a  component  displacement  in  tht  direction  in 


impes 
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which  the  force  actn,  and  the  work  done  by  it  i 
to  the  product  of  the  force  and  the  disfjuice  throu^n 
which  the  place  of  appHcation  of  the  force  has  moved 
in  that  direction.  The  time-rate  at  which  work  is 
done  by  a  force  at  any  instant  ia  therefore  equal  to  the 
product  of  the  force  and  the  component  of  velocity  in 
the  direction  of  the  force  at  that  instant.  The  work 
done  in  overcoming  a  resistance  through  a  certain  distance 
is  equal  by  this  definition  to  the  product  of  the  reast- 
ance  and  the  distance  through  which  it  is  overcome. 
Among  engineera  in  this  country  the  nnit  of  work  gene- 
rally used  is  om  foot-pound,  that  is,  an  amoimt  of  work 
equal  to  that  done  in  lifting  a  pound  vertically  against 
gravity  through  a  distance  of  one  foot.  The  weight  of  a 
pound  of  matter  being  generally  difl'erent  at  different 
places,  this  unit  of  work  is  a  variable  one,  and  is  not  used 
in  theoretical  dynamics.  In  the  absolute  C.G.S.  syatan 
of  units,  the  unit  of  work  is  the  work  done  in  ( 
coming  a  force  of  one  dyne  through  a  distance  of  a 
centimetre,  and  is  called  one  centimetre-dyne  or  one  etj. 

In  practical  electricity  10'  a-gs  is  fretjuentjy  used  se 
unit  of  work,  and  is  called  a  Joule. 

If  F  denote  the  numeric  of  a  force  and  L  the  numeric 
of  the  space  through  which  it  has  acted,  the  numeric 
of  the  work  done  is  FL.     Hence  we  have 

[jr\  =  \FL'\  =  {ML*T-^. 

Activity.       Activity   (A).     The  single  word  Activity  has  1 
used  by  Sir  William  Thomson  as  equivalent  in  met 

■      to  "  time-rate  of  doing  work,"  or  the  rate  per  unit  of  ti 
at  which  energy  is  given  out  by  a  working  systei 


syataM] 
I  ovflfl 
of  ofl^ 


to  avoid  circumlocutiona  in  what  follows  we  shall 
frequently  use  the  term  in  that  sense.  Among  engineers 
in  this  country  the  unit  rate  of  working  ia  owe  horsc- 
power,  that  is  33,000  foot-pounda  per  minute. 

Unit  Activity  in  the  C'.G.S.  system  is  one  erg  per      Ur 
second.     In  practical  electricity  an  activity  of  \(f  ergs        '' 
per  second  is  frequently  employed  as  unit.     This  unit 
has  been  called  a  Wait. 

Since  Activity  is  measured  by  the  numeric  of  the  work 
doaeper  unit  of  time,  its  dimensional  fonnulaia  given  by 

[A]  =  IMeT-']. 

Siurgy  {E).  When  a  materia!  system  in  virtue  of  Enc 
stresses  between  its  own  parts  and  those  of  bodies 
external  to  it  does  work  or  has  work  done  upon  it,  in 
passing  from  one  State  to  another,  it  is  said  to  give  out 
or  to  gain  energy.  The  energy  given  out  or  gained  is 
measured  by  the  work  so  done. 

If  the  change  he  a  change  of  motion,  then,  according 
as  energy  is  given  out  or  gained  by  the  system,  it  is 
said  to  lose  or  gain  kirutic  energy.  If  the  change  be  of 
any  other  kind,  which  can  be  classed  under  change  of 
configuration,  then,  according  as  the  system  gives  out 
or  gains  energy,  it  is  in  general  said  to  lose  or  gain 
jwtcntial  energy. 

When  we  consider  the  work  done  by  mutual  forces 
letweeo  different  parts  of  the  same  system,  a  loss  of 
luetic  energy  in  the  system  is  accompanied  by  an 
,1  gain  of  potential  energy,  and  vtee  versA,  so  that  the 
il  energy  of  the  system  remains  unchanged  in  amount, 
bis  is  the  principle  called  the  Conserralion  of  Energy. 
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Energy  is  measured  by  the  same  units  as  work,  and 
its  dimensional  formula  is  the  same  as  that  of  wcA, 

that  is 

We  shall  here,  for  the  sake  of  illustration,  give  three 

examples  of  the  application  of  dimensional  formulas  to 

the  solution  of  problems  regarding  units.    The  problems 

are  taken  from  Professor  Everett's  Units  and  Physical 

Constants. 

Komples      Ex.  1.     If  the  unit  of  time  be  the  second,  the  unit 

Problems  density  162  lbs.  per  cubic  foot,  and  the  unit  of  force 

in  Units,   ^y^^  weight  of  an  ounce  at  a  place  where  the  change  of 

velocity  g  produced  by  gravity  in  one  second  is  32  feet 

per  second,  what  is  the  unit  of  length  ? 

Here  the  change-ratio  by  which  we  must  multiply 
the  numeric  of  the  density  of  a  body  in  the  system 
of  units  proposed,  to  find  its  density  in  terms  of  the 
pound  as  unit  of  mass,  and  the  foot  as  unit  of  length,  is 
162.  We  have  therefore,  omitting  the  brackets  in  the 
dimensional  formulas, 

MZ'^  -  162, 

where  M  is  the  number  of  pounds  equivalent  to  the 
unit  of  mass,  and  L  the  number  of  feet  equivalent  to 
the  unit  of  length.  Also,  it  is  plain  that  the  unit  of 
force  in  the  proposed  system  is  two  foot-pound-second 
units.     Hence  we  have  also,  since  T  =1, 

MLT'^  =  ifZ  =  2. 

By  division  therefore  we  get  Z*  =  1/81  or  i  =  1/3.  The 
unit  of  length  is  therefore  4  inches. 


EXAMPLES  ON  CHANGE  OF  UNITS. 


soil 


Ex.  2.  Tbe  number  of  seconds  in  the  unit  of  time  Erum 
is  equal  to  tbe  number  of  feet  in  the  unit  of  length,  the  p^oy, 
unit  of  force  is  750  lbs.  weight  (g  being  32),  and  a  wUalt 
1  ubic  foot  of  the  substance  of  unit  density  contains 
13,500  ounces.     Find  the  unit  of  time. 

Using  M  and  £  as  in  the  last  problein,  and  putting 
r  for  the  number  of  seconds  equivalent  to  the  unit  of 
time,  we  have  plainly 

13500 
'     16" 
aud 

i/ir-"  =  750  X  32. 

Therefore  by  dividing,  and  remembering  that  L  =  T, 
we  get 

X  750  X  16  _  16* 
13500  3" 


ML-"- 


j%  _ 


That  is  the  unit  of  time  is  5^  seconds. 

Ex.  3.  When  an  inch  is  the  unit  of  length  and  T 
seconds  the  unit  of  time,  the  numeric  of  a  certain 
arceleralion  is  a;  when  5  feet  and  1  minute  are  the 
units  of  length  and  time  respectively,  tbe  numeric  of 
the  same  acceleration  is  lOtf.     Fiud  f. 

The  change-ratio  or  value  of  Lf-^  for  reduction  to 
foot-second  units  is  plainly  in  the  first  case  T~'^l\\%  in 
the  second  5/3600.     We  get  therefore 


T=-J^. 
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Derived  Electkical  Usits.    Electrostatic  SrsTEsi. 

Qoiw'itj  Qicantity  of  EltdricUy  [5].  In  what  is  called  the 
tricity.  electrostatic  Eystem  of  UDits,  which  we  here  consider, 
and  which  is  most  convenient  when  electrostatic  results 
independently  of  their  bearing  on  electromagnetic 
phenomena  only  are  required,  the  units  of  all  the 
other  quantities  are  founded  on  the  definition  of  unit 
qiiantity  of  electricity  given  above  (p.  3),  This  defini- 
tion is,  as  we  shall  see,  precisely  similar  to  the  definiUon 
of  magnetic  pole  which  forms  the  basis  of  anothec. 
system  of  units  called  the  electromagnetic  system, 
much  wider  and  more  important  applicatioQ  thf 
the  electrostatic.  Hence  by  Coulomb's  law  (p.  2) 
electric  attractions  and  repulsions  are  directly  as 
product  of  (the  numerics  of)  the  attracting  or  repelling 
quantities,  and  inversely  as  the  second  power  of  (the 
numeric  of)  the  distance  between  them,  if  a  quantity 
of  positive  electricity  expressed  by  g  be  placed  at  a 
point  distant  Z  units  from  an  equal  quantity  of  positive 
electricity,  the  numeric  F  of  the  force  between  them  is 
2*/Z*.  We  have  therefore  the  equation  j'  =  FL',  and 
therefore  [?]  is  [/^£]  or  IM*L*T~^1 

Medric    Surface.  Dciisity   [a-].      The   density   of 
*t)eni1^.   electric  charge  is  (p.  7)  measured  by  the  quantity 
electricity  per  unit  of  area.     Therefore  [<r]  is  [?£"*] 

Electric        Eleetrk  Force  arid  Intensiiy  of  Electric  Field  [t\.    The 
L  electric  force  at  any  point  in  an  electric  field  is  (p.  6) 
a  force  with  which  a  unit  of  positive  electricity  would 
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be  acted  on  if  placed  at  the  point.  Hence  if  the  numeric  Field 
of  the  quantity  of  electricity  at  a  point  Phe  q,  and  that  "  ^ 
of  tbe  electric  force  at  that  point  be  i,  the  numeric 
F  of  tbe  force  on  the  electricity  is  qi,  and  we  have 
the   equation  i  =  Fq-'.      Therefore  [i]  is   [^2"']   or 

The  intensity  of  an  electric  field  at  any  point  is 
measured  by  the  electric  force  at  that  point,  and  there- 
fore has  the  same  dimensional  formula. 

£Uclric  Pottntial  ( I^-  The  difference  of  potential 
between  two  points  is  (p.  7)  measured  by  the  work 
which  would  be  done  if  a  unit  of  positive  electricity 
were  placed  at  the  point  of  higher  potential  and  made 
to  pass  by  electric  forces  to  the  point  of  lower  potential, 
Hence  in  transferring  q  units  of  electricity  through  a 
difference  of  potentials  expressed  by  V,  an  amount  of 
work  is  done  of  which  the  numeric  W  \b  qV.  We 
have  therefore  V  =  Wq-^,  and  hence  [T]  is  [ffj-']  or 

Capacity  of  a  Conductor  {K).  The  capacity  of  an  Captcit) 
insulated  conductor  is  the  quantity  of  electricity 
required  to  charge  the  conductor  to  unit  potential,  all 
other  conductors  in  the  field  being  supposed  at  zero 
potential.  Hence,  denoting  the  numeric  of  the  capacity 
of  a  given  conductor  by  C,  those  of  its  charge  and 
potential  by  Q  and  V  respectively,  we  have  C  =  Q  V'^, 
and  for  [C]  therefore  [QV^^],  that  is  [Z].  The  unit 
of  capacity  has  therefore  the  same  dimensions  as  the 
unit  of  length ;  and  the  capacity  of  a  conductor  is 
properly  expressed  iu  C.Q.S.  electrostatic  units  as  so 
many  centimetres. 
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Specific        Specific  Inductive  Capacity  [K\   The  specific  indactive 

QiMcity!  capacity  of  a  dielectric  is  (Chap.  I.,  Section  V.)  the  ratio 
of  the  capacity  of  a  condenser,  the  space  between  the 
plates  of  which  is  filled  with  the  dielectric,  to  the 
capacity  of  a  precisely  similar  condenser  with  vacuum  as 
dielectric ;  or,  according  to  Maxwell's  Theory  of  Electric 
Displacement  (p.  33),  it  is  defined  as  the  ratio  ef  the 
electric  displacement  produced  in  the  dielectric  to  the 
electric  displacement  produced  in  vacuum  by  the  same 
electromotive  force.  It  is  therefore  in  the  electrostatic 
system  simply  a  numerical  coefficient  which  does  not 
change  with  the  units.     Hence  [K]  =  1. 

Current.  Electric  Current  [7].  An  electric  current  in  a  con- 
ducting wire  is  measured  by  the  quantity  which  passes 
across  a  given  cross-section  per  unit  of  time.  If  j  be 
the  numeric  of  the  quantity  which  has  passed  in  a 
time  of  which  the  numeric  is  jT,  then  denoting  the 
numeric  of  the  current  by  7,  we  have  7  =  qjTy  and  [7]  is 
{qT-']  or  [M^l)T-^'\ 
RceUtancfi.  Resistance  [r].  By  Ohm's  law  the  resistance  of  a 
conductor  is  expressed  by  the  ratio  of  the  numeric  r  of 
the  dificrence  of  potentials  between  its  extremities  to 
the  numeric  7  of  the  current  flowing  through  it.  We 
have  therefore  r  =  ?V7,  and  [r]  is  [^^7"^]  or  [L-^T\ 

Conduc-        Conductivity*     The  change-ratio  of  conductivity  is 

1^1^-     plainly  [LT-^\     The  change-ratio  for  conductivity  in 

electrostatic   measure   is   thus  the   same   as   that   for 

•  Mr.  Oliver  HcAviside  has  proposed  to  use  the  term  Conductance,  in 
the  sense  here  given  to  Condiictirity,  of  the  reciprocal  of  a  resistance. 
If  this  term,  as  seems  desirable,  be  adopted,  the  term  Conductivity  might 
bo  appropriately  reserved  for  what  has  been  called  Specific  Conductivity 
'Chap.  V.  below). 
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^Bnlocity.     Hence  a  conductivity  in  electrostatic  C.G.S. 

fffinits  is  properly  espresaed  in  centimetres  per  second. 

The  following  illustration  of  this  result  has  been  iHiut 
given  by  Sir  William  Thomson.  Suppose  a  spherical  q'^ 
conductor  charged  to  a  potential  v  to  be  connected  to  tivitj 
the  earth  by  a  long  thin  wire,  of  which  the  capacity 
may  be  neglected ;  and  let  r  be  the  resistance  of  this 
wire  in  electrostatic  measure.  The  curreut  in  the  wire 
at  the  instant  of  contact  is  vjr.  Now  let  the  sphere 
diminish  in  radius  at  such  a  constant  rate  that  the 
potential  remains  v.  The  current  remains  vlr,  and  the 
qnantity  of  electricity  which  flows  out  in  t  seconds  will 
be  vtlr.  If  the  radius  be  initially  x,  and  in  /  seconds  has 
tliminished  to  x',  the  diminution  of  capacity  is  a;  —  x'. 
Hence  the  loss  of  charge  is  v(x  —  af),  and  we  get 
vtlT=v{x~x'),OT\!r={x-x')lt.  But  (ar  -  K')/i  is  the 
velocity  with  which  the  radiua  of  the  sphere  diminishes. 
The  conductivity  \jrci  the  wire  is  therefore  measured 
numerically  by  the  velocity  with  which  the  surface  of 
the  sphere  must  approach  the  centre,  in  order  that  ita 
jMjtential  may  remain  constant  when  the  surface  is 
'.-onnecled  to  the  earth  through  the  wire. 
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CHAPTER  IV. 
OEXERAL  PHrsiCAL  MSASUREUEKTS. 

Section  L 
MEASUREMENT  OF  ANGULAR  DEFLECTIONS. 

It  will  save  digressions  and  interruptions  in  what 
follows  to  give  here  some  account  of  measurements 
which,  although  not  themselves  of  an  electric  or 
magnetic  nature,  have  constantly  to  be  made  in  all 
electric  or  magnetic  observations.  The  most  important 
of  these  are :  (1)  The  Measurement  of  Angular  Deflec- 
tions ;  (2)  Measurements  of  Oscillations,  including 
Determinations  of  Period,  Amplitude,  and  Rate  of 
Diminution  of  Amplitude  of  Vibrations ;  (3)  Deter- 
minations of  Couples  and  Moments  of  Inertia.  There 
are  other  processes,  such  as  weighing  and  the  measure- 
ment and  comparison  of  lengths ;  but  these  are  described 
more  fully  than  are  the  others  in  treatises  on  general 
physical  manipulation,  and  are  supposed  to  be  known 
to  a  greater  or  less  degree  to  the  experimental  student. 
Special  methods  or  precautions  necessary  in  particular 
cases  will  be  indicated  as  thev  occur. 
Measure-  Angles  of  deflection  are  measured  by  the  displace- 
AiiicloHi  ment  of  some  form  of  index  turning  with  the  body 
deflected,  and  showing  the  magnitude  of  the  deflection 
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t}n  a  properly  arroDged  and  fixed  graduated  scale.  In  OrdinMj 
the  amplest  arrangement  the  index  is  a  thin  material  g^g. 
rod  turning  round  an  axis,  and  showing  the  deflections 
on  a  graduated  circular  arc,  the  centre  of  which  is  as 
nearly  aa  possible  in  the  axis.  Tha  scale  is  graduated 
to  degrees,  or,  if  it  is  of  large  radius,  to  some  aliquot 
part  of  a  degree  as  am^est  scale  division.  The  initial 
and  deflected  positions  of  the  index  relatively  to  the 
scale  are  read  off,  and  theiti  difference  gives  the 
deflection. 

For  convenience  of  adjustment  and  accuracy  in  read-  Adjm 
iDg,  the  scale  should  be  a  complete  circle,  and  the 
index  extend  across  that  circle,  so  that  readings  may  be 
taken  of  the  patitions  of  both  ends.  The  instrument 
should  first  be  tested  to  see  that  the  centre  of  the 
circular  scale  is  accurately  in  the  axis  of  rotation,  and 
that  the  axis  is  at  right  angles  to  the  plane  of  the  circle, 
and  in  plane  with  and  perpendicular  to  the  index. 
The  index  is  geoerally  set  at  right  angles  to  the  axis 
with  sufEcient  accuracy  by  the  instrument-maker,  and 
the  adjustment  in  this  respect  can  be  tested  by  ob- 
serving whether  the  index  when  turning  round  the 
reoKuns  in  one  plane.  If  readings  are  not  to  be 
:en  with  both  ends  of  the  index,  it  is  not  necessary 
A  the  index  should  be  accurately  at  right  angles  to 
the  axis.  The  point  of  the  index  in  that  case  should 
turn  in  the  plane  of  the  scale.  The  axis  can  generally  he 
set  accurately  at  right  angles  to  the  plane  of  the  circle, 
by  changing  the  level  of  the  apparatus.  The  index 
generally  terminates  in  two  sharp  points,  or  bears  two 
fine  marks  at  its  ends  by  which  the  readings  are  taken. 
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We  shall  call  these  the  extremities  of  the  index, 
further  adjustment  coi^ista  in  placing  the  extremiUi 
of  the  index  a,ad  the  axis  in  one  plane,  and  causing  tl 
axis  to  pass  accurately  through  the  centre  of  the  c 
Supposing  the  adjustment  to  have  been  approximate 
made,  the  index  is  made  to  play  round  the  graduat 
circle,  and  the  pairs  of  points  on  the  scale  which  mai 
the  positions  of  the  extremities  of  the  iudcx  for  dtfFed 
ent  deflections  are  carefully  noted.  When  each  ] 
joining  a  pair  of  points  passes  through  the  centre  1 
the  circle  the  adjustments  have  been  properly  made,  f 
the  lines  all  pass  through  one  point  which  is  not  I 
centre,  the  axis  is  in  plane  with  the  extremities, 
does  not  pass  through  the  centre ;  if  the  lines  are  all  a 
the  same  perpendicular  distance  from  the  centre,  t 
axis  passes  through  the  centre,  but  the  extremities  t 
the  index  are  not  in  plane  with  the  centre. 

Indexes  in  electrical  instruments  are  frequently  thin 
glass  tubes  hlled  with  some  dark  opaque  substance ;  hut 
an  excellent  index,  thin,  rigid,  and  light,  is  fiiruislied  by 
a  line  tube  of  aluminium.  This  index  can  be  handled 
and  adjusted  with  ease,  and  its  use  avoids  the  danger  of 
breaki^e  which  exists  in  the  case  of  glass  fibres. 

In  considering  how  the  adjustments  are  to  be  tested, 
■  we  have  supposed  that  the  deflections  can  be  accurately 
observed ;  and  the  usefulness  of  the  apparatus  for  es 
measurements  depends  on  the  means  provided  for  t 
purpose,  In  many  inEtruments  the  index  ia  bo  Iom 
and  so  mounted  that  its  extremities  project  over  t 
divisions  of  the  scale,  and  the  deflections  are  t 

id  by  the  observer  looking  as  nearly  as  he  cai 


MOVABLE  VERNIEK. 

at  the  plane  of  the  circle.     Unless,  however,  the  index 

13  very  close  to  the   scale,  this  process   introduces  a 

liability  to  error  from  pai-allax,  that  is,  different  readings 

are  obtained  according  to  the  direction  in  which  tlie 

scale  is  viewed.     To  prevent  this  source  of  error,  the  Avoidanca! 

scale  is  frequently  engraved   on   silvered   glass,  or   is   p   "^     V 

surrounded  by  a  slip  of  silvered  glass,  in  which  the 

extremities  of  the  index  are  seen  by  reflection,  and  the 

readings  are  taken  always  when  the  scale  is  so  viewed 

that   the  extremities  and  their  image  in  the  silvered 

surface  seem  in  coincidence. 

For  many  purposes  sufiGcient  accuracy  can  be  obtained    Mo»sbl*L 
by  making  each  extremity  of  the  index  carry  a  small    ^*""*'- 1 
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vernier.  In  the  case  of  an  aluminium  index  the  ends 
can  be  two  horizontal  flat  pieces  on  which  the  vernier 
is  engraved.  The  middle  line  of  division  of  the  vernier 
is  the  zero  (which  contains  an  even  number  of  divisions, 
as,  for  example,  10  corresponding  to  9  of  the  scale),  and 
the  divisions  are  marked  so  as  to  read  from  0  to  5  on  the 
right,  and  from  5  to  10  (which  coincides  with  zero)  on 
the  left,  as  shown  in  the  diagram.  The  vernier  carries 
at  one  end  a  projecting  point,  the  image  of  which  is 
/f6aa  in  the  silvered  glass  on  which  the  scale  is  engraved, 
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rVonble   or  iu  a  piece  of  slivered  glass  surrounding  tlie  §cale,a] 
tVwBier.    thus  piirallas  ia  avoided. 

In  some  cases  parallax  is  avoided  by  baving  the  » 
circle  in  relief,  so  that  the  index  can  be  made  to  n 
nearly  in  the  plane  of  the  scale,  and  with  its  extremifl 
close  to  it.     The  positions  of  the  extremitiea  man 
read  either  with  or  vithout  a  vernier.     If  a  finj 
divided  vernier  and  scale  are  used,  the  readings  i 
be  taken  by  a  microscope  or  a  magnifying  glass,  8 
both  graduations  are  in  focus  at  once. 
)  Idmiis  of       In  Bomo  instruments,  as  in  the  Dip  Circle,  the  i 
^J^/   is  a  metal  arm  moving  round  a  finely-divided  cin 
»He,      and  carrying  at  its  extremities  verniers,  the  readinj 

which  can  be  obtained  by  micruacopea.     The  amount^ 
^b  accuracy  obtainable  here,  all  other  adjustments  beirij 

^M  supposed  correctly  made,  depends  upon   the  finenc- 

^K  of  the   graduation  and  the  precision  with  which  tin. 

^H  zero   of   the   vernier  can   be    placed    in    the   desired 

^^M  position.     Thus,  for  a  vernier  and  scale  which  can  be 

^^1  read  to  say  10'  of  angle,  the  error  of  estimation  of 

^^1  position   must   be   less   than    10'   or   the   fineness   of 

^^m  the  graduation  is  not  taken  advantage  of.    The  reading 

^^r  microscope  must  of  course  be  of  sufBcient  power  to 

^V  take  full  advantage  of  any  given  degree  of  fineness  of 

^K  graduation. 

^H  MiiTur         Angular  deflections  are,  however,  generally  measured 
^■^  in  ordinary  electric  measurements  by  what  is  called  the 

^K  mirror  method.     A  plane  mirror  or  a  concave  spherical 

^B  mirror  is  mounted  so  that  the  axis  round  which  the  rota- 

^M  tion  'akes  plnce  is  in  the  reflecting  surface  of  the  mirror 

^^^^         if  that  is  plane,  or  is  a  tangent  to  the  reflecting  surfaw 
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at  its  centre  if  the  mirror  is  concave.  The  angle  of 
rotation  is  measured  by  observing  the  angular  distance 
between  the  positions  of  the  image  of  a  luminous  object 
placed  Id  front  of  the  mirror.  The  index  here  is  a  ray 
of  reflected  light, 

In  the  ordinary  or  projection  method  this  object  is  Otdiunry  1 
a  short  narrow  slit,  with  its  length  parallel  to  the  axis,  ^'i^^'l 
made  in  an  opaque  diaphragm  in  front  of  a  source  of     mmte  _, 
light,  or,  better,  a  somewliat  large  illuminated  opening   c^ca»a_ 
in   the  diaphragm,  with  a  thin  opaque  wire  or  hair    Mirror.! 


atretched  across  it  parallel  to  the  axis.  We  shall 
suppose  first  that  the  mirror  is  concave.  The  image  of 
Oiisslit  or  wire  is  received  on  a  screen  placed  in  the 
-mI  plane  conjugate  to  that  of  the  slit  or  wire.  On 
I  (iLS  screen  is  ruled  a  scale,  generally  to  half-mil Umetre 
diviaiona,  by  which  the  deflections  can  be  measured. 
F..r  considerable  deflections  the  screen  may  be  a 
irraduated  scale,  with  its  length  at  right  angles  to  the 
axis  of  rotation  on  a  concave  cylindric  surface,  the  axis 
of  which  coincides  with  that  of  rotation.  For  example, 
Fig,  38  shows  a  plan  of  such  an  arrangement  in  a  plane 
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'■  perpendicular  to  the  axis.     0  is  the  optDing  bisected  bv 
the  opaqvie  wire,  Jf  the  mirror  in  its  deflected  position, 

=  shown  by  the  line  jVA',  P,.  I\  the  positions  of  the  image 
on  the  scale  SS  corresponding  to  the  undisturbed  ami 
deflected  position*?  of  the  mirror.  The  illuminated  opeo- 
ing  and  the  scale  are  placed  on  opposite  sides  of  a  plsiir 
normal  to  the  axis  through  the  centre  of  the  mirror,  in 
order  that  the  scale  may  not  intercept  the  light.  TIj  ■ 
method  has  the  drawback  that  it  is  generally  neces&ii; 
to  darken  the  scale,  so  that  the  illumination  producii 
by  the  reflected  ray  may  be  distinctly  visible.  Tlii- 
is  accomplished  sometimes  by  placing  the  who  I 
apparatus  in  an  alcove  with  curtains,  and  sometimes  b} 
turning  the  back  of  the  scale  to  the  general  light  of  tbsi 
room,  and  shading  the  front  above  anil  at  the  ends  mi 
a  projecting  hood  of  dull  black  material. 

f  Well  graduated  paper  scales  are  easily  obtained,  am 
when  properly  mounted,  and  aflf-nvards  compared  with 
a  standard  scale  are  quite  reliable.  They  should  b« 
well  glued  to  a  backing  of  hard  thoroughly  seasoi 
wood,  and  the  rest  of  the  wood  and  the  scale  itself 
covered  with  spirit  varnish  to  prevent  the  absorption 
moisture.  When  it  is  convenient  to  use  a  at 
scale,  one  graduated  on  glass  or  ivory  is  preferable, 
the  former  can  be  easily  made  by  the  experimei 
himself  by  copying  the  graduation  from  a  stanili 
scale.  Scalefl  graduated  on  glass  roughened  so  as  to 
semi-opaque  are  very  convenient,  as  the  image  of 
hair  or  wire  and  the  divisions  can  be  seen,  and 
deflection  read  from  bchiud  the  sc«le. 

If  accurate  readings  for  large  deflections  are  reqaii 
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ttie  scale  caanot  bo  made  circular,  but  must  be  so  curved 
that,  for  the  distances  P^M,  OM  cbosen,  a  distinct 
image  of  tbts  wire  may  be  formed  on  the  scale  for  all 
deflections.  The  graduation  of  the  scale,  if  previously 
rande  in  equal  divisions,  must  then  be  compared  with  a 
circular  scale,  in  order  that  the  deflections  may  be 
reduced  to  angle. 

If  H  be  the  number  of  equal  degree  divisions  which  ReJuction 
measures   the  distance  P^F^  ou  the  scale,  if  that   is  ^.A^iion 
circular,  or  the   corresponding   number  on  a   circular  toRadUn 
scale  of  radius  J/P,,  r  the  distimce  MPy.  also  iu  scale 
divisions,   6  the   deflection   of    the   mirror  in   radian 
,  then  siDce  P^MP„  =  10  =  njr,  we  have 


(1) 


^f  In  an  arrangement  commonly  used  tlie  slit  or  wire 
^and  the  scale  are  nearly  at  the  same  distance  from  the 
miiTor.     The  distance  of  the  scale  is  then  twice  the 
Focal  distance  of  the  mirror. 

Instead  of  a  concave  mirror  an  equivalent  arrange-   AmngB>fl 
meat  is  sometimes  adopted,  consisting  of  a  plane  mirror    ^fpi"^, 
with  a  convergent  lens  placed  close  in  front  of  it.    With     Mirror  1 
tie  reversal  of  the  ray  by  reflection,  0  and  P^  are  now 
conjugate   foci   of  a  system  of  lenses   each   identical 
with  that  used,  having  a  distance  between  their  optical 
centres  equal  to  twice  the  distance  of  the  optical  centre 
of  the  lens  from  the  mirror.     The  arrangement  may  be 
made  conveniently  in  some  cases  by  silvering  the  plane 
face  of  a  plano-convex  lens,  and  is  then  optically  equi- 
valent to  two  similar  plano-convex  lenses  placed  with 
their  plane  faces  in  contact. 
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tJsn  of  A  strfught  scale  placed  at  right  angles  to  the  a: 
8,^.  which  the  mirror  turns,  is  frequently  used.  Let  a  be  ti 
angle  which  the  reflected  ray  in  the  undiaturbed  position, 
of  the  mirror  maiccs  with  a  plane  at  right  angles  to  tlie 
scale  and  passing  through  the  centre  of  the  mirror,  n  the 
corresponding  distance  on  the  scale,  a  and  «'  the  cor- 
responding quantities  for  a  deflected  position,  r  tho 
perpendicular  distance  of  the  scale  from  the  mirror,  B 
the  angular  deflection  of  the  mirror,  then  ^H 

^„        tana'  — tana  n'  —  n  ^H 

tau  W  =  -^ — . ,  =  -^- — — ,  f        ^1 

1  +  tan  a  tan  a        r*  +  na  ^B 

and  0  =  -  tan  -  '    -^ r  .     .     .     .     (3}    , 

Deduction      If  »  is  zero  we  have 
of  atigttlnr                                                       i                 „• 
Defloctian  5  =  ^  tan  "  '  - [■'} 


RBKlin^ 


If  n'  be  small  in  comparison  with  r  we  have  appron- 
mately  from  (2) 


1  1 


and  from  (3) 


I  For  more  exact  measurements  when  the  defiectiona 
are  small,  Poggendorff's  arrangement  of  telescope  and 
scale  is  used  with  a  plane  mirror.  The  telescope  has  a 
positive  eyepiece  with  two  mutually  rectangular  inter- 
secting cToss-wirea  at  its  focus.  Its  line  of  collimatu 
*  The  line  jaioing  tlie  optical  ota'Oe  of  the  object  glua  iridl'fl 
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I*  arranged  to  be  nearly  in  plane  with  and  at  right  Tel** 
.     ungles  to  the  axia.    In  most  cases  in  which  the  telescope      " 
I    IB  used  the  axis  is  vertical,  and  we  will  for  definitenesa 
I    assume  that  this  is  the  case.     One  of  the  crosa-wirea  is 
'    then  in  n  vertical,  the  other  in  a  horizontal,  plane.    The 
Scale  is  straight  and  the  numbers  on  it  are  engraved  in 
such  a  mnoner  that  they  appear  erect,  and  are  read 
from  left  to  right  when  seen  through  the  telescope. 

The  scale  must  be  well  illuminated,  and  the  method 
''^^*s  the  advantage  that  in  general  this  is  sufficiently 
■■Accomplished  for  an  opaque  scale  if  it  ia  placed  in  a 


■■■'■ll-Ughted  room;  and  the  local  darkening  required  in 
■i,' ordinary  projection  mirror  method  is  thus  avoided, 
''lass  scales,  constructed  either  by  graduation  on  the 
surface  of  transparent  glass,  or  on  a  silvered  surface, 
fiiay  be  used  with  convenience.  The  scales  are  iliumi- 
tir*ted  by  light  from  behind ;  and  in  the  former  case  the 
:  I  visions  appear  dark  on  a  bright  ground,  in  the  latter 

line  out  brilliantly  on  a  dark  ground.  The  room 
plainly  raust  be  darkened  if  such  scales  are  used. 

The  arrangement  of  the  apparatus  is  shown  in  the 
sketch.  Fig.  39.     T  is  the  telescope,  SS  the  scale,  M  the 


Mi 
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mirror.  The  telescope  as  a  whole  is  movable  for  ajjuat- 
ment  both  in  a  horizontal  and  in  a  vertical  plane.  The 
^  various  parts  are  set  up  aod  adjusted  as  follows.  The 
telescope  eye-piece  is  adjusted  so  that  distinct  vimon  of 
the  cross-wires  is  obtained.  The  eye-pieoe  as  a  whole 
is  then  moved  until  an  object,  at  a  distance  equal  to 
twice  that  at  which  the  telescope  is  to  be  phiced  from 
the  mirror,  is  distinctly  seen  without  parallax  at  the 
cross-wires.  A  plummet  is  hung  below  the  object-glass 
liy  a  fine  wire  in  a  vertical  plane  through  the  centre  of 
the  object-glass.  The  telescope  is  then  placed  in  front 
of  the  mirror,  supposed  at  rest  in  the  undisturbed  poa- 
tion,and  is  moved  about  until  the  plummet  wire  is  seen 
by  reflection  in  the  mirror.  The  scale,  which  is  usually 
supported  by  an  adjustable  holder  carried  by  the  tele- 
scope stand,  is  placed  in  position  below  the  olgect- 
so  that  the  plummet  wire  is  seen  in  the  telescope 
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of  a  scale  of  ordiQary  length  placed  at  the  usual  distance  Deduction 
from  the  mirror.     A  deflectiun  of  the  mirror  causes  the  "    ,,f  *"  "^ 
divisions  of  the  scale  to  pass  across  the  Held  of  view  of  Deflwiion 
the  telescope ;  and  if  the  mirror  comes  to  rest  in  a  new  RewliiiKs. 
position,  the   angle  of  deflection  can  be  obtained  by 
comparing  with   tlie  initial  reading  the  new  reading, 
which  coincides  with  the  vertical  cross-wire.     Let  n  be 
the  deflection  measured  along  the  scale  in  terms  of  a 
scale  division  as  unit,  r  the  distance  of  the  scale  from 
the  mirror  in  terms  of  the  same  unit,  B  the  angle  of 
deflection  of  the  mirror  in  radian  measure;    then  as 
in  (3) 


If  the  axis  round  which  the  mirror  turns  is  not  in  the 
reflecting  surface,  but  at  a  distance  S  from  it,  we  have 
plainly 

e  =  5tan-i  ^      ....     (6) 

Since  S  is  in  general  small,  this  may  be  calculated  with 
sufficient  accuracy  by  finding  6  from  the  previous 
formula,  and  using  its  value  in  the  calculation  of  the 
fiorrected  value  from  the  right-hand  side  of  (6).  If, 
however,  G  be  very  small,  cos  8  on  the  right  may  be 
tftken  as  unity,  and  we  have 


(7) 


In  order  that  a  point  in  the  middle  of  the  portion  of 
the  scale  seen  in  the  telescope  may  have  the  greatest 
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posoble  illumioatiaD,  it  is  necessary  that  the  minor 
should  be  at  least  so  broad  that  for  the  positiiuts  ot 
telescope  and  scale  adopted  the  pencil  of  rays  from 
point  should  fill  the  horizontal  diameter  of  the  obj 
glass.  Hence  if  r,  /  be  the  distances  of  the  scale 
telescope  respectively  from  the  mirror,  S  the  dii 
of  the  object-glass,  the  minimum  breadth  of  tbe 
is  rBlir  +  /). 

The  portion  of  the  scale  visible  in  the  telescope 
be  (le6ned  as  that  from  no  point  of  which  the  part 
tbe  pencil  received  by  the  eye-glass  fills  less  ituuij 
certain  fraction  of  tbe  diameter  of  the  object- 
we  define  it  by  half   tbe  diameter  we  get  when 
breadth  of  the  mirror  is  b,  (if  tbe  real  optical  ei 
of  field  of  view  of  the  telescope  be  not  exceeded)  for  I 
length  visible  b(T  +  r')ir'.    The  pencil  received 
either  extremity  of  this  space  covers  the  object-glast; 
far  as  its  centre.     With  the  above  minimum  bt 
of  mirror,  the  extent  of  the  field  of  view  is  rB/r',  wl 
is  greater  the  smaller  is  r'  in  comparison  with  t.    Ifj 
usually  is  the  case,  r  =  r'  nearly,  it  is  simply  equal  Ic 
the  diameter  of  tbe  object-glass. 

The  precision  of  the  readings  with  this  arrangemeDt 
depends  upon  the  angle  of  deflection  which  correspomls 
to  the  smallest  visual  angle  visible  in  the  telescope' 
Calling  this  angle  ij,  tbe  corresponding  length  of  scale 
is  t)(r  +  r'),  and  the  angle  which  this  subtends  at  tbe 
mirror  is  Tj(r  +  O/r.  The  smallest  angle  of  turning  of 
the  mirror  visible  is  therefore  r](r  +  r')/2r.  Tbe  smaller 
r'  is  in  comparison  with  r  tbe  smaller  is  this  angle; 
hence  the  sensibility  is  increased  by  placing  the  scale  it 
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a  greater  distance  from  the  mirror  than  the  telescope. 
The  minimum  breadth  of  mirror  becomes  as  /  is 
diminished  more  and  more  nearly  equal  to  the  diameter 
of  the  object-glaas  ;  hence  if  a  mirror  of  sufficient  size 
is  available,  and  it  is  convenient  to  construct  and  well 
illuminate  a  long  scale,  the  distance  of  the  scale  may 
with  advantage  be  made  considerably  greater  than  that 
of  the  telescope. 

A  telescope  may  be  used  with  a  concave  mirror  (or 
the  equivalent  arrangement  of  plane  mirror  and  con- 
vergent lens  placed  cl-ose  to  it)  and  curved  scale  as 
described  above.  All  that  is  necessary  is  to  substitute 
the  telescope  for  the  slit  or  illuminated  wire,  and  arrange 
it  for  distinct  vision  of  the  scale  without  parallax  at 
the  crosa-wires.  The  beet  amiugement,  boweverj  is 
now  to  place  the  scale  at  a  distance  from  the  mirror 
equal  to  the  principal  focal  distance  of  the  mirror, 
or  the  corresponding  distance  in  the  case  of  the  lens 
and  plane  mirror.  If  the  radius  of  curvature  of  the 
mirror  be  S,  this  distance  is  ^E.  For  the  lens,  if  /  be 
its  principal  focal  distance  and  8  the  distance  of  its 
optical  centre  from  the  mirror,  the  distiince  is  by  the 
theory  of  lenses  /(/  -  25)/2(/  -  S)  +  S  =  JC/  +  S) 
—  5'/2(/—  8).  Hence  if  8  is  small  in  comparison  with/, 
the  distance  is  approximately  ^(/ +  8}.  If  the  lens  be 
plano-convex  and  silvered  on  its  plane  face,  8  is  zero  and 
the  distance  is  J/. 

Since  the  rays  of  light  received  by  the  telescope  are 
parallel,  the  telescope  has  only  to  be  adjusted  for 
distinct  vision  of  a  distant  object,  and  may  be  placed  at 
any  distance  from  the  mirror,  with  no  other  alteration 
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than  a  change  is  the  extent  of  scale  seen  in  tlie  Geld  < 
view.     For  a  spherical  mirror  of  radius  S,  the  length  > 
scale  visible  with  a  mirror  of  breadth  i  in  a  telescup 
with  object-glass  at  distance  /  is  plainly  fcfl;2r'.    In  tlj.- 
case  of  the  lens,  if  5  be  its  diameter,  the  length  of  seal' 
visible  is  practically  b/!r'. 
>r      Plainly  in  order  that  the  whole  power  of  the  telescop 
■  DUineter  ^nay  be  utilised,  the  parallel  beam  from  the  mirror  or 
'°        from  the  lens  due  to  a  point  in  the  middle  of  the  portion 
ol  Object    of  the  scale  naible  must  fill  the  object-glass,  that  is,  t)jt 
mirror  or  lens  must  be  at  least  equal  in  diameter  to  tin: 
SniatltBt   object-glass.    The  smallest  angular  deflection  observable 
Deaeetion.  '^  *''^°  obviously  half  the  smallest  visual  angle  obserr- 
able  in  the  telescope,  that  is,  half  its  space-penetratint- 
power.     This  power  varies  directly  as  the  diameter 
the  object  glass,  and  it  has  been  found  that  an  obj. 
glass  of  15  centimetres  diameter  is  necessary  to  sejm 
rate  two  objects  which  subtend  an  angle  of  1"  at  its 
centre. 


Sectiok  II. 

MEASUREMENTS  OF  OSCILLATIONS. 

nit;  of  The  most  important  species  of  oscillations  for  ub  to 
.^^\f  consider  are  oscillations  of  a  body  round  an  axis,  such 
Uiitions  for  example  as  are  performed  by  a  body 
Miidi.d  by  an  elastic  wire  under  the  influence  of 
li.ii,  iT  the  vibrations  of  a  magnet  in  a  magnetic 
ill],  witli  or  without  the  damping  action  of  induced 
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lurrents,  or  of  frictional  resistance  proportional  to  the 
velocity.  A  do  termination  of  the  period  and  rate  of 
subsidence  of  the  oscillations,  with  a  knowledge  of  the 
moment  of  inertia  of  the  vibrating  body  round  the  axis 
of  rotation,  gives  a  means  of  calculating  the  moving  and 
resisting  forces  acting  on  the  body. 


mple  111 


equation  of  tr 


oscill&tionR  of  diminiGbing  range  tlie 


—  +  2i-  - 
dC^      dt 


.'-'5  =  0 


(«) 


where  6  is  tlie  angiikr  dellection 
Bimple  Imrmonic  luolioa  of  coueCa 

ba  acted  on  by  a,  system  of  forces  or  couples  proportional 
diaplacement  and  acting  towards  the  equilibrium  position.  The 
moment  of  the  couple-sjatera  in  the  present  caae  is  L0.  BeaLdes 
tliia  syEtem  of  couples  we  suppose  a  retarding  system  of  forces 
lu  act  on  the  budy  with  a  moment  round  the  axis  proportional 
III  every  instant  to  the  angular  velocity,  and  equal  to  iiiiddjiil, 
where  ft  is  the  moment  of  inertia  of  the  moving  eyatt^m  round 
ihe  BXiK,  und  k  a  constant  Eqiiaiing  the  rale  of  diminution 
uf  moment  of  momentum  —  (i^ff/dP  lo  the  sum  of  mvmcnta 
ilfU-JBi'dl  *■  LO  we  get  this  equation  of  motion  (8). 
The  guneral  solution  of  (8)  ia,  writing  n*  for  L/fi, 


Oscil- 
lations. 


=  Jii^i*  +  J^f"^ 


(9)   , 


i  the  roots  of  the 


**lier«  Ji,  J^  are  constants,  and  m 
quadratic  equation 

«'  +  2i«.  +  «»  =  0, 

J,at  ie,  «i,  =  -  t+  Vi"  -  «*,  Hj  =  -  i  -   V*»  -  m\    These 
'ootH  nre  imaginary  if  ii*  >  i*,  and  in  thiscaee  the  solution  takes 


II     ■  ■  <"' 
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tion. 


The  motion  is  therefore  simple  haimonie  with  period  2v/(ii>*— i^t, 
and  amplitude  diminishing  at  logarithmic  rate  k. 

If  «*  <  il*,  Ml,  Mj,  are  real  and  the  motion  is  non-oecillatory ; 
that  is,  any  displacement  given  to  the  system  disappears  by  a 


motion  of  the  body  towards  the  position  of  eqoilibnam  without 
oscillation  about  that  position.     This  condition  is  fulfilled  in 
aperiodic  or  ''dead  beat"  instruments. 
When  k  is  so  small  that  the  resistance  is  n^ligible  in  com- 

Carison  with  the  other  forces,  the   equation    of   motion   (8) 
ecomes 


and  the  solution  corresponding  to  (11) 


m 


08) 


Case  of        A  case  which  frequently  occurs  is  that  in  which  the  motion  is 

Forces      oBcillatory  but  not  simple  harmonic,  owing  to  the  fact  that  the 

var^ng  as  moment  of  the  system  of  couples  is  proportional,  not  to  ^,  but  to 

Sme  of     gjf)  ff^    Assuming  zero  or  negligible  resistance,  the  equation  of 

motion  is — 

^^  +  ««8ind  =  0 (14) 


Displace- 
ment. 
Eauation 
of  Motion. 


where  if,  as  before,  denotes  L//i.  This  is  the  case  of  which  a 
circular  pendulum  vibrating  through  a  finite  arc  is  the  type. 
Denoting  the  amplitude  in  radian  measure  by  a,  we  have,  mul- 
tiplying by  dB/di  and  integrating  from  ^  =  a  to  ^  =  0, 


( 


--  )  =  2«*(costf  -  cos  a). 
dtJ 


Hence 


dt  =  — :-  (cosd  -  cosa)-*rf^   ....     (16) 
v2« 

Calcu-     ^^^  ^^  integral  of  this,  taken  between  the  limits  0  and  a,  is  the 
lation  of   quarter  period  =  7/4. 

l'«"<>^-         Lot 


sm^  =  B^^^o  ^^9) 


then  (15)  becomes 


a    . 


*=  i(l  -  Bm'l'Bin».^)-*<ft^  .    .    .    .    (16) 


OBSEKVATION  OF  PERIOD  OF  OSCILLATION. 

Espitnding  sDrl  int«^:Tatis^  the  seriea  term  by  term  between 
the  limitB  0  and  ^tr  (which  correapond  to  0  and  a),  we  get — 

^4'l>+(D'~-5+G'D*"°'-2+*'-}  ■  ""W.Sd" 

for 
The  first  term  of  this  aeries  2ir/i"  iu  the  ordinary  simple  pen-  Infinitehr 
duliun  fomiula  for  an  infinituly  hiubII  anjplitade  of  vihriitiun. 
To  find  from  vnlueH  of  T  derived  from  ob^ervalion  of  oacillationa 
of  this  kind  the  corresponding  period  for  infinitely  enmll  oscilla- 
tions,  it  is  only  necessary  to  divide  llie  vnlue  of  T  thus  found  by 
the  talue  of  the  series  witliin  the  brnckelB.  For  almost  all  prac- 
tical putposua  it  is  sutMoient  to  use  the  iipprosimute  equation — 


''-?{' 


w 


■(18) 


which.  fi:>r  an  amplitude  of  half  a  radian  (28°  42'  nearly),  is  tme 
to  1/60  per  cent.,  and  to  a  higher  degree  of  ucciiracy  for  smaller 
amplitudes. 

A  (able  of  reducing  factors  calculated  from  (IT)  is  given  at 
the  end  of  this  volume. 


The  period  of  an  oscillation  ia  the  time-interval 
between  two  successive  paesajres  of  the  moving  body 
through  the  same  position  in  the  same  direction.  For 
the  determination  of  this  a  means  of  observing  the 
position  of  the  body  and  a  time  measurer  are  necessary. 
For  many  physical  purposes  a  fairly  accurate  clock  or 
chronometer  beating  audibly  seconds  or  half  seconds, 
or  a  good  watch  is  sufficient.  In  well-equipped 
laboratories,  chronographs  are  available,  by  which,  at 
the  successive  instants  of  occtirrence  of  the  phenome- 
non observed,  marks  can  he  made  on  a  ribbon  of  paper 
or  revolving  drum  kept  moving  uniformly  (checked,  of 
course,  by  a  break-contact  chronometer  or  pendulum, 
which  breaks  an  electric  circuit  at  equal  intervals  of 
time,  and  makes  a  mark  on  the  ribbon  at  each  break) 
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by  clockxrork  at  a  known  rata  zecorded  hf  Ae 
meat  itself.     We  shall  .snppooe  that  an  anflSblj  tickng 
chronometer  is  used,  and  it  wiH  be  easy  to  ma£fy  Ae 
methods  of   observation  to  suit  a  Trgintofffiny  time- 
measnrer. 
Xffthod  of      For  observation  of  the  vibrating  body,  when  it  is 
nd^  only  necessary  to  find  the  instant  of  passage  through  a 
Mimr.     given  position,   it  is  convenient  to   use   a  tdLeseope 
focnssed  so  as  to  give  an  image  of  some  purt  of  the 
body  at  the  inteisection  of  cross-wires  when  the  body  is 
in  the  position  in  question.     The  beat  posiion.  is  that 
of  the  vibrating  body  when  at  rest  with  no  fisrces  actii^ 
upon  it.     A  vertical  line  is  drawn  upon  the  body,  and 
fivjiased  at  the  cross-wires  in  the  usual  way  by  first 
ailjuating  the  eye-lens  ami  cross-wires  for  distinct  visioii 
of  the  latter,  and  thea  moving  the  whole  eye-piece  until 
distinct  vision  of  the  mark  is  obtained. 

It  is,  however,  more  generally  convenient  to  mount  a 

lisrht  mirror  on  the  bxiv  and  use  the  arninjTement  of 

telescope  and  long  circular  scale  de»:ribed  above.    The 

apparatus  is  aiijustai  so  that  the  divisi>7n  of  the  scale  in 

the  same  vertical  plane  as  the  centre  of  the  object-glass 

and  the  centre  of  the  mirror  is  at  the  intersection  of 

Dctermi-   cross-wires  when  the  b«xly  is  at  rest.   Or,  and  preferably, 

nation  of  ^j^f.^^  the  equilibrium  pjsition  of  the  vibrating  body  is 

K«ftdiDg/'  liable  Ut  change,  the  eian  reading  of  the  scale  corre- 

.spon^ling  to  the  equilibrium  position,  or  ztra-reading,  as 

we  shall  call  it,  may  be  obtained  as  follows,  while  the 

bo<ly  13  vibrating.    The  readings  of  the  scale  when  the 

body  is  at  rest  at  three  consecutive  times  are  taken. 

Let  n,,  Tij,  Tij  be  the  readings,  a  the  zero-reading,  T  the 
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period  (not  necessarily  known),  then  for  tlie  deflection  Obeerra- 
from  the  zero  in  the  first  case  we  have  d  =  n,  — a,  .j.'^'"'-,'^^ 
aud  in  the  second  and  third  cases  by  (11)  above,  %<. 
713  —  a  =  -  e  ~  *''/*rf,  Tig  -  o  =  «  ~  *^d.     Hence  we  get 


%n,  -n,-n. 


(19) 


When  n^  does  not  differ  greatly  from  n,  this  equation 
becomes 

«-i(».  +  2,,  +  ».)    ....     (20) 

If  the  rate  of  diminution  of  amplitude  is  not  great, 
the  extreme  readings  of  a  greater  odd  number  of 
successive  semi- vibrations  may  be  read  off.  The 
arithmetic  means  of  the  readings  taken  at  each  side  are 
found  separately,  and  the  arithmetic  mean  of  the  two 
results  is  the  required  reading  for  the  middle  positiorL 
Thus  let  d,,  rfj,  rfj,  d^,  d^  be  readings  of  the  scale  for  five 
successive  elongations  (points  of  extreme  deflection),  so 
that  rf|,  rfg,  (/j  are  the  extreme  readings  for  deflection  to 
the  left,  rfj,  d^  for  deflection  to  the  right.  Then 
(rf,  +  rfj  +  rfg)/3  is  the  mean  extreme  reading  on  the 
left.  Similarly  (rf^  +  d^j'l  ia  the  mean  extreme  read- 
ing on  the  right.  The  zero  reading  is  then  approximately 
the  mean  of  these,  or  [d^-^d^-^  d^jQ  +  (rfj  4  d^)j^.  It 
is  necessary  thus  to  take  one  more  reading  on  one  side 
than  on  the  other  in  order  that  in  the  case  of  diminish- 
ing amplitude  the  mean  for  one  side  may  correspond  to 
that  for  the  other.  Thus  if  three  readings,  rf^,  d^  d^, 
were  taken  on  the  right,  the  mean  d^  +  d^  +  rf^  would 
be  the  mean  of  readings  taken  one  by  one  later  than 
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those  on  tlie  other  side,  and  their  mean  would  therefort 
be  too  small  to  give  accurately  the  zero  reading. 

The  instant  at  which  the  zero  reading  of  the  sea!- 
makes  its  transit  is  now  observed  while  the  body  is 
vibrating.     This  is   done   as  follows: — The    observtf 
takes  time,  say  at  the   end   of  a   minute,  and  thti: 
listening  to  the  ticking  of  the  clock,  counts  on  frw. 
the   end   of    the    minute   until    the    middle    readiu;; 
passes   the   intersection  of  cross-wires.     The  divistou 
of  the  scale  at  the  intersection  of  cross-wires  at  the 
beat  of  the  chronometer  before  and  at  the  beat  after 
the  instant  are,  if  possible,  also  observed.     From  thesB 
the  exact  instant  of  the  transit  of  the  zero  reading  caa 
be  found  by  assuming  the  velocity  of  transit  constant 
between  the  two  beats.     If  both  these  readings  cannot 
be  obtained,  that  one  nearest  in  time  to  the  transit  ol 
the  zero  reading  is  read  off,  and  from  the  approximately  j 
known  velocity  of  transit  the  interval  between  the 
and  the  passage  can  be  found.    The  observer  allows 
vibration  to  continue,  and  counts  the  transits  past 
cross-wires  until  some  convenient  number,  say  10  or 
have  taken  place.    Before  the  end  of  the  series,  gla 
at  the  clock,  he  takes  time,  and  then  counts  the 
until  the  last  transit  of  the  series  has  taken  place 
makes  the  same  observations  as  at  the  beginning  of  I 
series.     He  repeats  these  observations  for  succe 
series,  and  thus  obtains  an  approximate  measureme 
of  the  time-interval  from  the  first  to  the  last  transit  i 
each  series. 

From  this  time-interval  for  one  or  more  aeries 
period  of  oscillation  can  be  approximately  calcul&t 
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Tbe  mean  of  the  periods  calculated  from  each  set  of 
observations  will  give  the  average  period  with  accidental 
errors  of  a  particular  set  more  nearly  eliminated. 

Each  set  of  determinatious  of  period  ought  to  he  Ob«uTa< 
immediately  preceded  and  followed  by  observations  of  V""",? 
amplitude.  For  this  it  is  only  necessary  to  observe  tnSe. 
three  elongations  or  scale-readings  at  the  stationary 
points.  Thus  let  three  successive  scale  readings  be 
d,,  dj,  (fj,  the  total  range  of  apparent  motion  of  the  scale 
across  the  6eld  of  view  is  d^  —  l{d^  +  d^),  or  the  ampli- 
tude of  oscillation  reckoned  on  a  circle  of  radius  equal 
to  that  of  the  scale  is  ^d^  —  ^(rf,  +  d^.  If  a  denote  the 
amplitude  in  radian  measure,  and  r  the  radius  of  the 
Bcole  in  degree  divisions,  then 

„  =  i-tiiii±J«    ....    (21) 

The  mean  of  the  two  values  of  the  amplitude  ob- 
tained at  the  beginning  and  end  of  each  series  of  obser- 
vations may,  if  the  series  does  not  extend  over  too  long 
a  time,  be  taken  as  the  amplitude  during  the  whole 
series,  and  used,  if  the  oscillations  are  of  the  kind  which 
require  it,  for  the  reduction  of  the  period  obtained  from 
the  series  to  that  which  would  have  been  obtained  if  the 
amplitude  had  been  infinitely  small  (see  p.  223,  above). 
The  mean  value  of  the  periods  obtained  after  all  cor- 
rections from  the  various  series  of  observations  may  be 
taken  as  the  period  required. 

In  cases  in  which  the  rate  of  diminution  of  amplitude 
is  small,  a  large  number  of  oscillations  may  be  made  in 
a  series  extending  over  a  considerable  time.     A  first 
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ObMm-   short  Series  of  observations  will  suffice  to  give  an  ap- 

Lo„g     |m>ximate  value  of  tiie  period,  and  this  can  be  used  to 

Bartai  of  gave  the  neeessity  of  counting  the  number  of  oscillations 

tioQi.      in  the  long  aeries.     Tbe  times  t,t'  of  the  beginning  and 

end  of  the  long  series  (with,  as  before,  tbe  amplitode 

before  and  after)  are  observed  and  recorded.     Then  if 

7"  be  the  rough  value  of  the  period  before  obtained, 

which  it  is  known  ma;  have  an  error  not  greater  tbsa 

T,  we  have  for  N  the  number  of  vibratioDs  in  the  Beriea 

N.'^ (!!!) 

with  a  possible  error  of  +  JVt/7',     If  t  is  so  small  that 
Nt  is  less  than  half  a  period,  then  plainly  W  is  tbe   : 
actual  nuQiber  of  vibrations  made  during  the  interval, 
and  the  true  period  T  can  be  at  once  obtained. 
Definition       When  the  resistance  to  motion  is  proportional  to  the 
uithi^c    ''^locity,  each  amplitude  has  a  constant  ratio  to  the 
Deere-     succeeding  amplitude,   and    this   ratio    is   called  die 
Logantkmie  Decrement  of  the  motion. 
It!  Deter-       It  is  obtained  at  once  from  observations  of  amplitude. 
■  The   zero  reading    having    been  detorminod,  an  odd 
number  of  successive  elongations  on  the  same  side  of 
zero  are  observed,  and   the  arithmetic  mean   of  the 
deflectjons  from  zero  taken.     The  result  is  the  ampli- 
tude  for    the   middle   vibration  of  the   series.      Ti* 
vibratory  motion  is   allowed  to  continue  Trndlsturlxd 
for  some  time  and  another  series  of  observations  tbei 
made.  Then  if  we  call  the  semi-period  for  which  the  fi 
amplitude   was   determined   the  m'\  and    the   seco 
semi-period  to  which  the  second  amplitude  cwrrespa 
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be  the  (m  +  n)"',  the  time  between  the  two  observations 
is  w  —  1  semi-periods.  Hence  if  \  be  the  logarithmic 
decrement,  0,,  the  first  amplitude,  0™+,  the  second, 
tbcn 

t 

^Kf  3k  denote,  as  in  (8)  above,  the  ratio  of  the  moment 
^V  the  resistance  to  the  product  of  the  moment  of 
inertia  and  the  angular  velocity,  or,  which  is  the  eame 
thing,  the  ratio  of  the  angular  retardation  to  the 
;ular  velocity,  and  T  one  period,  then  we  see  by  (11) 


©«+« 


(23) 


r 


\  =  kT. (24) 

"Wben  the  oscillations  are  long  continued,  a  short 
series  of  observations  of  an  odd  number  of  successive 
elongaliouB,  with  the  time  of  zero  passage  for  each  serai- 
vibration,  is  made  from  time  to  time.  The  number  of 
oscillations  which  has  taken  place  between  every  two 
successive  series  is  determined  as  described  in  p.  228, 
and  the  results  combined  as  follows.  The  interval 
between  the  time  of  zero  passage  in  the  first  serai- 
vibration  in  the  first  series  and  the  zero  passage  in  the 
first  of  the  second  series  divided  by  the  number  of 
semi-periods  gives  an  average  semi-period  of  vibration ; 
in  the  sarae  way  the  second  semi-vibration  of  the  first 
series  and  the  second  of  the  second  series  gives  another 
average,  and  so  on.     A  second  set  of  averages  can  be 


Period,  &i 
doJuced 


tiona. 
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Period,^  obtained  from  the  second  and  tliiid  short  series  lEuid 

dodncod 

from  Sac- 1^  interval  between  them. 

g^^^j       Each  successive  set  of  average  results  (corrected  if 
Obsenra-  necessar  J  for  amplitude)  gives  a  mean  result,  and  these 
again  a  final  mean  period.      In  the  same  way  the 
amplitudes  may  be  dealt  with  and  a  mean  logarithmic 
decrement  found. 

The  results  of  observations,  and  of  different  sets  of 
observations,  may  be  combined  by  rules  derived  from 
the  theory  of  Leaxt  Sqttares  so  as  to  give  the  most 
probable  values  of  the  quantities  sought,  and  we  diall 
state  and  use  such  rules  when  necessary  in  what  follows. 
We  have  not  space  here  to  enter  into  the  subject. 


Section  IIL 
MEASUREMENT  OF  COUPLES. 

There  are  many  electric  and  magnetic  instruments 
in  which  an  applied  couple  or  system  of  couples  is 
equilibrated  by  a  reacting  couple  the  moment  of  which 
therefore  measures  that  of  the  f(»mer.  This  equilibrating 
couple  may  be  obtained  in  various  ways ;  for  example, 
by  the  torsion  of  an  elastic  wire  or  thread ;  by  means 
of  a  bi filar  suspension;  or  by  the  deflection  of  a  magnet 
in  a  magnetic  field.  We  shall  consider  shortly  the 
measurement  of  couples  produced    in  the   first   two 

lerent  ways,  deferring  the  third  until  we  deal  with 

gnetic  measurements. 


MEASOREMEXT  OF  COUPLES. 

When  a  wire  is  twisted  by  turning  one  end  round  De6mti«i 
the  axis  of  the  wire  while  the  other  end  is  held  fixed,  ^ 
a  resisting  couple  is  set  up  by  elastic  reaction  in  eveiy 
cross-section  where  twist  ha^  been  given.  The  moment 
of  this  couple  at  any  one  section  is  proportional  to  the 
(urisl  there  existing  delined  as  follows : — Let  B6  be  the 
angle  through  which  one  of  two  normal  cross -sections 
at  a  distance  Bl  apart  along  the  a.tis  of  the  wire  has 
boea  turned  relatively  to  the  other,  then  S^/8^  is  called 
the  average  twist  over  that  portion  of  the  wire.  Let 
the  middle  cross-section  of  this  portion  of  the  wire  be 
that  at  which  the  twist  is  to  be  measured,  and  let  Zl  bo 
made  very  small,  Wjhl  is  then  the  twist  required. 

Along  a  straight  homogeneous  wire  of  imiform  cross-  TtnimuU 
section,  attached  at  its  extremities  to  two  bodies  by  ^^^ 
the  relative  motion  of  which  round  the  axis  of  the  wire 
the  twist  is  applied,  the  distribution  of  twist,  except 
near  the  fastenings  at  the  ends,  is  uniform.  The  couple 
of  elastic  reaction  in  a  particular  wire  of  circular  cross- 
section  and  isotropic  material  is  equal  to  the  product 
of  the  twist,  the  Ttgidity  (defined  below)  of  the  material, 
and  the  moment  of  inertia  round  the  axis  of  a  circular 
disc  of  diameter  equal  to  that  of  the  wire,  and  of  unit 
mass  per  unit  of  area.  The  product  of  the  last  two 
factors  is  called  the  Torsional  Eigidity  or  Modulus  of 
Tormon  of  the  wire,  and  is  the  elastic  couple  set  up  iu 
the  wire  per  unit  of  twist.  This  is  the  constant  which 
for  wires  used  as  torsional  suspensions  it  is  necessary 
to  determine. 

The  simple  rigidity  of  the  material  which  forms  one    ■ 
iactor  of  the  torsional  rigidity  is  defined  by  supposing 
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^1^^  equal  tangential  force  p^  unit  of  ana  to  be  appGed 
over  four  fences  of  a  unit  cube  ao  that  thefiHces  iiieaA 
(etce  act  as  shown  by  the  anow-heada  in  Fig.  40l  jfy 
the  action  of  these  forces  the  cube  is  distorted  ao  Aat 
the  section  in  the  plane  of  the  pap^  becomes  a  rhombus^ 
that  is,  each  of  one  pair  of  opposite  angles  becomes  less 
than  a  right  angle  by  a  certain  amount,  and  eadi  of 
the  other  angles  greater  than  a  right  ai^le  by  tkeaame 
amount.  The  rigidity  is  the  ratio  of  the  tangential 
force  per  imit  area  thus  applied,  to  the  amount  in 


radian  measure  by  which  each  angle  of  the  section  of 

the  cube  has  been  changed. 

Deter-         The  torsional  rigidity  of  a  wire  is  best  determined  by 

mination  ^^  method  of  oscillation.      The  wire  is  suspended 

Tortional  vertically  from  a  fixed  support  which  securely  holds  its 

M^od^of  upp^f  cod  from  turning,  and  to  the  lower  is  attached 

Oscil-     a  body  of  such  form  that  its  moment  of  inertia  round 

the  axis  of  the  wire  can  be  readily  determined  from  its 

mass  and  dimensions. 

The  best  form  of  vibrator  is  for  several  reasons  a 
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hollow  circular  cylinder  of  brass  or  copper  suspended  so  Fom  of 
that  the  axis  is  in  line  witli  that  of  the  wire.  In  such 
a  cylinder  the  thickness  of  the  metal,  in  most  practical 
cases,  need  not  be  so  great  in  comparison  with  either 
radius  that  defects  in  homogeneity  will  seriously  affect 
the  correctness  of  the  moment  of  inertia,  as  deduced 
from  the  mass  and  dimensions  of  the  vibrator.  Further. 
its  form  is  one  for  which  the  motion  is  but  slightly 
affected  by  the  presence  of  the  air  in  the  chamber  in 
which  the  oscillations  take  place. 

The  cylinder  is  suspended  by  means  of  a  cross  bar  of 
the  same  material  and  of  rectangular  section  which 
passes  through  apertures  at  the  opposite  extremities  of 
a  diameter  of  the  cylinder  near  its  upper  edge.  The 
length  of  each  aperture  is  exactly  equal  to  the  breadth 
of  the  bar  so  as  to  avoid  side-shake,  but  their  depths 
may  be  slightly  greater  than  the  thickness  of  the  bar. 
Symmetrically  placed  with  reference  to  the  centre  of 
the  bar  are  two  notches  in  its  upper  surface  which 
exactly  fit  the  upper  edges  of  the  orifices,  ao  that  when 
the  whole  is  suspended  by  the  centre  of  the  bar  the 
cylinder  rests  in  these  notches  with  its  plane  horizontal, 
and  all  is  symmetrical  about  the  axis,  and  practically 
rigid  for  motions  round  it. 

Coincident  with  the  axis  is  a  small  hole  in  the 
bar,  through  which  the  wire  can  be  passed,  or  in 
which  a  small  vertical  wire  can  be  fixed  to  fit  the 
clamp  with  which  the  lower  end  of  the  wire  may  be 
terminated. 

If  the  object  of  the  experiment  is  to  determine  the 
torsional  rigidity  of  a  particular  wire  used  in  an  inslru- 
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^^^™^  ment  of  any  kiiid,  and  this  cuinoi  be  done  with  the 
wire  in  position,  the  wire  sbonli  have  a  damp  or 


at  each  end  permanently  fixed  to  it  finr 
secoring  it  in  any  new  position ;  and  the  total  weight 
on  the  wire  when  vilwating  should  be  as  nearly  as  may 
be  the  same  as  that  borne  by  it  when  at  its  proper 


The  period  and  rate  of  sabsidenoe  of  the  osdllationB 
are  observed  and  the  results  dealt  with  in  the  mann^ 
already  described  (pp.  225 — 230  above). 

In  the  case  of  a  cylindric  vibrator  the  mirror  may  be 

dispensed  with,  and  a  scala  of  equal  divisions  engraved 

on  or  cemented  round  the  upper  or  lower  edge  of  tike 

cylinder.    This  scale  is  viewed  through  a  telescope 

directly,  and  as  the  wire  vibrates  the  divisions  pass 

across  the  field  of  view,  so  that  the  time  of  passage 

of   any  one  division  and    the    divisions  of  greatest 

elongation  can  be  observed. 

Deduction       If  r  denote  the  torsional  rigidity  of  the  wire,  n  the 

Bigidity   ^S^^^^7  ^^  ^^^  material,  and  a  the  radius  of  the  wire, 

horn      then,  as  stated  above,  p.  231. 

T  =  ^  wna' (25) 

If  T  denote  the  period,  kT  the  logarithmic  decremeBt^ 
fi  the  moment  of  inertia  of  the  whole  vibrating  systexDi 
a  the  radius,  and  /  the  length  of  the  wire,  n  is  given 
by  the  equation 


n 


-liiw^'-')  —  « 
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or  if  P"  be  put  for  the  volume  of  the  wire 

If  /:  can  be  neglected  (28)  becomes 
_8wV 


Dedoctitut 

of  Rlgidit] 

(27)     ReaiUta. 


K'r' 


a  form  aonietimes  used.* 

Since  the  rigidity  modulus  thus  determined  involves 
the  fourth  power  of  the  radius,  and  it  is  difficult  to 
obtain  a  truly  cylindric  wire,  values  of  n  obtained  thus 
for  wires  must  in  general  be  taken  as  only  roughly 
approximate.  It  is,  however,  generally  possible  to  find 
with  accuracy  the  torsional  rigidity  t  of  the  wire.  This 
is  given  by  the  equation 


+  k' 


(29J 


V6  denote  the  whole  nngle  through  which  one  end  of  tlie  wire  Theory  o( 
baa  been  turned  relatively  to  the  other,  and  /  the  length  of  the  Uethod. 
wire,  then  tlie  twiat  is  8/1.  Now  consider  two  r»dii  in  the  section 
represeoted  in  the  diagram  which  are  inclined  at  an  infinitely 
tmalt  angle  d^.  These  will  intercept  between  tiie  circles  <j 
radii  r  and  r  +  rfr,  a  smnll  square,  provided  dr  =  rrf^.  This  in 
the  unstrained  wire  may  be  regarded  as  one  face  of  a  Hmall  cube 
wbicb  has  two  faces  in  infinitely  nearly  pnrallel  planes  through 
the  axis  and  the  two  radii,  and  two  other  faces  tangential  to  the 
two  (t^linderfi  of  radius  r  and  r  -j-  dr,  and  the  remaining  face 
opponte  to  tlie  first  tti  a  cross -sect  ion  at  a  distani^e  equal  to  dr. 
By  the  strain  tlie  angles  between  ihe  first  and  last- mentioned 
faces  and  th<iee  in  the  radial  plane  have  been  altered  by  the 
anionnt  rS/l.  Hence  the  opposite  tangential  forces  required,  as 
in  Fig.  40,  over  the  faces  in  the  cross -sec  lions  and  on  the  two 
facea   in   the   radial    planes    is    for    each    face    n.rd^.dr.rijl. 


'  9b»  Encgct.  £rit„  Alt.  "Elasticity,"  by  Sir  William  Thnmion. 
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ThttXTof  The  moment  of  ttis  roand  the  axta 
MbUumL  f 

2m»e/l .   I    fidr  ,  iw^MIl  is  the  toUt 

Mction.    but  this,  divided  b;  the  twist  6/1,  is  the  toraioiu]  ligiditT, 
Hence  (5Eo)  above. 

The  integral  just  fonnd  is  the  tot«l  moment  of  die  elutic  foiM 
in  each  ciuss-section  produeing  angulu  accelention  of  the  wys 
moTing  tj-siein  towards  the  position  of  eqnilibrium.  BrvAa 
thew  forces,  the  sjatem  is  acted  on  by  forces  of  viscon*  ndX- 
ftnoe  (thtt  ia  rcaigting  forces  depending  on  the  fetocitj),p*Fl!j'in 
the  wire  and  partlj  i)etweeD  the  moving  ayatem  and  ihe  air;  inii 
theee  we  bhall  aunnte  aa  everywhere  proportional  to  the  Telocii.', 
and  therefore  to  have  a  moment  round  the  axis  direct);  propor- 
tional to  the  angular  velocity  dO/dt. 


(SO)  I 


thedilTerentinl  equation  found  on  p.  221,  aUove,  wliicb,  ondw l^* 
conditions  there  ataled,  denotes  simple  harmonic  oscillationa  witb 
amplitude  diminiahing  at  logarithmic  rate  t,  From  the  ■olntio'* 
there  given  we  have 

3I) 


which  yields  ot  once  (26}  and  (27). 


MOMENT  OF  INERTIA  OF  VIBRATOR.  ! 

ir  the  wire  be  not  nf  truly  circular  section,  t,  its  toreional  Theory  of 
riiiidity,  must  be  used  instead  of  TTiia*l2  in  (30)  and  (31),  which  Method. 
tlien  give  (29)  above. 

Since  the  torsional  rigidity  of  a  cylindric  wire  is  as 
Ijt-  fourth  power  of  its  radiua,  or  the  square  of  its  area 
if  oross- section,  it  is  frequently  preferable  to  use  a 
niiuber  of  wires  side  by  side  to  support  a  given  load, 
allicr  thun  a  single  wire  of  equivalent  cross-section, 
i  buB  such  a  wire  equivalent  in  cross-section  to  n  equal 
rates  would  not  support  a  greater  load,  but  would 
lave  approximately  n  times  tlie  torsional  rigidity. 

The  moment  of  inertia  of  the  wire  is  generally  so  Momenta 
naall  in  comparison  with  that  of  the  vibrator  that  it  "'  '■«"'■• 
'  negligible  within  the  limits  of  the  errors  of  observa- 
'oo.  ft  is  therefore  in  general  the  result  obtained  from 
ne  known  distribution  of  mass  and  the  dimensions  of 
he  vibrator. 

rrhe  moment  of  inertia  round  any  axis  is  by  definition 
Ine  sum  of  the  products  of  the  mass  of  each  small 
Element  of  volume  of  the  body  into  the  square  of  its 
distance  from  the  axis,  and  is  therefore  obtainable  in 
general  by  integration.  The  results  for  the  most  useful 
a  are  contained  in  the  formula  : — " 

Ma.^s  X  sum  of  squares  of 
ment  of  inertia  of  ]      '«t"nE»l"  semi-uea  perp. 
to  axis  of  i-olation 


biform  solid  round  ) 


3,  4,  or  a 


MXB  of  symmetry      j 

rding  as  the  solid  is  a  rectangular  parallelepiped, 
or  thin  elliptic  plate  (or  solid  elliptic  cylinder  if  the 
•  Routh,  Eigtd  Dynamiti,  vol.  L  chap.  i. 
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axis  of  the  solid  is  the  axis  of  rotation),  or  an  ellipaoii 

Uomantof  ^^  ^^^  moment  of  inertia  of  a  right  dxtnlar  c^linki 

iDurtia  of  of  mass  m  and  radius  r,  this  formola  gives  nr'/S :  heoot  I 

^^itvT  fo''  thati  of  A  hollow  cf  lindiic  vilsator  of  external  radiu ' 

/,  internal  radios  r,  and  mass  M,  ia  —  Jf  (r*  +  r"^/! 

For  the  bar  by  which  it  is  suspended,  supposed  of  tui- 

form  rectangular  section,  we  have,  if  m  be  its  mai^  a 

its  length,  and  b  its  breadth,  m(a.'  +  A')/3.     From  them 

two  results  the  moment  of  inertia   for  the  i^Iindrie 

vibrator  and  attached  bar  can  be  found.     The  viixatot 

is  weighed  and  its  internal  and  external  radii  determioed 

by  careful  measurement.     The   mass  and  length  sod 

breadth  of  the  bar  are  also  found  as  carefully  as  poosiUe, 

and  allowance  made  for  the  slots  in  which  the  cylinder 

rests. 

Hethndb;      It   is   possible   to  avoid    the   determination  of  the 

differaacB  ^loments  of  inertia  of  the  separate  parts  of  a  vibrator 

of  two     by  using  an  arrangement  of  masses,  the  configuration 

toomenta  of  ^^  which  can  be  chaugcd  so  as  to  alter  the  moment  of 

loertia.     inertia  without  altering  the  mass  and  therefore  also 

without  affecting  the  pull  on  the  wire. 

The  periods  T^,  T^  of  vibration  are  observed  for  two 
such  different  configurations  in  which  the  moments  of 
inertia  and  logarithmic  decrements  are  /*,,  ^  ij,  ij  re- 
spectively.    Then  we  have  from  (27) 

*^    ■n^  r,»  -  j;«  ■  ■  ^^' 

This,  if  i^,  A^  be  small  as  is  generally  the  case,  depends 
on  /j^  —  fi^  which  can  with  proper  arrangement  he 
determined  with  more  ease  than  the  values  of  /ij,  /t, 
separately. 


DETERMINATION  OF  MOMENTS  OF  INERTIA, 

A  convenient  arrangement  for 
Maxwell's  Vibration  Needle.  A  straight  cylindric  tube 
of  brass  contains  four  otlier  tubes  of  brass,  each  exactly 
i  of  the  length  of  the  outer  tube  so  that  they  just  fill 
up  its  length.  Two  of  these  iaaer  tubes  are  empty,  the 
other  two  are  filled  with  lead.  The  vibrator  made  up 
of  these  tubes  is  hung  horizontally  from  the  wire  by 
means  of  a  straight  rigid  stem  attached  at  right  angles 
to  the  tube,  in  line  with  its  centre  of  inertia.  To  the 
upper  end  of  this  stem  the  wire  is  clamped. 

The  vibrations  are  observed  first  when  the  solid 
cylinders  are  in  the  middle  of  the  case,  and  the  hollow 
cylinders  are  at  the  ends,  and  again  when  the  solid  and 
hollow  cylinders  are  interchanged  in  position.  In  this 
case,  as  is  eaaUy  shown  from  (32)  that,  if  m.  be  the  mass 
of  each  of  the  shorter  hollow  cylinders,  vi'  the  mass 
of  each  of  the  sohd  cylinders,  and  2r  the  length  of  each, 

Ml  —  Mb  =  16  (m  —  m")-!^. 

The  quantities  on  the  right  are  all  easily  found,  but 
the  calculated  result  can  hardly  be  relied  on  as  very 
accurately  the  value  of  /t^  —  ft^,  on  account  of  possible 
want  of  uniformity  in  the  cylinders. 

The  moment  of  inertia  ^  of  a  given  vibrator  may 
ftlso  be  determined  by  first  observing  the  period  T,  then 
altering  the  moment  of  inertia  by  a  known  amount  v. 
and  observing  the  period  2".  If  %  be  the  some  in 
both  cases,  or  may  be  neglected,  we  have 


(33) 
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ilajmeU's  TLis  process  is  frequently  employed   when  the  vita 
Jtwdle.''  '*  ^^  such  furm  or  dimensions  that  its  mnment  of  in( 

^_  cannot  be  found   by  calculation.    A   known 

H  convenient  figLire,  for  example  a  couple  of  spheres,  I 

^M  made  capable  of  being  distributed  symmetrically  aba 

^M  the  axis  in  two  different  configurations  for  which  t 

^M  difference  of  moment  of  inertia  can  be  calculated. 

H  change  of  total  mass  in  of  no  consequence,  a  suits 

H  known  mass  can  be  added  to  the  vibrator  in  a  convei 

H  position,  and  the  change  of  moment  of  inerUa  is  ( 

^ft  the  moment  of  inertia  thus  added. 
^P  The  torsional   rigidity  of  a   thin  wire  can  aUa  be 

H  determined  by  suspending  a  magnet  of  known  magDetic 

H  moment  (see  below,  vol,  ii.)  by  a  measured  length  of 

H  the  wire  so  that  the  magnet  rests  with  its  length  in 

^1  tlie  magnet  meridian,  and  then  twisting  the  upper  einl 

^1  of  the  wire  through  a  measured  angle  0,  which  may  l"- 

^M  observed  by  means  of  a  n]irror  attached  to  the  magnet. 
H  If  if  be  the  horizontal  intensity  of  the  field,  M  lln^ 

H  magnetic  moment  of  the  magnet,  then  the  couple  teii'l- 

H  ing  to  bring  the  magnet  is  (by  the  definitions  of  Jtf  and 

^L  27)  MS  sin  0.     The  couple  opposing   return  to  lero 

^B  is  T0/1.     Hence 

^^  T  =  3mi^'^ (341 

^^^^  The  details  of  this  methml  must  be  deferred, 
^^^H^  The  torsional  rigidity  of  a  wire  is,  however,  apart  firom 
^^^^BJI^^e  difficulty  of  its  exact  determination,  a  somewhat 
^^^^^^^koonvenient  means  of  obtaining  an  equilibrating  couplp. 
^^^^^^^B9  zero  position  is  subject  to  change  even  for  modcraie 
^^^^^^^^bmnts  of  twist,  in  consequence  of  the  slow  working 
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out  of  a  reniaiuJer  of  twist  after  removal  of  the  deform- 
ing cuuple.  TLis  remainder  ia  greater  the  longer  the 
wire  has  been  kept  twisted.  From  this  cause  glass 
fibres  are  very  unsuitable." 

The  effect  of  change  Qf  temperature  for  iron,  copper,   meet  c 

and  brass  has  been  accunitely  found  by  KohU'auach.  f  Timwi*- 

Roughly  spoakiug.  the  rigidity  is  diminished  by  2  per 

eeiit.  for  10°  rise  of  temperature.  Cliange  of  temperature 

also  cliaoges  the  length  of  the  mire,  and  thus  alteis  the 

urist  for  a  given  angular  deflection.     This  alteratiou 

i-i  however,  only  about  ^V  **'  ^^e  change  of  rigidity. 

'I'lie  torsional  rigidity  of  a  metallic  wire  is  slightly 

iLiinishcd  and  its  internal  viscosity,  and  therefore  the   '■"'*•'''>'■  | 

'■■  of  subsidence  of  oscillatiou,  greatly  increased  by 

.  a  Sir  W.  Thomson  J  has  called  Elastic  Fatigue  pro- 

; .  rd  by  coutinuous  or  frequent  torsional  oscillation. 

I II  most  cases  it  is  preferable  when  possible  to  produce  Silk  Fihifl 

oquilibrating  couple  by  some  means  independent  of     gj^'^" 

:~i'jo.     The  mode  of  suspension  generally  adopted 

IS   by  unspun  clean  silk-fibre,  vfhich  combines   groat 

strength  with  very  slight  torsional  rigidity.     A  single 

fibre   (lialf  of  an   ordinary   cocoon   fibre)  will  bear  a 

weight  of  three  or  four  grammes,  and  with   a  lai^e 

margin  of  safety  from  half  a  gramme  to  one  gramme. 

Ttie   torsional   rigidity  of  fibres  of  Japanese   silk   of 

diameters    from    '0000    to    "0015    centimelre    varies 

(when  expressed  in  terms  of  either  force  of  a  cou[ile 

•  Mr.  C.  V.  Boy»(WiI.  JIA13.  June,  IS87)rei;ominBudafiUroBofciiinrti. 

t  Fen-  '*»''■  Ser.  3.  Bd.  cXLi-  (1870),  p.  «1.     Stw  kino  Hiii^t. 

Bril.   Art.  ■■  Wulkity,"  by  Sir  W.  Thoiiismi.  S  TB. 

;  "Eliuticily  and  VUcoaty  of  HetaU."  Prve.  U.S.,  Mny  IS.  ISCS 
~       .BriL  Art.  "ElMlidtj."S30- 
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TJie 

Rifilar 

Suspeii- 

siou. 


(Icneial 
Thortrv  of 
1* 


acting  on  an  arm  of  one  centimetre)  from  '00091  to 
00250  dvne.*  A  silver  wire  of  the  same  torsioDal 
rigidity  wonld  have  a  radius  of  from  '00022  to  '00038 
centimetre,  and  \i'ould  not  bear  more  than  abont 
'4  gmninie  without  breaking. 

The  Bifilar  suspension  consists  of  two  wires  or  tlireads. 
attached  at  their  up{)er  ends  to  two  fixed  points,  and 
at  their  lower  ends  to  two  points  in  the  suspended  body. 
When  the  system  is  in  equilibrium  under  the  action  of 
no  applied  forces,  except  such  as  arc  vertical,  the  threads 
are  in  a  vertical  plane  and  the  centre  of  gravity  of  the 
body  is  in  the  lowest  possible  position.  But  if  a  system  of 
couples  acts  on  the  body  so  as  to  turn  it  round  a  vertical 
axis,  the  threads  no  longer  lie  in  a  vertical  plane,  and 
ii  couple  comes  into  i)lay  opposing  the  applied  couple. 

The  suspension  has  the  advantage  of  giviug  a  per- 
fectly definite  zero  of  directive  force,  practically 
una  fleeted  bv  the  state  of  the  fibres  as  to  torsion,  and 
but  little  changed  by  variation  of  temperature  :  and  the 
coujde  givt'H  by  it  for  a  given  deflection  is  capable  of 
.sufficiently  accurate  evaluation  for  many  purposes  by 
measurement  of  the  dimensions  of  the  arran«xement.  It 
is,  however,  used  in  many  electric  and  magnetic  in- 
struments simply  to  give  a  reacting  couple,  and  the 
constant  of  the  suspension  is,  if  necessaiy,  determined 
by  experiment. 

We  .*<liall  consider  the  perfectly  general  case  of  two 
'hreads  of  given  lengths  hung  from  given  fixed  points 

t  necessarily  in  a  horizontal  line,  and  attached  at  their 
er  ends  to  a  body  suspended  from  them  at  two  points 

r.  Gray,  *'0n  Silk  r.  AVire  Suspensions."  P/iiV.  Mag,,  Jan.  1S87. 


jiven  distance  apart  and  in  given  positions  relatively  'iS'"'™'  1 
Ae  centre  of  inertia  of  the  boily.  If  the  deflecting  of  BililMil 
system  of  forces  be  a  couple  in  a  iiorizontal  plane,  the 
reaction  of  the  bifilar  must  also  be  a  couple  in  a  hori- 
zontal plane,  the  projection  in  fact  of  the  couple  given 
by  tlie  horizontal  components  of  the  teosiona  of  the 
threads,  which  plainly,  since  there  is  no  horizontal 
resultant  force  to  be  equilibrated,  miiat  be  equal  and 
opposite.  Let  AA',  BE',  Fig.  42,  be  the  respective 
projections  on  a  horizontal  plane  of  the  upper  and  lower 
points  of  attachment  of  the  fibres  in  the  deflected 
poiition  of  the  bifilar,  and  let  Sa,  26  be  the  lengths  of  J 


(Rise 


projections.  The  horizontal  forces  act  in  the 
directions  BA,  BA',  which  are  therefore  parallel.  If  / 
be  the  moment  of  the  couple  due  to  the  bifilar,  and  p 
the  perpendicular  distance  between  BA,  SA',  each 
horizontal  component  of  tension  is  i/p. 

If  3/  be  the  whole  mass  suspended,  the  total  down- 
ward force  is  Mg ;  and  this  must  be  equal  to  the  sum 
of  the  vertical  components  of  the  two  tensions.  Hence 
if  we  denote  one  of  these  components  by  \Mg{).  +  t), 
ihe  other  must  be  \Mg{\.  —  c).  Again,  if  we  denote 
the  mean  of  the  vertical  heights  of  A  above  S  and  A' 
iboTC  B!  by  h,  and  call  one  of  these  //(I  —  r).  the  other 
It  2 
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t,*rsjvn:  ixjijAft  }/h  hi  -f  «,.  We  maj  sapfuae  tte  tension 
iJi'iUr  '  { J/y^l  +  "f;  to  coxT^rspond  to  iLe  veracal  keiglit  il[l  +f), 
thon  if  c  be  taken  positiTe,  <  wil]  be  a  pjsitive  or  a 
fi^gative  quautitv  accordicg  as  tte  greater  tension 
f:OTT<:ii\jfju<h  to  the  greater  or  t&  the  less  venical  height 
H'rnc<:,  bv  the  triarj«fle  of  forces. 

AdJirig,  putting  for  (£4  A-  IfA'jf  its  valoe  4aisin0, 
where  d  is  the  angle  of  deflection,  and  solving  for  Z,we 

j(et 

Z  =      ; /;, ^  sin  ^   .     .     .     (36) 

This  f.'^uation  shows  that  fur  a  given  deflection  6,  L 

i-i  hiiialh^r  tho  sirialler  «  and  h,  and  the  greater /t,  that 

in  th*;  sensibility  Is  greater  the  closer  the  fibres  and  the 

'fTi*M.U'X  their  leri^^ths. 

i'uht' u\         In  the  actual  use  of  the  arranjijement  the  lengrthsof 

riH-iri' jil    ^'***  fihn.'s  are  the  same,  the  fixed  points  are  in  a  hori- 

AwAwv}-     zontal    plane,   and    the   points   of  attachment   to  the 

KU.H[>end«-fl  body  are  symmetrical  with    respect  to  the 

cMuVvn  of*  inertia.     Hence  the  pull  is  the  same  in  both 

fibres,  and  c.  and  c  in  (36)  are  both  zero.     Accordingly 

CM})  reduces  to 

^       Mtfdb     .     ^ 
=      }^;  -  s^n  ^.     .     .     .     .     (87) 

Tli(t  value  of  //  in  this  case  is  easily  found.  We  have 
now  from  the  figure  IB  =  IB,  and  AB  =  A'B\  But 
if*  /  \h\  the  length  of  the  fibre, 

A  B'  =  a-  +  i^  -  2ah  cos  ^  =  /^  -  h^ ; 


IIM'llt. 


.(•--(«-(.)■ 


tace  from  (37) 


Mj/abs 


UAsin-iiflU  ■     ■     f"^^^ 


|/*— (a  —  6J*  —  ini  sin'^  ^1 

i  a  be  nearly  equal  to  S,  (a  —  6)*  mny  be  neglected ;  and 
le  very  great  in  comparison  with  either,  both  this 
and    iabs'm-{d    may  be  neglected.     Under  the 
tet  condition 

L-'If^Kne (30) 

Of  course  for  small  deflections  6  may  be  put  for  ein  6 
in  all  the  formulas  found  for  L. 

The  accuracy  of  the  adjustment  for  the  fuldltnent  of  Adji 
the  conditions  c  =  0,  ^  =  0,  maybe  tested  and  completed  f,™*^ 
as  follows :  One  of  the  fibres  is  raised  a  little  relatively 
to  the  other  by  inclining  the  instrument.  Supposing 
the  adjuatraent  to  have  been  perfectly  made,  the  effect 
of  this  would  be,  without  sensibly  altering  e  from  zero, 
to  make  c  appreciable  ;  for  one  fibre  being  made  more 
nearly  vertical  than  tho  other,  and  having  a  horizontal 
component  of  tension  equal  to  that  of  the  other, 
must  have  a  greater  vertical  tension.  Hence  the 
sensibility  as  measured  by  the  ratio  of  a  deflection  0 
tj  the  opposing  couple  L  will  have  been  increased. 
Supposing  the  adjustment  only  rtcarli/  made,  e  will  be 
very  small,  and  any  increase  in  the  vahie  of  c  will  still 
increase  the  sensibility.  On  the  other  hand,  if  the  effect 
of  raising  the  fibre  is  to  make  the  weights  borne  by  the 
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Adjust*    two  fibres  more  nearly  equal,  the  result  will  be  a  dind- 

BifiJar.     nation  of  the  sensibility.     Since   the   aensibifity  is 

proportional  to  the  square  of  the  period  of  Tibiatioii, 

any  change  in   it  will   be  at  once  shown  if  a  small 

deflection  is  produced  and  the  period  roughly  obs^rred. 

If  lifting  one  fibre  a  small  distance  diminishes  the  sen* 

nbility,  while  lifting  the  other  increases  it,  more  weight 

is  borne  by  the  latter  than  by  the  former,  and  the  want 

of  adjustment  is  to  be  remedied  by  shortening  the  fibre 

which  bears  the  smaller  weight,  and  lengthening  the 

other  until  raising  either  fibre  as  a  whole  increases  the 

sensibility. 

Eifeiit  of       The  total  directive  couple  given  by  the  bifilar  is  due 

loraion.    ^^^^  ^^^]y  ^^  ^j^^  raising  of  the   suspended    weight  in 

consequence  of  the  deflection,  but  is  partly  due  to 
torsion.  The  correction  is  made  simply  by  adding  to 
the  value  of  L  already  found  the  torsional  couple  for 
the  two  wires.  Thus  we  have  for  the  case  of  (39)  if  t 
be  the  torsional  rigidity  of  each  wire, 

L  =  ^^?f^siue  +  2T^^.     .     .     .    (40) 

wrert  of  So  far  no  account  has  been  taken  of  any  want  of  per- 
KiRi'lHy.  ^^^^  flexibility  of  the  threads,  and  when  these  are  fibres 
of  silk,  no  correction  is  really  necessary.  If,  however, 
they  have  sensible  flexural  rigidity  and  the  extremities 
1x)  so  fixed  that  they  remain  vertical  in  all  positions  of 
the  suspension,  each  wire  is  bent  into  an  elastic  curve, 
of  the  shape  roughly  shown  in  the  figure.  The  amount 
by  which  the  deflection  is  diminished  by  the  flexural 
rigidity  is   approximately  the   sum  of   the    two  small 
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listaaces  A'A  and  BB"  in  the  iigure ;  and  it  is  easy  to   Klfeci  of  I 
,—        ,-^  .       Flainril   I 

thow  tbat  this  is,  very  nearly,  2d  vISIivT,  where  d  Eigidit7.| 
is  the  whole  horizontal  displacement  of  the  lower  end 
i>f  the  fihre,  T  the  vertical  tenaion,  and  B  the  flexural 
rigidity  of  the  fibre  for  bending  in  its  plane.*  Hence 
the  couple  derivetl  from  the  observed  deflection  must 
be  increased  in  the  ratio  of  1  to  1  —  ^\/BjI\/T\ 
tbat  is,  the  result  is  the  same  as  if  the  length  of 
the  wire,  whatever   its  amount,  were  diminished  by 


For  conuider  one  thread  of  the  bililsr.  Let  the  ori);iii  be  nt 
the  centre,  t  \ie  ineriBured  vertically  downwarda  and  g  liori- 
BOQtAllj,  and  tlie  tension  at  the  centre  be  renolved  into  a  vertical 
minpoaeiit  T  and  a  liorizoiilal  l";  and  let  the  inclination  of  the 
llread  to  tlie  vertical  be  bidrIL  Equating  the  elnelic  couple  at 
be  Bection  of  coordinateB  x.  j/,  which  ia  B  x  ourvuture  of  tiiread 

itiis  of  the  matfrial 
It  rijfht  augles  to  the 
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Effect  of    »  -  Bd^yldg^^  to  the  ram  of  the  moments  of  T  tnd  P  •bod 
Flexnnl    that  cross-section,  we  get  the  differential  equation 
Riffiditvin 

-8^  «  r/  -  P* (41) 

If  a  he  put  for  *JtIB  the  solntion  of  this  equation  is 

y  =  ^  *  +  C€««  +  (?«-•• («) 

Now,  approximately  !?■■)/  at  the  lower  extremitjy  nd 
=  -  i/  at  the  upper,  and  at  either  dyjdx  »  0.  Hence  diiE^ 
entiating  in  (42)  and  suhstituting  we  get 

P  1 

and  therefore 

For  ar  =  //2  this  is 

If  the  fibre  be  long  we  may  take  as  an  apprczimat'on, 

Hence  we  have  finally 

the  result  stated  above.* 

The   amount    of    this    correction    is   not   generallj 
negligible."!-    Its  amount  for  a  wire  of   ^J^    cm.  in 

•  See  also  Kohlraiisch,  Wicd,  AnnaleVy  Bd.  xvii.  (1882). 

t  It  may  be  calculated  for  a  wire  r  centimetres  in  radius,  and  carry- 
ing a  load  of  Jr  grammes,  by  the  formula  r^  ^j2irE/y/  ty,  where  E  is  the 
Young'H  modulus  of  the  material  in  fin^mmes  weight  per  aq.  cm.  Th« 
value  of  E  for  copper  is  1200  x  10*,  for  silver  786  x  10«,  for  iron  2000  x 
10«,  for  gold  813  x  10«,  for  platinum  1700  x  10«. 
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OiiJius  stretched  by  a  tension  of  100  grammes  weight 
i  '22  cm.  for  copper.  17  cm.  for  silver,  IS  cm.  for  gold, 
nd  26  cm.  for  platinum.  [If  only  one  end  of  the  wire 
•e  constrained  to  remain  vertical  and  the  other  end  be 
traight  the  correction  is  of  course  only  half  of  that 
ust  found.] 

To  compare  the  senaibUities  of    bifilar  nnd  iinifilar      Com- 
lUKpensions  of  the  same   length  and  made  of  wire  of  o/^lfi" 
'ht  smallest  possible  diameter  for  the  weight  Mg  to  be       w«i 
sanied,  let  S  be  the  practiral  tenacity  of  the  material — 
Sl>Ot  is,  the  greatest  weight  per  unit  area  which  the  wire 
•ill  bear   without  experiencing  inconveniently  great 
^Vmanent  elongation.     The  least  radius  which  can  be 
i«Bed  for  the  bifilar  is  given  by  the  equation  r*  =  Mg/2Sw. 
Ptir  the  unifilar  the  least  radius  possible  is  given  by 
MffiSv  =   2i-*.    and    the    torsional    rigidity  is 
'*=  2irnr*.      Hence  by  (40)  for  equal  sensibility 
^Glar  and  bifllar  we  have 

2n„r'  =  M,ja'  +  ^,„'. 

get,  puttiu;^  for  JA^,  2.S'Trj°. 


r       V  2,5 


(") 


g  the  value  of  S  tat  only  ^  of  the  utmost  tenacity 
nking  weight  W,  we  get  a/r  =  2\/nl  W.  The  value 
mfW  is  about  10  for  silver,  gold,  and  copper,  antl 
b  12  for  platinum.  Hence  the  bifilar  is  equal  in 
tnfiibility  to  the  unifilar  (under  the  conditions  stated 
D  dittmeter  of  wire),  when  the  ratio  of  the  distance 
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Deter- 
mination 

of 
Constant 
of  I  >i filar. 


Direct 
Determi- 
nation of 
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of  the  wires  apart  to  the  diameter  of  the  wire  is  abont 
5  in  the  case  of  the  first  three  metals,  and  aboat  6  in 
the  case  of  platinum. 

The  torsional  term  in  the  bifilar  is  the  less  important, 
and  as  the  effect  of  change  of  temperature  on  the 
other  term  is  due  to  expansion  of  the  wires,  the 
correction  is  very  slight.  If  it  were  worth  while,  the 
balance  might  be  compensated  for  effects  of  change  of 
temperature  by  attaching  the  wires  to  a  bar,  the  expan- 
sion or  contraction  of  which  would,  by  altering  the 
distance  of  the  wires  apart,  just  annul  the  effect  of 
change  of  length. 

The  directive  couple  per  unit  of  deflection  given  by 
the  bifilar  may  be  determined  by  the  oscillation  of  a 
body  of  known  moment  of  inertia  as  described  above  if 
the  deflections  are  made  small.  Its  determination  from 
the  dimensions  of  the  apparatus  cannot  be  done  with 
accuracy  unless  the  parts  are  made  very  large,  owing 
to  the  difficulty  of  measuring  the  exact  distance  of 
the  fibres  apart.  This  has,  however,  been  done  by 
Kohlrausch  in  a  very  large  bifilar  balance  made  by  him 
and  used  in  an  important  series  of  determinations  (^ 
the  earth's  horizontal  magnetic  force.* 

Couples  may  also  be  directly  determined  with  suffi- 
cient accuracy  for  many  purposes  by  means  of  the 
following  arrangement  or  some  modification  of  it : — The 
suspended  body  is  kept  in  equilibrium  in  the  proper 
position  by  means  of  a  bifilar  suspension,  or  a  single 
thread  or  thin  wire  under  torsion.     When  a  deflecting 


•  Loc.  eit.  and  below  (vol.  ii.)  in  the  chapter  **0n  the  DetermiB** 
tioiiof//." 
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<ouple  acta  on  the  body  it  is  turned  round  a  vertical  Direct 
»xis,  and  is  brought  bock  to  the  initial  position  of  mtional 
lilibrium  by  means  of  two  pendulums,  the  points  of  LVuplos. 
jiension  of  which  are  on  sliding  pieces  which  can  be 
■  vod  along  horizontal  parallel  bars  iixed  above  at 
ii„'iit  angles  to  the  plane  of  the  bifilar  when  in  the 
e' juilibrium  position,  or  to  some  fixed  plane  through  the 
uiiitilar.  Each  pcnJulnm  cord  has  attached  to  it  a 
tlxread  which  pulls  symmetrically  on  the  two  sides  of 
ibc  suspension.  When  the  body  is  deflected,  the  sliding 
pieeea  are  moved  in  opposite  directions,  so  that,  in 
consequence  of  the  opposite  inclinations  of  the  pendu- 
lums to  the  vertical,  forces  restoring  equilibrium  are 
applied  to  the  body.  Let  the  deflecting  couple  be  L. 
Supposing  the  twopointsof  suspension  of  the  pendulums 
I '  1  lie  on  one  level,  and  the  points  of  attachment  of  the 
[julUng  threails  to  the  pendulum  cords  to  be  on  a  level 
lower  by  a  distance  of  I  cm.,  and  at  a  distance  of 
<■'  cm.  apart,  the  distances  of  the  verticals  through  the 
points  of  suspension  from  the  corresponding  verticals 
tlirough  the  attachments  of  the  threads  to  the  pendulum 
cords  to  be  (/j,  rf,  cm.  for  the  respective  pendulums,  and 
the  mass  of  each  bob  W  grammes,  we  have,  for  the 
moment  of  the  equilibrating  couple,  the  value 

Hence,  equating  moments,  we  get 

I  =  Wg  "^^l    .    .    .     .     (45) 
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CLASSES  OF  ELEUTROMETEirS. 
itic  forces   witli   other  furcea  the  amouut  of     Non- 
it  dws  not  itself  contain  aiiy  means  of  defer-    Kie«tro" 
l3  indications  can  only  be  obtained  in  absolute    meter. 

a    compaiisoQ   witli    those   uf    an    absolute 
;ter. 

the  mode  of  variation  of  these  undetermined  Conatnnt 
I  known  and  reniains  constant,  one  such  accurate  "  „,„^h'^'' 
Bon  is  sufficient  to  allow  a  coefficient  to  be 
ud  by  whicli  results  proportional  to  measured 
Bts  of  poteutial  must  be  multiplied  for  rcduc- 
ibsolute  measure.  This  coefficient  is  called  the 
t  of  the  instrument, 

roraeters   have   been   divided   by   Sir   William  Classes  of 
1  into  tbree  classes ; —  luttera 

I.  Be  pulsion  Electrometers. 

II.  Attracted  Disc  Electrometers.  

III.  Symmetrical  Electrometers. 

first  class  belong  instruments  in  which  a 
of  potential  between  the  indicating  con- 
imd  the  fixed  conductor  is  shown  by  relative 
of  parts  of  the  indicator  produced  by  their 
electric  repulsion.  In  such  an  instrumeot,  when 
constructed,  the  fixed  conductor  either  is  n 
nearly  closed  conductor,  or  is  in  conducting 
■with  and  contained  within  a  closed  conductor. 
Iso  contains  the  indicator. 
of  the  instruments  known  as  electroscoj>ea,  for 
thoae  of  Cavallo,  Volta.  Bennet.  and  Henley, 
by  electric  repulsion;  but  as  these  cannot, 
made,    be    regarded    a»  accurate-measuring 


lias   Ix-fi 


l.v 


■lik-Hy  l.,lonL;iii-lo  tlu-otl.i 
t  is  capable  of  being  made  ti 
Q  absolute  measure,  we  giv 
ts  construction  and  use.  It  i 
of  the  torsion-balance  previt 
and  Cavendieh  in  ezperimei 
matter. 

The  instrumeat  is  represeo 
ehowB  some  of  the  principal  j 
lai^^  scale.  The  indicator 
carrying  at  one  end  a  small 
gilded  as  possible,  and  at  the 
This  rod  is  suspended  horizon 
vertical  within  the  cylindric 
movable  arm  of  a  torsion-bals 
attached  to  a  button,  K,  whi 
turns  round  the  graduated  to 
by  the  upright  tube  shown  stai 
figure.  A  cylindrical  piece,  : 
with  UM'    fi'-  --'      • 
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ntjouatioii  of  the  lower  damp  Jownwarda  below  the  Coulomb's 
irisoDtal  rod,  by  giving  stability  to  tbe  indicator,  secures  u^^"^ 
rticality  of  the  plane  of  the  paper  disc,  which 
s  aa  an  air  vane  to  damp  the  motion  of  the 


^^  Round  the  case,  opposite  the  indicator,  is  a 

ale  graduated  to  degrees,  by  which  the  position  of  the 
dicator  can  be  determined.  In  the  cover  of  the  case, 
<  a  distance  from  the  centre  equal  to  the  distance  of 
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o>TiIon.],'»  the  bull  h  from  the  suspension  wire,  is  a  liule  througL 
lUau"'.  ^^*'*i^''^  ^  *'»''^  rod  of  sealing-wax,  bearing  another  gilded 
ball,  a,  of  i»ith,  can  be  pass^.tl.  This  rod  is  attached  to 
a  holder,  1\  su  that  the  ball  tt  when  in  position  is  on  a 
I*.'vel  with  h  and  has  its  centre  exact Iv  on  the  radius 
through  tlie  zero  division  of  the  scale ;  and  the  holder 
is  provided  with  a  geometrical  fitting  to  the  cover, 
which  ensures  its  being  always  replaced  in  exactly  the 
.same  ]Kjsitiiin. 

In  Coulomb's  instrument  the  wire  was  about  70  cm. 

in  length  and  *03o  mm.  in  diameter,  and  a  couple  equal 

to  that  duf  to  the  weight  of   1*7  of  a  milligramme 

;i(;tin;:   at    the  extremitv  of  an   arm  of  1   centimetre 

sufficed  to  maintain  the  wire  twisted  throuorh  3G0^ 

MoiU-  of        When  thi!  instrument  is  to  be  ust-d,  a  is  withdrawn, 

"Torsion-    *^"'l  ^^^^  buttoii  K  turned  until  thu  ball  I  rests  with  its 

IUlanc«r.    cf-ntrc*  ojjpnsite  the  zuro  of  the  lower  scale,  and  J/J/'  is 

turned  until  the  index  is  at  zero.     The  wire  now  exert? 

no  torsional  couj)le.     Tin*  ball  a  is  then  replaced,  and 

//  n-sts  against  it  sliglitly  defleott?d  from  its  previous 

jM^sition.     The  instrument  is  now   adjusted   reiidy  for 

list*.     As   an    illustration  of  how   the  instrument  was 

used  by  (Joulonib,  we  shall  describe  an  experiment  by 

which    liL'   determined    the   repulsion   of    two   electric 

cliarg«"S. 

K\l.i:ri  '^^^^  adjustment  of  the  ball  h  was  first  made,  then 

TiMiit  fioii!  ij,^.  ]j^ii  fi  ^vj^^  i-K'ctrified  by  being  l)rought  into  contact 

Coiiloinl.   with    the    previously    charged    ball  E,   ami    ])laced   in 

.l.<lii.M(i    ,,f,j.j^i,„j      'pjij.  clifirfe  was  shared   with   ?^  which  was 

IjHW  of       I  *^  ^        ^  ' 

I)i.stJiiic»-s.  tiiurt'inri'  repelled,  and   the   indicator  t<")ok  up  a  neu 
position  of  e(piilibrium,  making  an  angle  of  3G°  with 
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the  former,  as  shnwn  by  the  lower  scale.   The  wire  Uion    EipeifrJ 
bad  a  torsion  of  36°.     Coulomb  now  turned  tlie  wire      from 
hv  means  of  the  button  .K' until  he  had  diminished  tlie    ,7'^*°^^ 
deflection  to  18°,  and  found  that  he  had  turned  the    ''.edimed 
button  round  through  120°,  thus  increasing  -the  torsion  ois^^^l^ 
of  the  wire  to  144°,  or  four  times  its  previous  amount. 
He  then  diminished  the  deflection  by  the  same  means 
to  ^"6,  and  found  that  the  total  torsion  was  57a°*5  or 
almost  sixteen  times  its  initial  amount. 

Coulomb  had  previously  verified  by  independent  Coulomri 
experiments  the  important  fact  that  the  couple  re<iuired  ij.,*^, 
to  bold  an  elastic  wire  twisted  through  an  angle  not  so 
great  as  to  ovcrstr^n  the  wire  varied  directly  as  the 
angle  ;  and  he  conchided  that,  a^  the  distances  between 
the  centres  of  the  balls  were  approximately  in  the  ratio 
4:2:1,  the  forces  of  repulsion  in  the  respective  cases 
were  in  the  ratio  of  1 ;  4 :  16,  that  is,  inversely  as  the 
square  of  the  distance. 

If  we  could  regard  the  electrification  of  the  balls  as  Theo 
the  only  electrification  concerned,  and  the  distribution  ETpori-' 
in  each  cose  as  uniform,  the  exact  theory  of  the  esperi- 
iiient  would  be  t>s  follows : — Let  r  be  the  radius  of  the 
circle  in  which  the  indicator  ball  moves,  a  the  deflec- 
tion of  the  indicator  from  zero,  0  the  total  angle  through 
wliich  the  upper  end  of  the  wire  is  turned  relatively  to 
the  lower,  I  the  length  of  the  wire,  and  F  the  force  of 
n,-pul8ion  between  the  balls  for  the  deflection  a.  The 
moment  of  F  round  the  axis  is  Fr  cos  {a.  Assum- 
ing tliat  F  varies  inverstly  as  the  square  of  the 
dtstance,  and  denoting  the  charges  by  y,  §',  we  have, 
since    Srsin^a    is    the    distance    between   the    balls, 

VOL.  L  S 
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Theory    F=qq'iir^sm^^a,  and  the  couple  becomes  qq'Hrsih\9 

Enperi.     t^D  la. 

menL  jf  ^  denote  the  torsional  rigidity  (see  p.  231  above) 

of  the  wire,  that  is,  the  cuiiple  required  to  maintain  a 
twist  of  one  radian  per  unit  of  length,  we  have  rSji 
for  the  torsional  couple  applied  by  the  wire.  Equating 
this  to  the  former  couple  we  get — 

ff  sin  Ja  tan  5o  =  ^* (1) 

Direr-  Hence  on  the  suppositions  made  the  quantity  on  the 
Heiiotof  left  should,  if  the  law  of  the  inverse  square  is  tme,  be 
from  law  constant  for  constant  charges  and  different  values  of  a 
"g  "j'l^J^  and  0.     The  comparison  gives  the  following  table: — 

a  0      6  sin  Ja  tan  Ja 

36  36°  3-614 

18  141  3-568 


TORSION  BALANCE  ENCLOSED  IN  CONDUCTOR. 

on  a  conductor,  and  thus  the  law  of  variation  of  the 
density  may  be  experimentally  obtained.  A  Large 
number  of  experiments  have  been  made  in  this  manner 
by  Coulomb,  Riess,  and  others,* 

In  the  form  in  which  it  was  used  by  Coulomb,  the    Effect  oi 
torsion  baiauce  is  an  essentially  inaccurate  measuring  . 
instrumeut.     The  electrification  of  the  glass  case  must  the  Com.  j 
have  frequently  affected  the  results  to  a  considerable 
extent,  and  could  not  have  been  allowed  for,  even  if  it 
had  remained  constant  during  one  set  of  experiments, 
without  a  very  diificult  esperimental  determination  of 
the  electrical  state  of  the  glass.     If  the  interior  of  the 
case   had   been    covered    with    a    conducting   coating 
furnished  for   purposes  of   observation   with  openings 
partially  closed  with  wire  gauze,  all  effect  of  exterior 
electrification  would  have  been  avoided,  and  the  only 
effect  due  to  the  case  would  have  been  that  of  a  perfectly 
definite  electrification  depending  only  on  the  position 
and  charges  of  the  interior  system. 

For  example,  the  effect  of  this  electrification  can  be    Culcula- 
I   easily  calculated  to  a  first  approximation  for  a  spherical  gp^eriml 
I  case   with  ao  internal  lining  of  conducting  material   Couiluct- 
We  have  only  to  find  the  effect  on  6  of  the  image  of 
a  in  the  spherical  surface.     If  the  radius  of  the  surface 
be  T^,  and  the  distance  of  the  centre  of  the  hall  a  from 
the  centre  r,  the  image  of  the  charge  q  (regarded  as  a 
point-charge  at  the  centre  of  a)  is  in  the  radius  through 
the  zero  of  the  scale  at  a  distance  rj'/r  (p.  78)  from  the 
centre,  and  its  charge  is  —  qrjr.    The  square  of  the 

*  Contanb's  Mcaioiri,  and  Miucnrt'a   TraiU  d'JilcelTiciU  Statigw, 
Toma  1,  obap.  ir. 
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distaDce  of  this  image  from  h,  when  the  deflection  of 

J  the  inJicator  is  a,  is  r,*/^  +  r*  —  2r,'  coa  a.     Hence  tht 

force   between   the   image   aod  6  ia  —  ?j'r,r/(r,*  +  ¥ 

—  2r,*r*  cos  a),  and  the  moment  of  this  round  a  vertJcfJ 
axis   through    the   centre    is  —  jy'r,*r  sin  a/(r^*  +  i* 

-  SfjV  cos  a)f.  This,  added  to  the  formerly  found 
moment,  gives  the  total  moment  balanced  by  the  toraomt 
conple. 

The  torsional  rigidity  of  the  wire  must  be  detarraintd 
if  the  resulu  are  to  be  obtained  in  units  nnaffected 
by  the  unknown  elasticity  of  the  suspension.  Full 
details  of  Ihe  method  of  finding  this  constant  art 
given  in  the  last  chapter. 

a  For  all  purposes  of  accurate  measurement,  electifr 
meters  of  the  other  two  classes  are  more  convenient 
Most  of  these  have  been  invented  by  Sir  William 
Thomson,  and  his  instrnments  or  modifications  of  then 
are  now  in  almost  universal  use.  Accordingly  we  sl 
not  occupy  space  with  the  description  of  instrumenll 
such  as  Dellmann's  and  Peltier's  electrometers,  or  even 
the  repulsion  instruments  of  Thomson,  although  thess, 
in  the  hands  of  the  inventors  and  others,  have  yielded' 
valuable  results,  but  shall  at  once  proceed  with  th^ 
description  of  the  forms  now  adopted. 

I-  In  an  attracted -disc  electrometer  the  attraction  b 
tween  two  parallel  discs  at  different  potentials,  andil 

f  a  given  distance  apart,  is  compared  with  the  elastil 
reaction  of  a  stretched  spring  or  the  weight  of  a  give 
mass.  The  first  instniment  of  this  kind  was  construotl 
by  Sir  William  Snow-Harris,  and  used  by  him  in  son 
mportant  experiments.     It  is  shown  in  Fig.  45.    Ih; 


ATTRACTED  DISC  ELECTROMETEK. 

the  indicator  is  a  plane  disc  d  suspended  as  one  scale  of  Attracted 
a  balaQce  above  a  similar  disc  a,  connected  with  the  Electro. 
interior  coating  of  a  Leyden  jar  J,  which  is  to  be  tested. 
The  other  scale  P  of  the  balance  is  weighted  so  as  to  Hatriit. 
iquilibrate  d  when  there  is  no  electrification.     When 


placing  weights  in  P.  The  downward  pull  on  d  in  the 
position  of  equihbriiim  is  thus  measured  in  absolute 
units  from  the  known   force  of  gravity  on  the   mass 
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'  fenced  in  P.  The  arrangemeat  market!  Z  is  a  nnit  jiir 
arrangement  which  was  usetl  in  the  experiments  of  Soon- 
Harris  to  give  a  roagh  spproximatioD  in  arbitrary  units 
to  the  charge  given  to  the  jar. 

This  form  of  electrometer,  though  exoeediogly  defec- 
tive in  many  respects,  contains  in  a  rudimcutary  form 
the  principle  of  an  attracted -disc  electrometer, 

'»  Fig.  46  shows  an  improved  arrangement  in  which 
the   attracted  disc  is  sturounded  by  a  guard-ring,  so 


that  the  distribution  of  electricity  over  it  may  K' 
regarded  as  approximately  uniform.  The  indicating 
disc  C  is  hung  by  metallic  wires  from  one  end  of  > 
metal  beam  pivoted  on  a  horizontal  wire  stretclieJ 
between  the  pillars  PP,  and  twisted  so  that  the  toreit'o 
and  the  counterpoise  Q  tend  to  raise  the  disc  C.  It  is 
necessary  to  apply  a  downward  force  to  C  to  bring  n 
into  the  plane  of  the  guard-ring,  and  this  force  is  <Je- 
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t?rmined  by  placing  weights  on  the  diac  until  it  has 
been  depressed  ao  as  to  bring  the  lever  into  what  is 
called  the  "  sighted  "  position.  The  lever  is  forked  at 
the  end  to  which  the  disc  is  attached,  and  the  extremities  j 
of  the  prongs  are  joined  by  a  horizontal  black  hair, 
which,  when  the  lever  turns,  ascends  or  descends  in 
front  of  a.  white  enamelled  metal  plate  carried  by  the 
stand  of  the  lens  /.  On  the  enamel,  one  above  the 
other,  at  a  distance  apart  rather  less  than  the 
thickness  of  the  hair,  are  two  well-defined  black  dots, 
and  the  hair  is  in  the  sighted  position  when  it  is  sym- 
metrically placed  with  respect  to  these  dots.  The  hair 
and  dots  are  viewed  by  the  plano-convex  lens  /  which  is 
placed  at  a  little  less  than  its  focal  distance  from  the 
dote  and  hair.  The  hair  playa,  without  touching,  rs 
close  aa  poHsible  to  the  enamelled  plate,  which  is  slightly 
convex  in  front,  so  that  the  hair  is  nearer  to  it  when  in 
the  sighted  position  than  when  elsewhere.  To  obtain 
as  much  magnification  as  possible,  the  lens  is  placed  at 
a  distance  from  the  hair  only  a  little  less  than  the 
pnncipal  focal  distance,  and  the  eye  at  a  distance  from 
the  lens  of  20  centimetres  or  more.  To  avoid  parallax 
the  lens  is  used  with  its  convex  side  turned  towards  the 
hair,  aad  the  eye  is  moved  up  or  down  until  the  hair 
seems  straight  in  the  middle  and  to  widen  out  at  the 
ends  equally  above  and  below.  If  the  eye  is  too  high 
or  too  low,  the  lens  will  show  the  hair  cur\'ed  upwards 
or  downwards. 

A  very  alight  motion  of  the  hair  from  the  central 
position  between   the  spots   is  possible  with  this  ar- 
zement.      Sir   William    Thomson    and    Dr.   Joule 
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The  disc  nearly  fills  the  aperture  in  tte  guatd-ring, 
and  it  can  be  shown  that  its  effective  area,  reckoned  as 
UDifurmly  cbar<;ed  on  the  side  turned  tovr^irds  the  iliK 
B,  is  approximately  the  mean  of  the  areas  of 
aperture  and  the  plate  A.'  The  disc  and  guard- 
are  electrically  connected  by  a  wire  which  joins  tlw 
guard-ring  with  the  metal  pillars  on  which  the  lever  is 
mounted. 

The  attracting  plate  A  is  carried  on  an  insulating 
pillar  attached  to  a  micrometer  screw  by  which  the 
plate  can  be  moved  upwards  or  down^vards. 

The  method  of  using  the  electrometer  is  as  follows, 
A  constant  difference  of  potentlab  is  maintained  between 
one  of  the  plates,  say  the  guard-ring  and  disc,  and  the 
earth,  and  the  other  plate  A  is  connected  to  earth. 
The  latter  is  then  screwed  up  or  down  until  the  attrackti 
disc  comes  into  the  sighted  position,  and  the  reading  of 
the  micrometer-screw  is  taken.  The  plate  A  is  then 
connected  to  the  body  to  be  tested,  and  again  moved  up 
or  down  until  the  attracted  disc  comes  into  the  sighted 
position. 

If  V  be  the  difference  of  potentials  between  the 
earth  and  the  guard-ring  and  disc  B,  and  V  the  differ- 
ence of  potentials  between  the  plates  when  the  movaUl 
plate  A  is  connected  to  the  body  to  be  tested,  d  and  c 
the  corresponding  readings  on  the  micrometer  (so  thl* 

—  ^  is  the  distance  through  which  the  plate  has  been 

See  MttiweU'e  EL  and  Mag.  toL  I.  second  sdition,  p.  307,  ftf 
OBor  «pptDxiiniitioD. 
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moved   between   the   two  readings),  and   F  the   force  Method  ■< 
which  muat  be  applied  to  the  disc  to  bring  it  to  the    fjbcKo-  \ 
sighted  position,  we  have  by  (63),  p.  58  above,  « 


f 


=«i'-V- 


(2) 


This  is  the  difference  of  potentials  between  the  body 
to  be  tested  and  the  earth,  and  is  obtained  in  absolute 
C.G.S.  units  of  potential  if  (i'  —  rf  be  taken  in  centi- 
metres, S  in  square  centimetres,  and  F  in  dynes. 

This  method  of  proceeding  was  adopted  by  Sir 
William  Thomson,  aa  it  makes  the  result  depend  only 
on  a  determination  of  the  difl'erence  of  the  distances  of 
the  plates  apart  in  the  two  positions,  and  not  on  a  de- 
termination of  tbe  actual  distance  of  the  plates  apart, 
necessarily  inaccurate  on  account  of  tbe  difficulty  of 
making  the  planes  parallel  and  perfectly  plane,  which 
would  have  to  be  depended  on  if  F"  were  made  zero 
and  the  position  of  A  found  for  which  the  disc  was 
depressed  to  the  sighted  position. 

Sir  William  Thomson  has  called  this  mode  of  using 
tbe  electrometer  keterostaiic,  from  the  fact  that  an 
electrification  independent  of  that  to  be  tested  is 
maintained  on  the  plate  if.  When  the  electrification 
to  be  tested  is  alone  made  use  of,  aa  would  be  the  case 
in  the  other  mode  of  proceeding  just  stated,  the  instru- 
ment is  saiil  to  be  used  idiosiaiically. 

The  final  form  of  the  absolute  electrometer  is  shown 
in  Fig.  i1.  The  attracted  disc  and  plates  are  contained 
within  a  cylindrical  case  of  white  glass,  which  is  fixed 
by  a  bra£s  mounting  round  iis  lower  end  to  a  horizontal 
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aitiona  of  the  interior  points  to  be  made,  are  coated  Completo 
ifiide  and  outside  with  tin-foil  nearly  as  high  as  the  Tliomson's 
lates  which  are  in  the  upper  part  of  the  jar.  Eleciro- 

The  case  thus  forms  a  Leyden  jar,  the  coatings  of 
■Lich  can  be  brought  to  any  necessary  difference  of 
otentiala.  The  guard-ring  B  is  connected  with  the 
iterior  coating  by  its  supports,  wiiich  are  metal  pieces 
emented  to  the  inner  side  of  the  jar  and  covered  with 
Ln-fotL  Within  the  jar,  on  the  sole-plate,  is  placed  a 
iftden  tray  containing  pumice  moistened  with  sul- 
'liirio  acid,  which  maintains  a  dry  atmosphere  within 
he  jar. 

The  attracting  plate  ^  is  a  stout  plate  of  brass,  with  The 
•ieees  cut  out  of  it  to  allow  it  to  pass  the  supports  of  '^'p)^J''S 
he  guard-ring,  and  is  supported  by  an  insulating  stem 
•f  white  glass  cemented  to  a  vertical  pillar  of  brass, 
ftich  is  moved  up  and  down  in  V  guides  by  the  mi- 
nmeter  screw  C,  working  in  a  fixed  nut  in  the  sole- 
»iste.  The  amount  of  vertical  motion  is  observed  by 
Qeana  of  the  vertical  scale  m,  and  a  circular  plate 
^nated  on  its  edge,  which  projects  from  the  screw 
md  turns  in  front  of  a  fine  vertical  wire.  The  former 
lows  the  number  of  complete  turns  made  by  the  screw, 
be  latter  allofrs  any  fraction  of  a  turn  to  be  estimated 
o  a  degree  of  accuracy  depending  on  the  fineness  of 
he  graduation,  and  the  precision  with  which  the 
osition  of  the  wire  on  the  circle  can  be  read.  The 
Hual  distance  traversed  is  got  from  this  result  by 
lultiplying  by  the  step  of  the  screw,  which,  in  the  first 
strument  made,  was  -jV  of  an  inch. 
The  attracted   disc   is   made  for  lightness  of  thin 
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e  image  of  the  Lair  ore  in  focus  in  the  same  position       T] 
'■  this  lens,  there  is  no  error  due  to  parallax.  g^Jjj 

iiTbe  attracted  disc  and  springs  are  inclosed   within 
|B  metallic  hox  J)  (of  which  one-half  is  shown  dis- 

l)  to  prevent  diaturbaDce  by  external  electrifica- 
The  hair  is  seen  through  a  hole  cut  in  the  box 
g>osite  the  lens. 

The  difference  of  potentials  between  the  inner  and  Gauge  far. 
it«  coatings  of  the  jar  is  tested   by  an   auxiliary    iht^- 
disc  electrometer  used   idioatatically.     This     static 

)meter,  which  is  called   the  ffavge,  is  contained     ration. 


Fic.  48. 


I  the  cylindrical  box  J  on  the  cover  of  the  jar. 
(  arrangement  is  shown  in  detail  in  Fig.  48.  The 
disc  is  a  square  piece  of  aluminium  fonning  a  con- 
tinuation of  a  lever  k  of  the  siime  metal.  This  lever 
is  forked  and  the  prongs  joined  by  a  black  opaque  hair 
which  moves  in  front  of  an  enamelled  plate  on  which 
are  two  black  dots  as  already  described.  The  position 
of  the  hair  is  seen  through  the  plano-convex  lens  /, 
which  is  carried  by  a  sliding  platform  attached  to  the 
guard-ting  G.    Instead  of  the  counterpoise  shown  in 
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diac,  80  tbat  the  part  between  the  holes  ia  above  the  Grngfi  for 
'  lever.  Halfway  between  the  holes  it  passes  over  a  iieuro- 
small  ridge  piece  of  aluminium,  which  prevents  the  /i**^!. 
lever  from  turning  round  without  twisting  the  wire.  cation. 

The  plate  A  when  the  instrument  is  used  is  con- 
nected with  the  body  to  be  tested  by  the  electrode  £, 
which  passes  through  a  plug  of  clean  paraffin  fixed  in 
an  aperture  in  the  sole  plate.  The  wire  r  completes 
the  connection  between  B  and  A. 

The  difference  of  potentials  between  the  coatings  is  Tho  Re- 
kept  nearly  constant  by  means  of  a  small  induction  P'^"'*''"'- 
machine  E,  called  by  Sir  WiUiara  Thomson  the  Re- 
pUnisher.  The  construction  and  action  of  this  part 
will  be  easily  understood  from  Figs.  49  and  50 ; 
Fig.  49  shows  the  mechanism  full-size  in  perspective 
elevation ;  Fig,  50,  the  same  in  plan. 

Two  similar  metal  carriers  0,  D.  each  part  of  a  Ita 
cylindrical  surface,  ai'e  fixed  on  a  cross-bar  of  paraffined  ' 
ebonite  so  as  to  he  slightly  noncoaxial  hut  inclined  at  the 
same  angle  to  the  cross-bar.  Through  the  cross-bar  and 
rigidly  fixed  to  it,  passes  a  cylinder  of  ebonite  having 
at  ita  ends  metal  pieces  which  form  the  extremities  of 
an  axle.  The  carriers  turn  round  this  axle  within  the 
circular  cylinder  marked  out  by  the  cylindrical  metallic 
pieces  A,  B,  which  are  insulated  from  one  another  and  act 
as  inductors.  A  receiving  spring  s  or  s',  projects  obliquely 
inwaids  through  a  hole  in  each  inductor,  with  which  it 
is  also  connected  at  the  back,  and  is  bent  so  that  the 
carriers  touch  the  springs  on  their  convex  sides,  and 
pass  on  but  little  impeded  by  the  friction.  Two  contact 
fipringa  S,S',  connected  by  a  metalUc  arc  project  slightly 
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Con-    inwards  beyond  the  inductors  so  that  the  camets,^ 

'  ""■    ""  opposite  the  inductors,  come  into  contact  with  tbea 

springs  at  the  same  time,  and  are  therefore  put  inll 

ducting  contact.     One  of  the  inductors,  A,  is  conn 


to  the  inner  coating  of  tlie  jar,  the  other,  B,  is  atti 
hy  the  supporting  plate  of  brass  to  the  cover  c 
instrument  and  therefore  to  the  outer  coatin 
milled  head  attached  to  £  projects  above  the  cove 
Ifcnns  a  handle  by  which  the  carriers  are  twirled  n 
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electrical  actioa  is  easily  understood.  An 
tias  been  given  to  the  jar.  so  tbat  a  differ 

als  exists  between  the  coatings,  the  inter 

e  being  positive.  When  the  carriers  con: 
with  the  springs  S,  S',  thej  are  brought 

otcntial,  and,  since  they  are  under  the  in 

Fig.  go. 

inductors,  one   carrier   becomes   charge 
the   other  negatively.     Then,   turning 
on  of  the  arrow,  they  come  into  contact  w 
ng  springs,  and   being   each    (electricallj 
cover  of  the  correspondJDg  inductor,  they  ; 
eater  part  of  their  charges,  thus  increasi 
nee  of  potentials  between  the  inductors, 

I.                                                                                          T 

Vi 
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If  the  earner,  are  turaed  in  the  opposite  directi. 
the  action  ,s  of  conr«,  reversed,  and  the  diff™.«  d 
potentials  i,  diminished.  When  the  repleniste,  i.  ™ 
in  action  the  carriers  are  not  in  contact  mlh  u,  J 
the  spnnga. 

Sgl:'  ^''«  ""'■"'J  »'  >»i°S  tta  Absolute  Elect„„,„  i. 
AWI.,,  praelically  the  same  as  that  described  for  til.  iw, 
"^•^  rudimentary  inslmment  of  Fig.  46.  The  force  i».i»l 
to  depress  the  disc  against  the  action  of  the  spnup 
without  overstraming  is  determined  by  remoi-ing  tl. 
top  cover  of  the  jar  and  the  cover  of  the  balano.,  mi 
loading  the  disc  as  symmetrically  as  possible  with 
weights,  while  all  electrical  force  is  avoided  by  putting 
the  electrode  of  the  plate  A  in  contact  with  the  gmi- 
plate  B.  The  micrometer-screw  C  ia  then  turned  mnil 
the  disc  comes  again  into  the  sighted  position,  and  tk 
distance   through  which   the   plate   was   depressed  ' 
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through  the  aperture  provided  for  it  in  M«iho(i  ol 

and  the  disc  is  put  accurately  into  the  sighted    ^^jutt 

on.     It  is  then  raised  by  the  micrometer  screw    Eluctro- 

gh  a  distance  for  which  the  force  F  has  been 

nmed,     To  bring  it  back  to  the  sighted  position 

' — -jre  the  application  of  that  force.     The  jar  is 

rged  to  the  degree  determined  by  the  sfinsitive- 

the  gauge,  and  the  potential  kept  constant  by 

Qie   replenisher  as   described.     The   attracting 

now  connected  by  means  of  its  electrode  with 

irior  QOating   of  the  jar,  and  the  micrometer 

up  or  down  until  the  disc  is  brought  into  the 

'Position,  when  the  micrometer  reading  is  taken. 

called  the  earOif-reading.     The  electrode  of  the 

ng  plate  is  now  brought  into  contact  with  the 

whose  potential  is  to  be  tested,  and  the  plate 

koved  by  the  micrometer  until  the  disc  is  once 

the  sighted  position  and  the  reading  once  more 

The  difference  between  the  two  readings  gives 

(2),  p.  265  above,  which  since  F  has  been  deter- 

and  8  is  supposed   known,  gives   in  absolute 

be  difference  of  potentials   V—V  between  the 

tested  and  the  outer  coating  of  the  electro- 

ffilliam  Thomson  has  also  constructed  an  at-  : 
disc  electrometer  capable  of  being  easily  carried 
h>ni  place  to  place,  and  therefore  adapted  for 
ions  of  atmospheric  electricity  at  different 
in  rapid  succession  by  the  same  observer,  for 
explorers,  or  for  any  purpose  for  which  amall- 
aad  portability  are  neceesaty. 

T  2 


IGew    the  efiectire  not,  and  ia  prereated  from 
O,^^    hj  a  piece  vbich  projects  from  it  throng  a 

^^      tnbe.    A  sfHtul  spring  between  the  nuts 

apart  and  thus  keeps  the  upper  side  of  tb 
thread  in  contact  with  the  cut.  A  fork,  pi 
from  the  screw  shown  on  the  left  ade  of  t)t« 
the  diagram  over  the  micrometer  circle, 
screw  from  being  polled  up  through  more 
distance  of  about  ^n  of  an  inch. 

The  micrometer  screw  is  turned  by  a  head  a) 
case,  and  angles  turned  through  ore  read  on  a 
scale  and  a  graduated  circle  turning  relative 
tised  mark  on  the  cover.  The  vertical  scale  is  e 
on  two  fixed  cheeks  parallel  to  the  axis  of  th4 
which  are  in  plane  with  an  index  piece  which 
and  down  freely  between  them.  Increasing 
on  the  scale  correspond  to  increasing  distance  1 
the  plates,  and  the  zero  of  the  scale  noniinalt 
sponds  to  zero  distance,  though  no  particular 
taken  to  make  it  actually  so  correspond.  The  gn 
circle  is  divided  into  100  equal  parts  so  that 
responds  to  an  angle  of  S^B  turned  through 
screw;  and  the  distance  between  two  coi 
divisions  on  the  vertical  scale  is  equal  to  the 
the  screw,  so  that  the  index  advances  one  dii 
each  complete  turn  of  the  screw. 

The  hole  in  the  roof  of  the  instrument 
which  the  screw  passes  is  mode  large  enough 
the  screw  to  pass  without  touching,  and  the  gi 
circle  which  covei-s  this  hole  above  is  raised 
above  the  cover  so  as  not  to  touch  it. 
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The  attracting  plate  A  is  connected  by  a  light  wire  r  AttnctiBgfl 
with  a  brass  plate  supported  by  a  glass  column  from  „„j  ElwJ 
the  roof.  This  bi-ass  piece  is  continued  upwards  by  the  "t^«-  j 
main  electrode  of  the  instrument,  a  stout  wire  passing 
without  contact  through  an  opening  in  the  cover,  and 
carrying  the  cap  D,  which  can  be  moved  up  or  down 
along  it  through  a  short  dist-ance.  Tliia,  when  in  its 
lowest  position,  connects  the  electrode  with  the  outside 
of  the  case  of  the  instrument  and  closes  the  opening 
through  which  the  electrode  passes,  and  when  raised 
serves  as  an  umbrella  to  protect  the  electrode  from  . 
-.vind  and  rain. 

A  leat^l  tray  attached  to  the  roof  supports  a  block  C 
pumice  moistened  with  sulphnric  acid  which  preserves  ' 
a  dry  atmosphere  within  the  caae,  A  caution,  "  Pumice 
dangerous  if  not  changed  once  a  month,"  is  engraved 
on  the  cover  beside  a  small  holder  for  a  card,  on  which 
the  dates  of  the  renewal  of  the  pumice  are  to  be 
noted. 

The  mode  of  using  the  instrument  is  heterostatic  and  Mode  of 
similar  to  that  described  above  for  the  absolute  electro-  Portable 
mel«r.  The  jar  is  charged  by  means  of  an  electrode  ^''";'"'- 
let  down  through  a  hole  in  the  cover,  and  a  negative 
charge  is  given,  so  that  increased  readings  of  the 
micrometer  correspond  to  increased  positive  charges  on 
the  attracting  plat«.  When  an  experiment  is  to  be 
made  the  umbrella  is  put  down,  the  disc  brought  to  the 
sighted  position  by  the  micrometer,  and  the  reading 
(which  we  call  the  first  earth -reading)  taken.  The 
umbrella  is  then  raised  and  the  body  to  be  tested 
connected  to  the  electrode.    The  disc  is  again  brought 
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Hodtirf   iototlie  nghted  poutioD  andaieadil^i/Baj, 
'^ftaUi   ^0  ^>o^y  ^  then  diaoonnected  and  a  second 

^f^^  reading  taken.  The  times  at  which  th«  readings  aft 
taken  are  acted.  la  cotueqnence  of  leak^e  of  tV 
charge  of  the  jar  the  second  earth-reading  may  diffu 
finm  the  first,  and  the  earth-readii^  tor  the  time  at 
which  D'  iraa  taken  is  to  be  estimated  from  the  tm 
esrti)  readiDgs.  Let  this  reading  be  denoted  hf  D,tai 
the  difference  of  potentials  between  the  body  and  tktj 
case  by  V.    We  have — 

r=m{ir-iri p) 

where  m  is  the  average  value,  in  absolate  units  of 
potential,  of  a  scale  division  for  the  range  between  D 
and  jy.  This  value  depends  on  t)ie  elasticity  of  the 
spring  suspension  of  tlie  trap-door  and  lever,  the  sru 
of  the  trap-door,  and  the  scale  of  graduation  adopted; 
and  does  not  depend  oq  the  potential  of  the  jar  or  aa 
the  electrification  tested,  except  in  so  far  as  the  small- 
nes8  of  the  attrncting  plate  causes  the  electric  fidd 
between  it  and  the  trap-door  to  deviate  sensibly  firom 
uniformity  at  the  greater  distances.  The  constant  ■ 
can  be  determined  of  course  by  an  experiment  with  a 
known  difference  of  potentials,  and  this  ought  to  be 
done  for  different  parts  of  the  scale.  The  range  of  the 
instrument  is  16  turns  of  the  screw,  or  about  5,000 
volts  potential ;  that  is  approximately  the  difference  of 
potentials  between  the  poles  of  a  battery  of  5,000 
Daniell's  cells  arranged  in  series. 

The  portable  electrometer  has  cert^n  faults,  whidi 
are,  however,  mostly  due  to  its  smallness  of  size.    The 
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capacity  of  the  jar  is  not  lai^e  enough  to  prevent  the 
potential  of  the  jar  from  being  seosibly  affected  by  the 
ilectrification  of  the  attracting  plate ;  the  suspension  ia 
ulVfcted  by  change  of  temperature;  the  wire  guards 
■-iirrouading  the  aluminium  lever  do  not  sufficiently 
piotoct  it  from  electric  influence;  and,  as  already 
Nt.ited,  the  plates  are  not  large  enough  to  ensure  that 
ilio  value  of  a  division  of  the  scale  may  be  the  same 
in  every  part  of  the  scale. 

These  sources  of  error,  except  that  due  to  tempera- 
tare,  have  been  corrected  in  a  large  instrument  on  the 
Rime  principle,  and  on  the  whole  similar  in  construction, 
which  Sir  William  Thomson  haa  matle  and  called  the 
Standard  Electrometer.  For  a  detailed  description  of 
this  instrument  the  reader  is  referred  to  Sir  W. 
Thomson's  Reprint  of  Papers  on  Electrostatics  and 
Magnetism. 

Sir  William  Thomson  has  modified  an  arrangement 
of  the  portable  electrometer  and  enlarged  its  size  so 
that  a  reliable  instrument  with  a  range  from  about 
■i-.OOO  volts  to  80,000  volts  is  obtained ;  that  is,  begin- 
ning at  a  little  under  the  superior  limit  of  the  potential 
measured  by  the  portable  electrometer,  it  has  a  range 
of  about  sixteen  times  that  of  the  latter.  This  he  has 
called  a  Long-Rauge  Electrometer.  The  constant  of 
the  instrument,  m  of  (3)  above,  is  found  in  the  same 
way  as  that  of  the  portable  electrometer. 

Tlie  attracting  plate  is  above  the  guard-plate  and 
ii-ii-  as  in  the  portable  electrometer;  but  the  former 

lie  is  fixed  and  the  latter  movable  by  a  micrometer 
jurew  from  below.    The  step  of  the  screw  is  the  same 
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ss  in  the  other  instruments,  ^V  of  *i  i"*^!!!  '"'*  ^^ 
range  is  200  turns.  The  upper  plate  is  conncct«ii  trill] 
tiie  electrified  body  to  be  tested  and  the  guard-ring  to 
earth,  or  a  second  body  with  whose  potential  that  of 
the  tested  body  is  to  be  compared.  The  mode  of  usii^ 
tbe  instrument  is  thus  idiostatic. 

To  prevent  sparks  the  attracting  p]ate,  though  pW 
on  its  lower  surface,  is  turned  over  on  its  upper  sur&ce 
into  a  thick  rim.  The  guard-plate  is  made  no  thicket ' 
than  is  necessary  for  stiffness,  and  to  prevent  danger  of 
sparks  between  it  and  the  upper  plate  projects  fnlly  an 
inch  all  round  beyond  the  latter.  No  Leyden  jar  is 
required  as  the  use  is  idiostatic,  but  a  glass  shade,  to  pre- 
vent dust  and  shreds  which  might  tend  to  discharge  tbe 
upper  plate,  is  permanently  fixed  over  it  with  an  insulated 
electrode  passing  through  it  to  the  attracting  plate. 

The  well-nigh  perfect  forra  of  Symmetrical  Electro- 
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positive  the  other  with  negative  electricity,  the  needle 
will  be  repelled  from  the  positive  and  attracted  toward 
the  negative  semicircle.  If  then  the  wire  be  brought 
back  and  maintained  in  the  symmetrical  position  by  an 
applied  couple,  this  couple  gives  a  measure  of  that 
due  to  electric  forces  tending  to  deflect  the  needle,  and 
if  tbe  potential  of -the  needle  remains  constant,  differ- 
ences of  potential  established  between  the  semicircles 
can  be  compared. 


Divided 

Ring 
Electro- 
meter. 


Fig.  62. 

It  was  an  obvious  but  important  step  to  convert  the  Quadrant 
two  semicircles  into  four  quadrants  by  a  pair  of  openings  me^r"^ 
along  a  diameter  at  right-angles  to  the  other  pair,  to 
put  each  pair  of  opposite  quadrants  into  conducting 
contact,  and  to  make  the  needle  symmetrical  about  the 
suspension  wire.  Thus  supposing  one  pair  of  quadrants 
to  be  charged  positively  and  the  other  pair  negatively, 


br  the  renutintDg  quadnuit  of  the  first  pair,  and 
fay  dw  renUBing  quadrent  of  the  other  pair. 


„     TheM  actions  con«iure  to  give  a 
Oe  needle  tbaat^wuvaanon  wire. 
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e  6nal  form  of  the  quadrant  electrometer,  whicli      Fionl 
resented  in  Fig.  53,  the  four  quadrants  of  the  flat-  Quadrant: 
"tmg  are  replaced  by  four  quadrants  of  a  flat  cylindrical    •■'' 
box  raa(ie  of   brass.     These  are  ahown  separately  in 
Fig.  54.     Each  quadrant  la  supported  on  a  glass  stem 
projecting  downwards  from  a  brass  plate  which  forma 
the  cover  of  a  Leyden  jar,  within  which  the  quadrants 
and  needle  are  enclosed.     For  three  of  the  quadrants    Amnge- 

1  1  I  1         ■         1  1     ■        raent  of 

the  stem  passes  through  a  slot  tn  the  cover  and  ts  Qiudnnt 
attached  to  a  brass  piece  which  closes  the  slot  from 


above.  Thus  each  of  the  quadrants  can  be  moved  out 
or  in  through  a  small  space.  The  stem  of  the  fourth 
quadrant  is  attached  to  a  piece  above  the  cover  which 
rests  on  three  feet.  Two  of  these  feet  are  kept  by  a 
spring  in  a  V  groove,  parallel  to  which  the  piece 
carrying  the  quadrant  with  it  can  be  moved  by  » 
micrometer- screw  turning  in  a  nut  fixed  to  the  movable 
piece.  The  spring  which  keeps  the  feet  of  the  movable 
piece  in  their  groove  presses  outwards  as  well  as  down- 
wards, and  so  keeps  the  same  sides  of  the  nut  and 
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Amngr-  8crew  threads  in  cootact,  to  the  prevention  of ' 

j^;^^_  time."    The  details  of  the  instnimeot  vill  ha  a 

made  out  by  means  of  Figs.  63  and  56.    The  fin 


-r 
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'    a  glas8  stem   from   the   cover  above  a  quadrant    Th*  In- 
jacent  to  that  attached  to  the  micrometer,  and  is     pijtj_ 
misbed  with  an  insulated  electrode  passing  througli 
e  cover.     Sufficient  length  is  given  to  the  insulating 
am  by  attaching  it  to  tbe  roof  of  a  cylinder,  closed 
tbe  top,  erected  over  an  opening  in  tbe  cover. 
"Within  tbe  box  formed  by  the  quadrants  and  about      The 
idway  between  tbe  top  and  bottom,  a  needle  of  sheet    nuj  ys 
tjminium  of  tbe  form  shown  by  the  line  drawn,  partly    Snapen- 
U,  partly  dotted,  across  the  plan  of  the  quadrants  on 
e  left  in  Fig.  54,  is  suspended  horizontally  from  two 
Tac,d  (Fig.  56),  carried  by  a  fixed  vertical  brass  plate 
ipported  on  a  glass  stem  projecting  above  the  cover  of 
le  jar.    The  needle  is  attached  rigidly  at  its  centre  to 
te  lower  end  of  a  stifl'  vertical  wire  of  aluminium, 
hich  passes  down  through  au  opening  in  the  middle  of 
le  cover. 
To  the  extremities  of  a  small  cross-bar  at  the  top  Details  of 
the  aluminium  wire  are  attached  the  lower  threads    ^t  ^''*" 

^  peHBlDtl. 

:  a  bifilar  made  of  two  single  silk -fibres.  The  upper 
ids  of  these  fibres  are  wound  in  opposite  directions 
>und  tbe  pins  c,  d,  each  of  which  has,  in  its  outer 
ad,  a  square  hole  to  receive  a  small  key,  by  which 
:  can  be  turned  round  in  its  socket  so  as  to  wind  up 
t  let  down  the  fibre.  By  this  means  tbe  fibres  can 
e  adjusted  so  as  to  be  as  nearly  as  may  be  of  the  same 
jDgth ;  and  as  the  whole  supported  mass  of  needle, 
'c,  is  then  symmetrical  about  the  hue  midway  between 
le  fibres,  each  bears  half  the  whole  weight.  The  pins 
d,  are  carried  by  the  upper  ends  e,  /,  of  two  spring 
0Cea  which  form  the  continuations  of  a  lower  plate 
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r  screwed  firmly  to  the  supporting  piece.  TLrougit,, 
and  working  ia  thorn,  pass  two  screws  a  and  #,  <A 
points  of  which  bear  oo  the  brass  supporting  [dH 
behind.  By  the  screw  a  the  end  e  of  the  plate  f.f,  tm 
be  moved  forward  or  back  through  a  certain  nn^,  ui 
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ewing  out,  or  in,  a  t 

Hngs  e.  f.  penaioD. 

The  aluminium  wire  cairiea  between  its  upper  end 

d  the  needle  a  small  concave  mirror  of  silvered  glass. 

be  used  with  a  lamp  and  scale  to  show  the  position 

the  needle.  The  mirror  is  guarded  against  externa! 
ictric  influence  by  two  projecting  brass  pieces,  whicb 
rm  nearly  a  complete  cylinder  round  it.  The  part  of 
«  wire  just  above  the  needle  is  protected  by  the  tube 
lown  at  the  bottom  of  Fig.  56.  This  tube  extends 
>wn  below  the  needle  a  little  distance,  and  is  cut  away 

each  side  to  allow  the  needle  free  play  to  turn 
und. 

The  interior  coating  of  the  Leyden  jar  is  formed  The 
f  a  quantity  of  sulphuric  acid  which  it  contains,  and  *«, 
hich  also  ser%"es  to  preserve  a  dry  atmosphere  within 
»e  jar,  the  exterior  coating  by  strips  of  tinfoil  pasted 
1  its  outer  surface.  The  acid  has  been  boiled  with 
ilphate  of  ammonia  to  free  it  from  volatile  impurities 
lich  might  attack  the  metal  parts  of  the  instrument. 
"he  jar  itself  is  enclosed  within  a  strong  metal  case  of 
siagonat  forni,  supported  on  three  feet,  with  levelling 
rrews.  The  line  joining  two  of  these  feet  (which  are 
1  front)  is,  when  level,  parallel  to  the  axis  of  the 
eedle  if  the  latter  is  properly  adjusted. 

The  needle  is  connected  with  the  inner  coating  of 
le  jar  by  a  thin  platinum  wire  kept  stretched  by  a 
latinum  weight  at  its  lower  end,  which  hangs  in  the 
:id.     The  wire  ia  protected  from  electrical  influence  by 

guard-tube  forming  a  continuation  of  the  narrower 
jard-tube,   partly  shown   in   Fig,  56,   and    therefore 

VOL.  I.  D 


■  screw  and  j;iiii-iiut  bcl 
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E1c?tniil(<.s  The  principal  electrode 
' '  rods  cased  in  vulcanite,  a; 
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small  brass  binding  screw, 
light  spiral  spring  of  platit 
piece,  which  rests  by  its  ' 
upper  surface  of  the  quadr 
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^An   insulated   churging-rod    dcsceDds   throiigU    the  Electrod* 
•  -Qteni,  and  earriea  at  its  lower  end  a  projecting  spring 
;*  *-'    brass.     When  the  rod  is  not  in  use  the  spring  ia  not 
*-**    contac-t  with  anything;  but  when  the  jar  is  to  be 
*^^arged  the  rod  is  turned  round  until  the  spring  ia 
■  t- ought  into  contact  with  the  supporting- pi  ate,  which, 
^  statiid  above,  is  in  contact  with  the  acid  of  the  jar. 
The  potential  of  the  jar  is  maintained  coustant  by  a 
Teplenisber  in   the  manner  already  described  for  the 
absolute  electrometer.     A  spring  catch  keeps  the  knob 
of  the  rt'plenisher,  which  is  on  the  upper  side  of  tiie 
(ver,  in  such  a  position  when  not  in  use  that  the 
rriers  are  not  in  contact  with  any  of  the  springa, 
On  the  upper  side  of  the  cover  are  screws,  three  in 
mber,  by  which  the  cover  is  secured  to  a  tightly 
]ng  flat  ring  collar  below  it,  to  which  the  jar  is 
mented,  and  to  which  the  case  is  screwed ;  two  screws, 
Bie  on  each  side,  which  iix  the  lantern  in  its  place ;  a 
3  covering  an  orifiee  communicating  with  the  interior 
r  the  jar;  two  binding  screws  by  which  wires  can  be 
inected  to  the  case ;  and  a  knob  similar  to  that  of  the 
plenisber,  which,  when  turned  against  a  stop  marked 
f  contact,"  connects  by  an  interior  spring  the  quadrant 
slow  the  induction  plate  with  the   case,  and  when 
med  iu  the  opposite  direction  to  an  adjoining  stop 
irked  "  no  contact,"  insulates  that  quadrant  from  the 
Two  keys,  for  turning  the  pins  a,  b,  c,  &c.,  are  kept 
;  down  outside  the  case  through  holes  in  the  pro- 
log edge  of  the  cover.     The  cover  also  carries  a 
1  circular  level,  set  so  as  to  have  its  bubble  at  the 
mtre  when  the  cover  is  levelled  by  an  ordinary  level 
u  2 
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When  this  has  been  done  the  accuracy  of  0CHlst^l^ 

tioQ  of  the  quadrants  ensures  that  they  are  also  levd 

The  level  has  a  slightly  convex  bottom,  and  is  screwed 

down  with  three  screws,  so  that  when  the  instrument 

is  set  up  for  use,  a  final  adjustment,  to  show  hori- 

zontality  of  the  quadrants,  can  easily  be   made  hj 

turning  the  screws. 

Ailjunt-        Full  instructions  for  setting  up  and  adjustii^  the 

""^thc       quadrant  electrometer  are  sent  out  with  each  instni- 

Qiiaflrant.  ment  by  the  maker,  and  are  therefore  available,  if  kept, 

iiietor :—  ^  ^^^7  ought  to  be,  beside  it  in  the  case.     We  shall 

Ailyisi-    suppose  therefore  that  the  detached  parts  have  been 

Intent  of 

thuXeciilc.  put  into  their  places,  the  acid  poured  into  the  jar, 
and  the  instrument  set  up  and  levelled ;  but  as  a 
quadrant  electrometer  is  now  part  of  every  well- 
equipped  physical  laboratory,  and  is  used  over  a  wide 
range  of  electrical  work,  we  shall  describe  here  the 
principal  adjustments. 

The  two  front  quadrants  are  pulled  out  as  far  as 

possible,  to  allow  the  operator  to  observe  the  position 

of  the  needle,  which  should  rest  with  its  plane  horizontal 

and  midway  between  the  upper  and  under  surfaces  of 

the  quadrants.     If  it  requires  to  be  raised  or  loweredi 

the  operator  winds  or  unwinds  the  fibres  by  turning  the 

pins  c,  d,  to  which  they  are  attached.     The  suspension 

win?  of  the  needle  should  pass  through  the  centre  of 

the  circular  orifice  formed  in  the  upper  surface  of  the 

quadrants,  when  these  are  symmetrically  arranged.    If 

e  wire  is  not  in  tljis  position  the  pins  a,  6,  are  turnod 

\8  to  carry  the  point  of  suspension  forward  or  back 

il  the  wire  is  adjusted,  and  then  one  pin  is  carried 
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forward  and  the  other  bac'k,  without  altering  the  position 
of  the  wire,  until  the  black  line  along  the  needle  is 
parallel  to  the  transverse  slit  separatinf^    the  quadrants. 

The  scale  is  placed  at  the  proper  distance  to  give  a    Adjurt- 
distinct  image  of  the  wire  across  the  line  of  divisions  ^ 
in  front  of  the  lamp  flame,  then  levelled  and  adjusted 
so  that,  when  the  image  is  at  rest  in  the  centre,  the 
extremities  of  the  scale  are  at  equal   distances  from 
the  needle. 

When  the  best  relative  positions  of  the  instrument    "Holp, 
and  the  stand  for  the  lamp  and  scale  have  been  ascer-  S}""^  ?",*  3 
toined,  these  are  fixed   by  the  "  hole,  slot,  and  plane  "     fixins 
arrangement  adopted  by  Sir  "William  Thomson,  to  allow  ^'j„si"^. 
any  instrument  supported   on   three  feet  or  levelling     ment, 
screws  to  be  removed  at  pleasure,  and  replaced  without 
readjustment  in  its  original  position.     A  conical  hollow, 
or  better,  a  hole  shaped   like  an   inverted   triangular 
pyramid,  is  cut  in  the  table  so  as  to  receive  the  point 
(which  should  be  well  rounded)  of  one  of  the  levelling 
screws,  witlinnt  allowing  it  to  touch  the  bottom.     A 
V-groove,  with  it«  axis  in  line  with  the  hollow,  ia  cut 
for  the  rounded  point  of  another  levelling  screw,  and 
the  third  rests  on  the  plane  surface  of  the  table.    If  it  is 
desired  to  insulate  the  electrometer  case  it  is  supported 
on  three  blocks  of  mleanite  cemented   to  the  table; 
and  in  one  of  these  the  hollow  is  cut,  in  another  the 
V -groove. 

When  the  jar  is  being  ehaiged,  the  main  electrodes,  Meihod 
the  induction  plate  electrode,  and  one  of  the  binding       "L^"* 
screws  on  the  cover,  are  kept  connected  by  a  piece  of    Elrc^- 
fine  brass  or  copper  wire.     The  charging  electrode  is  ""  '''*' 


f'Tne.!  s„  as  to  ,|i 
'hen  a.lju.,ted  to  t 
liiataiioe  of  the  al 
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ledied  by  removing  the  acid  and  carefully  washing  Ltnknge  a 

^■^    jar.     The  replenisher  may  also  cause  leakage  of^""^^^ 

^^   jar  through  a  dek'rioration  of  insulating  power  of  Remedie* 

"  -   vnlcanite  sole-plate  which  connects  the  inductors, 

*■  <?h  a  deterioration  with  lapse  of  time  is   not   un- 

V***""<*"   '°   ebonite,   and   is   a   consequence   of  alow 

.,^_^^*inical  action  at   the  surface.     A   nearly   complete 

^^^^le  can  be  effected  by  removing  the  piece  and  washing 

^    carefully  by  prolonged  immersion  in  boiling  w.iter, 

*ld  tlien  re-covering  its  surface  with  a  61m  of  paraffin. 

The  insulation  »f  the  quadrants  is  now  tested.  One  Mpthodrf 
**air  of  quadrants  is  connected  to  the  case  and  a  charge  jusuiatiM 
t*K)(Jucing  a  difference  of  potentials  exceeding  the  °^  '*?' 
Rreatest  to  be  used  in  the  experiments  is  given  to  the 
i»i.?iilated  pair  by  means  of  a  battery,  one  electrode  of 
wliicb  is  connected  to  the  electrometer  case,  while  the 
other  is  connected  for  an  instant  to  the  electrode  of  the 
insulated  quadrants;  and  the  deBection  of  the  spot  of 
light  is  read  off.  The  percentile  fall  of  potentials  pro- 
duced in  thirty  minutes  or  an  hour  is  obtained  merely 
by  taking  the  ratio  of  the  diminution  of  deflection  which 
lias  taken  place  in  the  interval  to  the  original  deflection. 
If  this  is  inappreciable  the  quadrants  insulate  satis- 
factorily. In  any  case,  for  satisfactory  working  the  rate 
of  loss  of  potential  shown  by  the  instrument  should  not 
be  greater  than  that  of  the  body  testeil. 

If  the  instilation  is  imperi'ect  the  glass  stems  support-  Reinodjr 
ing  the  quadrants  should  be  washed  by  passing  a  piece  jjp^™ 
■  )r  hard  silk  ribbon  well  moistened  and  soaped,  then 
viih  clean  water  to  remove  the  soap,  and  dried  by  tte 
;Ktiu6  piece  of  ribbon  well  dried  and  warmed.     If  this 


does  not  saceeed,  the  fimlt  pnhMy  Gas  i 
canite  iiisal*toT8  of  the  eleetRxlea^  lAi^ 

well  steeped   in   boiling 
clean  pwmtBn  and  replaced.     Can  mnat  be  taken  i 
this  is  done  not  to  bend  the  electrodea, 
Ailjnat-        The  final  adjustment  oi  the  teanm  of  Urn  Unmk 
TaSoaot  ^  s<luality  is  now  made.     One  pair  ot  qaadmrti  iiM*- 
Thnada.    oected  to  the  case,  and  the  otha-  pair  ~inhi*Tfl     Ths 
polesof  asin^  Darnell's  cell  are  then  oomeeted  to  As 
electrodes,  and  the  extreme  range  of  deOectian  pudwri 
bf  (evening  the  bKtteiy,  either  by  hand  cr  bf  a  a»- 
venient  reversing  key,  is  observed.     One  nde  of  the 
instrument  is  then  raised  by  screwing  ap  that  aide  l; 
one  or  two  turna  of  one  of  the  front  pair  of  levelling 
screws,  and  the  range  of  deflection  again  noted.     If  the 
range  is  ^'reater  the  fibre  on  that  side  is  too  short,  if 
the  rangF^  i»  smaller  the  fibre  is  too  long  (see  p.  243 
above) ;  and  the  length  must  be  corrected  by  tumii^ 
one  or  other  of  the  pins  to  which  the  fibres  are  sus- 
pended.   The  pins  can  be  reached  by  the  aperture  in 
the  window  of  the  lantern  ordinarily  closed   by  the 
vulcanite  plug ;  and  to  prevent  discharge  of  the  jar  the 
key  with  vuli^nite  bundle  should  be  used  to  turn  them. 
The  black  line  on  the  needle  will  require  readjustment 
1^  the  screws  after  each  alteration  of  the  suspension, 
"two-        The  ordinary  method  of  using  the  quadrant  electro- 
!^   meter  is  beterostatic,  since  the  jar  is  kept  at  a  constant 
^-    pot4;ntiaI,  generally  much   higher  than  any  potential 
which  the  instrument  is  used  to  measure.     The  sh^ 
of  t)ie  needle  is  such  that  for  most  practical  purposes 
equation  (65)  (p.  61  above)  mny  be  regarded  as  giving 
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urately  the  couple  deflecting  the  needle,  when  tlie     Ht;tcio- 
adrants  are  symmetrical  about  the  needle  and  close,     of  the 


for  small  deflections  we  have,  as  in  (66),  for  the     I^stru- 

ment. 

ion  IJ,  in  terms  of  the  potentials  F,  Fj,  V^  of 
needle  and  the  two  pairs  of  quadrants  respectively, 
equation 

i>  =  o{v,-r^{v-'^^^)   .  .  (4) 

e  is  a  constant  depending  on  the  instrument  and 
mode  of  reckoning  of  D.  If  V  be,  as  it  usually  is, 
,t  in  comparison  with  Vi  or  V^,  then 

V,-V^=C'D (5) 

'^^rihere  C  is  the  now  practically  constant  value  of 

^  If  the  angle  of  deflection  0  of  the  ray  of  light  is  not 
^4  very  small  angle,  the  couple  given  by  the  bifllar,  it  is 
to  be  remembered,  is  proportional  to  sin  ^d.  Hence  if 
J}  be  the  distance  in  divisions  on  the  scale  (supposed 
I  itraight  and  at  right  angles  to  the  zero  direction  of  the 
■A  ray)  through  which  the  spot  of  light  is  deflected,  and  J2 
i  the  horizontal  distance  of  the  scale  from  the  mirror  in 

4  the  same  divisions,  we  have  tan  0  =  -D/-B,  from  which  0 
!   can  be  found  and  hence  ^0.    We  have  then 

\    where  JT  is  a  constant. 

Equation  (4)  would  be  more  nearly  satisfied  if  the 
central  portions  of  the  needle  to  well  within  the 
quadrants  were  as  much  as  possible  cut  away,  leaving 

i  only  a  framework  opposite  the  orifice  at  the  centre  of 

5  the  quadrants  to  support  the  needle. 


SH  ELECTBOICETEBSl 

Onidwi  of  The  electrometer,  when  used  faeterostaticslfy.  ai 
uMa.  of  a  number  of  ditferent  grades  of  semibiHbf.  1 
are  shown  in  the  two  following  tables,  where  Z  de 
the  electrode  of  the  pair  of  qnadruits,  one  of  wbkb  ii 
belov  the  induction  plate,  B  the  electrode  of  the  odHf 
pair  of  quadrants,  /  the  electrode  of  the  indntiioD-plati, 
0  an  electrode  of  the  case  of  the  ingtrnment,  aad  0 
the  electrode  of  the  conductor  to  be  teated.  JUf  de 
that  Z  is  connected  to  G,  SO  that  B  is  connected  to  0; 
RLC  that  RL  and  C  are  connected  together,  and  to  m, 
{V)  th^t  the  quadrants  connected  with  L  are  imohtri 
by  raisian;  L,  (B)  that  the  quadrants  connected  with  B 
ere  Bimikrly  insulated,  {BL)  that  both  L  and  B  an 
raised.  The  disinsulator  mentioned  (p.  291  above)  isnae'l 
to  free  the  quaitranta  connected  with  Z  from  the  induced 
charge  which  they  generally  receive  when  L  is  raised. 
GRADES  OF  SENSITIVES ESa 
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^itber  of  these  grades  of  sensibility  may  of  course  also 
*^s    varied  by  increasing  the  distance  of  the  fibres  apart. 

"The    quadrant   electrometer    can    be    made    to   give    Oradtw- 
"^^saiiits  in  absolute  measure  by  determining  the  con-  QuBdrani 
■*^int  6"  of  equation  (50),  by  which  the  deflection  must    *''*^' 
**&   multiplied  to  give  the  difference  F,  —   V^.    This 
'^^^n  be  done  by  observing  the  deflection  produced  by  a 
*>^ttery  of  electromotive  force  of  convenient  amount, 
determined   by  direct  measurement  with  an  absolute 
electrometer  or  otherwise.    Different  such  electromotive 
forces  ma)-  be  employed  to  give  deflections  of  different 
UiHHints  and  thus  give  a  kind  of  calibration  of  the  scale 
to  avoid  error  from  non-fulfilment  of  condition  of  pro- 
portionality of  deflection  to  difference  of  potentials. 

The  quadrant  electrometer  may  also  be  used  idio-  Hiost 
statically  for  the  measurement  of  differences  of  potential  quuJi 
of  not  less  than  about  30  volts.  The  volt  is  the  prac-  ^*^ 
tical  unit  of  electromotive  force,  and  is  about  1'07  timea 
the  electromotive  force  of  a  Daniell's  cell.  For  its 
definition  see  Vol.  II.  When  it  is  so  used  the  jar  is 
left  uncharged,  the  eharging-rod  is  brought  into  contact 
with  the  inner  coating  of  the  jar,  and  joined  by  a 
wire  with  one  of  the  main  electrodes,  so  as  to  connect 
the  needle  to  one  pair  of  quadrants.  Tlie  other  pair  of 
qnndrants  is  either  insulated  or  connected  to  the  case  of 
the  instrument.  The  instrument  thus  becomes  a  con- 
denser, one  plate  of  which  is  movable,  and  by  its  change 
of  position  alters  the  electrostatic  capacity  of  the  con- 
denser. The  two  main  electrodes  are  connected  with 
the  conductors,  the  difference  of  potentials  between 
which  it  is  desired  to  measure. 


ir»o  ELErTROMETEBS 

Mt^Ktaiii'        A    l<)\v«T  jrraiie   of   sensihilirv  lian    be    obtaineii  \k 

»•       ■  *"  * 

i)i\M\rtui   •■■''>nn»v*rin'.'  tlif»  nirerile  rhroiijjh  the  charsingHro*!  to  the 
K>r.tn..    ,*|».prnHlH  R,  anrl  usincr  the  infiuction-plate  instead  of 
rhn   pair  at'   qiimlrinrs  oonnecteil  with  i,  which  ue 
inHiiliiterl  hv  raisinir  their  eiertivjfle. 

Wlurn  th(^  instnimenc  Ls  thus  used  idiostaticalbr  7 
in  t*rtiiarii)n  ''40.  .ib^ive  beoomes  equal  Co  V^,  and 
in.st,*;aii  of  .'.)0^  we  have 

D=l^.-r..r '6) 

f.hnr.  is.  the  'l^tlt^rt-ion  is  prop<:>rtioiial  to  the  square  of 
f.h'r  lirf'-p-nr*^  ut*  p«j  ten  rials  anil  ther»^tore  in«iependeDt 
of  t-htH  ^ijfi  'jf  that,  .liifi^renoe.  !♦;  is  ro  rh»^  left  or  right 
ar-f  or  liner  t,,  the  ♦^l^-it.p.ilr  ronn-ot»^d  to  the  needle. 
Th:-i  irl'l'■p^■^•i^*rl^^•  of  si-jn  in  th*r  <i'-tl*^-orir)Q  renders  the 
iri^tniiii*  fit.  tiiiiH  u?«f;il  applicabU  tr.i  the  determination  of 
pot^^ntiais  in  the  oinuit.^  of  alt»rmatinor  dynamo-  or 
in>iiiru('Ut'('\f-fXnc  generators,  '^t^t:  below.  Vol.  II.) 
\\r^Uf,'A-  Tli*^;  quadrant  electrometer  his  been  modified  by 
ff'.n^'f    ^j;ff,.r,.r,t,   riifikers.     In   a   form   made   in   Paris  for  SL 

'/•i.'i'Ir.irit. 

y.\n*-\To  >f;M/art,  th<;  needle  is  kept  at  a  constant  potential  by 
}t*''\fi<r  r;r;rin^rr;ted  to  the  [K";sitive  ]>»Ie  of  a  dry  pile,  the 
n^i^ative  poU;  of  which  is  connected  to  the  case,  and  the 
T*']tU-u'i^]i(:r  is  disj:K?nsed  with. 

In  jiiiother  form  devi.sed  by  Prof.  Edelmann  of 
Miinicli,  anrl  suitable  for  some  purposes  as  a  lectare- 
Tooifi  instruriK'nt,  the  quadrants  are  lonj^itudinal  seg- 
ineht.H  of  a  somewhat  long  vertical  cylinder,  and  the 
nf:cdlp  ronsistH  of  two  coaxial  cylindric  bars  connected 
by  a  rio>s-irMnu;,  and  suspended  by  means  of  a  bitilar. 


friftfyr. 
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^'Iliss  vessel  below  contains  strong  sulpliurie  acid  in 
hicii  dips  a  vane  cajxied  by  a  platinum  wire  attached 
)  tlie  needle. 

For  practical  work  Sir  William  Thomson  has  lately  Sir  W. 
instructed  a  form  of  electrometer  to  be  used  idio-  E"ecm>- 
.itically,  and  has  called  it  an  electrostatic  voltmeter,  luitk 
t  is  represented  in  Fig.  57.  and  may  be  described  as  an 
ir  fondenser,  one  plate  of  whicli,  corresponding  to  the 
eedle  of  the  quadrant  electrometer,  is  pivoted  on  a 
orizontat  knife-edge  working  on  the  bottoma  of 
funded  V-groovea  cut  in  the  supporting  pieces.  This 
late  by  its  motion  alters  the  electrostatic  capacity  of 
be  condenser.  The  fixed  plate  consists  of  two  brass 
lates  in  metallic  connection,  each  of  the  form  of  a 
onble  sector  of  a  circle,  which  are  placed  accurately 
larallel  to  one  another,  with  the  movable  plate  between 
'I'Tu  as  shown  in  the  figure.  The  upper  end  of  the 
.ihle  plate  is  prolonged  by  a  fine  pointer  which 
■  s  along  a  circular  scale,  the  centre  of  which  ia  in 
111  uxis.  The  fixed  plates  are  insulated  from  the  case 
f  the  instrument;  the  needle  is  uninsulated. 

Contact  is  made  with  the  plates  by  insulated  terminals 
zed  outside  the  case.  The  two  shown  on  the  left- 
Utd  side  in  the  figure  belong  to  the  fixed  plate,  and  a 
milar  pair  on  the  right-hand  side  are  in  connection 
ilh  the  movable  plate  through  the  supporting  V- 
roove  and  knife-edge.  The  terminals  of  each  pair 
re  connected  by  a  safety  arc  of  fine  copper  wire  con- 
lined  within  a  U-shaped  glass  tube  suspended  from 
le  terminals,  and  the  terminals  in  front  in  the  diagram 
h  are  separated  tirom  the  plates  by  the  arcs  of  wire 
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When  a  difference  of  potentials  is  established  between     Sir  W, 
»e  fixed  and  movable  plates  the  latter  move  so  as  to    glMtro- 

tcretise  the  electrostatic  capacity  of  the  condenser,  and  „  »'""' 

,,        ,  -  .  \oltineUir, 

k«  couple  acting  on  the  movable  plate  in  any  given 
Oaition  is,  aa  in  the  quadrant  electrometer  when  used 
liostatically,  proportional  to  tlie  square  of  the  differ- 
ace  of  poteatials,  Tliis  couple  is  balanced  by  that 
Ue  to  a  small  weight  hung  on  the  knife-edge  at  the 
»Trer  end  of  the  movable  plate. 

The  scale  is  graduated  fi-om  0°  to  60°  so  that  the    '^'*1«  <>' 
recessive  divisions  represent  equul  differences  of  poten-     meter. 
iaL    Three  different  weights,  32o,  97o,  390   milli- 
Xftmmes  respectively,  are  sent  with  the  instrument  to 
vovide  for  tliree  different  grades  of  sensibility.     Thus 
he  seusibility  with  the  smallest  weight  on  the  knife- 
Jge  is  a  deflection  of  one  division  per  50  volts,  with 
be  two  smaller  weights,  that  is  four  times  the  smallest, 
oe  division  per  100  volts,  with  all  three  weights  or 
ixteen  times  the  smallest   weight,   one   division  per 
00  volts. 
Tlie  electrostatic  voltmeter  is  graduated  as  follows.    GraJiw- 
.    known    difference    of   potentials   is    obtained    by      volt- 
leana  of  a  battery  of  from  50  to  100  cells  with  a     meter. 
igh  standard  resistance  in  its  circuit.     An  absolute 
Jvauometer  or  current  balance  (see  Vol.  IL)  measures 
le   current   in  the  circuit,  and  the   product   of   the 
umerics  of  the  current  and  the  resistance  gives  tliat 
■  the  potentiaMifference  between  the  terminals  of  the 
tter.     These  terminab  are  counected  to  the  working 
rminals  of  the  voltmeter,  and  the  defections  noted 
ffii  tiie  smaller  weights  on  the  knife-edge. 


ELECTRO  SIETERa 


'  Sir  W.     are  alone  used  for  connectiDg  to  the  com 
I-  e"^^'  points  of  an  electric  circuit,  the  differeaot^ 


between  which  is  to  be  measured,  and  are  i 
railed  the  working  terminals. 


CHAI'TER  VI. 


THE  COilPABISOX  OF  RESISTANCES. 


give  here  souie  account  of  raethotia  for  the  com- 

ID  of  the  resistaoces  of  conductors  in  which  steady 

its  are  kept  flowing.     In  moat  coses  the  conductor 

impared  is  arranged  in  a  particular  way  in  con- 

lU  with  other  conductors,  which  are  then  adjusted 

)  render  the  current  through  a  certain  conductor 

system  zero.     From  the  known  relation  of  the 

ices  of  the  other  conductors  the  required  com- 

ison  is  deduced.     In  this  and  in  other  arrangements 

the  eiistence  of  an  electric  current  has  to  be  observed. 

and  in  some  cases  the  amount  of  the  current  must  be 

xaibasurcd.  It  is  therefore  necessary,  although  the  subject 

of  the  measurement  of  currents  belongs  properly  to  the 

l-loctromagnetic  part  of  this  work,  to  describo  shortly 

means  adopted  in  the  comparison  of  resistances  to 

■ -t,  and,   when   required,  to   compare   currents  of 

II  tricity. 

The  instrument  used  is  called  a  galvantrntekr.  Its  OBiWad'i 
action  is  based  on  the  phenomenon  obser^'ed  by  Oersted  p'*?"^^* 
and  explained  by  the  electromagnetic  theory  of  Ampere,  of  G*lv«- 
tbat  if  a  wire,  along  which  a  current  is  flowing,  be  held  """"^ ""' 
lULTallcl  to  a  magnetic  needle  resting  in  equilibrium 
VOL.  I.  'S. 


ELECTBOMETEES 

For  the  higher  potentiids  a  number  of  cotuii 
good  insulation  are  joined  in  series  and  charged  by 
application  of  the  wires  from  the  terminals  of  tl*' 
sistauce  coil  to  each  condenser  in  succession  honi  oae 
of  the  series  to  the  other.  This  is  done  so  as  to  ciii 
each  condeoser  in  the  series  in  the  same  dtiei-tion. 
as  the  same  difference  of  potentials,  V  say,  is  pn^la 
between  the  plates  of  each  condenser,  the  total  Jill'tia 
between  the  extreme  plates  is  nV,  if  there  be  «  j 
densers.  A  convenient  large  pateutiat-tHfrereDae 
thus  be  obtained  with  sufficient  accuracy,  sad  h 
applied  to  the  working  terminals  of  the  voltowU 
made  to  give  divisions  for  a  series  of  different  *^ 
bung  on  the  knife-edpe.  These  d 
course  to  deflections  for  known  potentials  with 
the  weights  on  the  knife-edge. 

The  divisions  thus  obtained  are   then   chei^' 
;  three  instruments  which  have  bc-fn  dealt  wi 


GALVANOMETERS. 

Iis  turned  iq  the  same  direction,  and  their  centres  in  Teating- 
|ilane  perpendicular  to  their  lengths,  is  suspended  nomBtera.1 
tti  its  centre*  at  some  convenient  point  (generally 
middle  point)  of  the  axis  of  tlie  coil.  The  coil  is 
[liaced  and  levelled  that  the  needle,  supposed  at  rest 
I'liif  the  action  only  of  the  magnetic  force  of  the  field 
'V'hich  the  apparatus  is  placed,  has  its  length  at  right 
L;It:s  to  the  same  axis. 


The  form  of  galvanometer  generally  employed  in  the 
^ncasureraent  of  resistances  is  the  reflecting  galvano- 

'  The  mngnetic  una  and  mBgnctic  centre  of  such  an  assemblage  of 
.;ifta  will  be  deflned  Jn  the  Chajitcron  MagnelUm;  for  otir  pre«*Dt 
,  <>■.(■  it  ill  Hufficient  to  aaj  thnt  ve  can  adjust  the  galvanometer  so 
'  t  )ie  magnetic  aiis  and  eentre  may  be  as  nearly  as  ire  please  in 
.    '.-  required  position. 


:rjM?iii:ao5'  OP 

n"^  :Tio.r**r  !nv^nrt»fi  hv  Sir  Wliliam  Thcrmaaii.  one 

!'^   :tii'.nz  m'  \-hinri  is  Hriown  in  Fur.  58.     F^jr  mosc  parpum 

'"    "he  'irriinarv  ronn  it  "be  inacniineiit  itoil  be  msd.    In 

"jiia  %  mirrir  or  mvcirafi  rlaas  to   wiiiim.  tifae  needfe* 

mAtfimM  are  TRniHTirM^i  ac  die  back  u>  hixn^  within  a 

>^viiniihrai  •^eil  ihonr.  half  i  ^inometre  in  i&unetar.  The 

^juiH  "it  liie  ■^.7'iaiier  IT*  •diiaei  by  'ziaoi  places  fitom  foar 

v«  n?-^  niillinit-rrr^s  ipar;.  held  in  bras  rrags  which  cm 

l>i  v.r-i'V'iii  -ju-.  -ir  in  *)  la  •:!)  increaae  or  iiizzunish  the 

iencf.h  "it  •ht*  i^eiL    The  mirror  is  hTng  by  a  piece  of  a 

4in,j:e  nlic  r.hr^  poifHed  uiroTz^rfa.  a  small  h*^e  in  the 

r:'7..:y.r.r.t\.,  r.r:,v)^.  '.t  'L^r  ohimber  and  lixeti  there  with 

^  "..'.-r;  -".-.-^'.li..      Pr.-r  CLirr-jr  ia  ".-nly  of  slightly  snuDer 

■-iiA.v.rrrr  •':.ar.  rr.-^  '?v:Ln-:rrr  in  ■yLi'zh  i*  han^s.  s*>  that  in 

*.'.!-.  41-7-1 '.::-r.v:ri';  -.":.—  r.br^r  i^  v^ry  short,  rendering  it 

r.-::'..rr-.i.rv  :r.  -.a-V:s  iii  ^hioh  li-r^eotions  have  to  be  read 

'  rf  Vj  >-.i^»^  »■  r  "r.^  r:3-v"-3  •■•!  torsion.     The  cylindrical 

'^r..^rf.'v:r  i-:  j-.-r-.-w^i  i^v.  .,Qe  end  of  a  cylinder  of  slightly 

^T'raVrr 'iiiT.-'rVrr  whioh  nt5  the  hollow  arc  of  the  coil, 

at  A  i-  o.'i^!-:'i  rh':  jVivanom-rter-plug.  When  the  plug  is  in 

j/;Hit;'>rj   r'ri<:  r.'iirror  han^s  fr»:-ely  within  its  cell,  with 

th'r';f'>r';  '.h»;  ji-iirit  of  suspension  on  the  highest  gene- 

',!  of  nitirj''  lino  of  th»'*  cvlin-k-r.     Deflections  of  the  needle 

«V/*^  I'lp;  oby-rvod  *;itlif;r  by  the  Poggendorff  telescope  method, 

■"».     or,  firi'l  inuoh  inore  generally,  by  the  ordinary  projection 

iiHjtho'l  rlesoribod  on  p.  211  above. 

Thc!  weight  of  the  needle  and  mirror  is  under  one  grain, 

\i\(\  hence  the  period  of  free  vibration  of  the  suspended 

ystein  aVnit  any  i»osition  of  equilibrium  is  short.    The 

iee<ll<'  i^  *^^^^^  made  to  come  quickly  to  rest  by  the  small- 

less  of  the  chamber  in  which  it  hangs.    Since  the  mirror 
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nearly  fills  the  whole  cross-section  of  the  cell,  the  air 
damps  the  motion  of  the  mirror  to  a  very  great  extent 
evea  when  the  ceil  has  its  largest  volume.  The  mirror 
may  be  made  quite  "  dead-beat "  (p.  224  above)  by 
screwing  in  the  front  and  back  of  the  cell  until  the 
space  is  sufficiently  limited. 

In  instruments  in  which  it  is  desirable  to  avoid  effects  D. 
of  toraion  the  galvanometer  coil  is  made  in  two  lengths,  , 
which  are  fixed  end  to  end,  with  a  narrow  space  between  "i 
them  to  receive  the  suspension  piece.  This  piece  forms 
a  chamber  in  which  the  needle  hangs  between  the 
two  halves  of  the  coil  and  gives  a  length  of  fibre  which 
at  shortest  is  equal  to  the  radius  of  the  outer  case  of  the 
(■nil,  and  which  can  obviously  be  made  as  long  as  is 
desired.  The  part  of  the  hollow  core  at  the  needle  is 
L'lused  in  front  and  at  back  by  glass  plates  carried  by 
!>rass  rings.  These  can  be  screwed  in  or  out  by  a  key 
ffura  without  so  as  to  diminish  or  increase  the  size  of 
I'hamber,  and  thus  render  the  needle  system  more  or 
less  nearly  "dead-beat." 
I  The  galvanometer  is  generally  set  up  so  that  the  Frocosio( 
'  deflections  are  read  by  the  ordinary  deflection  method  '^'oafv*'' 
(}).  211  above).  It  is  only  necessaiy  to  arrange  that  the  i 
li'.'cdles  when  no  current  is  flowing  in  the  wires  shall 
liaug  parallel  to  the  plane  of  the  coils.  This  is  done  as 
fiLillows.  A  straight  thin  knitting  wire  of  steel  ia  mag- 
netized and  hung  by  a  single  silk  fibre  of  a  foot  or  so 
in  length-  This  can  easily  be  done  by  taking  a  sufficiently 
long  single  fibre  of  silk  and  forming  a  double  loop  on 
one  end  by  doubhng  twice  and  knotting.  In  this  double 
loop,  made   widely  divergent,  the   steel  wire   is   laid 


•ua:}i23cs  3-  a^KTASos 


it  greatei 


per  CI 


e  deflection  si 
it  of  cuirenia  fiiily  in  later  cLapieis, 
TW  jralnnoDieter  should  be  made  as  sensitiTe  m 
•  br  tlimuiishitig  the  direedve  force  on  the  bkJ^ 
I  is  practicable  without  rendering  the  newifc 
Tlis  is  e-Mily  done  by  placing  magnets  nesr 
I  m  Uwt  the  needle  han^,  when  the  citnent  iu 
i^MJl  s  wnj,  in  «  very  weat  magnetic  field.  Tba: 
*•  Mi  %w  bMQ  weakened  bjr  any  change  in  the  dis- 
imtn  -f  1^ ni^iaets,  made  in  the  course  of  ihe  adju.-: 
^m.  wfl  kt  Aon  by  a  lengthening  of  the  period  ci 
tm*  ^tarttoftflftlM  needle  when  deflected  /or  au  instaut 
^.«  ai^lMt  wl  allowed  to  return  tc  zero.  Tbe  limit 
s  bean  reached  when  this  position  of  tbr 
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)f  light  for  zero  cuireDt  changes  from  place  to  place  Adjuat- 

e:  scale,  and  tho  intensity  of  the  6eld  must  then  be  pield  for 

ly  raised  to  make  the  zero  position  of  the  needle  ""!!■ 
f  stable  equilibrium. 

hough  not  absolutely  essential,  except  when  accii-  

readings  of  deilBCttons  ass  required,  it  is  always  ^^^| 

when  the  field  is  produced  by  magnets,  to  arrange  ^^^| 

so  that  the  lield  at  the  needle  is  nearly  uniform.  ^^H 

ly  thorefore  be  produced   by  two  or  more  long  ^^^| 

eta  plact^d  parallel  to  one  another  at  a  little  dis-  ^^H 

apart  symmetrically  with  respect  to  the  centre  of       ^^^| 

sedle  above  or  below  it,  and  with  their  like  poles  ^^^| 

d  in  the  same  directions;  or  a  long  magnet  placed  ^^H 

oitally  with  its  centre  over  the  needle,  and  mounted  ^^^| 

rtical  rod  so  that  it  can  be  slided  up  or  down  to  ^^^| 

t  required  sensibility,  may  be  used.  ^^^| 

tnlity  is  sometimes  obtained  by  the  use  of  astatic  ^^H 

meters,  but  these  are  rarely  necessary  and  are  ^^H 

mblesoine  to  use  than  the  ordinary  non-astatic  ^^^| 

Such  galvanometers  will  be  described  in  ^^^ 

ibe  comparison  of  the  resistances  of  conductors  BeiUtuM   i 

•Istances  the  relations  of  which  are  known  are  Co^j^^ 

»d.     These  are  generally  coils  of  insulated  wire  ^^^| 

1  bobbins  which  are  arranged  so  that  the  coils  ^^^| 

used  conveniently  in  any  desired  combination.  ^^^| 

t  arrangement  of  coils  is  called  a  resistance  box.  ^^H 

\  and  60  show   resistance   boxes  of   different  ^^^| 

Catatnr- 

resistance  box  each  coil  has  a  separate  core,  J'"."  °^* 
,  ,         ,  1-    1  !■    1        ■    BcBisUnco 

Ugtit  to  DC  a  brass  or  copper  cylmder  split  longi-  Box. 
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Tur:-  tuJitinlly  to  prevent  ioducticm  cum-bls,  ■ 
«MM  *'^*'  •■'""  rubber  or  vamislied  paper  i  . 
■t.  Thita;  cores  are  shown  in  Fig.  G1.  Tlie  nwu 
fiicUitates  tiie  cooling  of  tbe  coil  if  an  ftp] 
rise  of  tempemture  is  produced  by  the  pm 
cun-ent  through  it  After  each  Liyer  of  the 
been  wonnd  it  is  dipped  in  melted  'paraffin,  so 
ihu  spires  relatively  to  one  another,  pnur 
from  damp,  and   insure    better   insulai 


great  iniportanca  to  use  perfectly  pure  parai 
especially  to  make  sure  that  nostdphuric  acid  U 
in  it  Unless  this  precaution  is  observed  Iron 
be  caused  not  only  by  the  action  of  the  add 
metal  of  the  corjluctor,  but  by  the  polarisatioi 
due  to  electrolytic  action  in  the  acid  paraffin, 
which  is  at  all  dimbtful  should  be  well  shaken  t 
melted  with  hot  watar.  to^gWffl.t^.yiiL 
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The  wire  chosen  for  the  higher  resistances  is  generally  MateH 
an  alloy  of  one  part  platinum  to  two  parts  silver. 
This  has  a  high  specific  resistance  (p.  380  below), 
comhined  with  a  small  variation  of  resistance  with 
temperature.  For  the  lower  resistances  wire  of  greater 
thickness  is  employed  on  account  of  its  greater  con- 
ductivity, which  enables  a  greater  length  of  wire  to  be 
used  and  thus  facilitates  accurate  adjustment. 


Coils  are  now  sometimes  made  of  "platinoid."  a 
species  of  German  silver  which  does  not  tarnish  seriously 
with  exposure  to  the  air  and  has  a  low  variation  of 
resistance  with  temperature  (see  Table  V.), 

"WTaen  a  coil  of  given  resistance  is  to  be  wound,  a 
length  of  woll-insulated  wire  of  slightly  greater  resis- 
tance (determined  by  comparison  at  ordinary  tempera- 
ture by  one  of  the  processes  to  be  described)  is  cut, 
doubled  on  itself  at  its  middle  point,  and  wound  thus 


L 


ji  :':■  c^tc  iiKS  in  the  ends  (rf 
:  :-  -;  :zt  ci?ver  of  tLe  bra- 
■.zz:-'  M.'iiffivtf  to  give  no  ap- 
T:.r<-i  5.:rtT5  are  attached  to  two 

■  ■  .  -  the  'intsiJe  of  the  cover, 
'.':.-  -i^c  of  the  coil  soldered  to 
'.  Iri_-rf  across   the  gap  shown 
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Sis 


figure  between  every  adjacent  pair  of  brass 
The  coil  is  now  brought  to  the  temperature  at 
ch  it  b  to  be  accurate  and  finally  adjusted  so  that 
ruaistance  taken  between  the  brass  pieces  is  the 
lired  resistance, 

loila  are  made  in  niviltiples  of  the  "Ohm"  or  practical       Tlio 
;  of  resistance.     The  ohm  will  be  defined  absolutely    ^r  p^'c- 
he  second  part  of  this  work  ;  it  is  sufficient  at  present  ''"»'  '^."i' 
ly  that  the  Legal  Ohm  as  adopted  by  the  International      ance. 
igress  of  Electricians  held  at  Paris  in  1884  is  equal 
e  resistance  of  a  uniform  column  of  pure  mercury 
itimetres  long  and  one  square  millimetre  in  cross- 
,  at  the  temperature  0°  C.    The  mode  of  realizing 
standard  is  described  below,  p.  384. 
iries  of  coils  are  arranged  in  a  resistance  box  in  Arrange- 
Bonvenient  order  either  in  series  or  in  multiple    ?^." ,"' 
'ig.  62  shows  a  series  arrangement  suitable  for      Box. 
Iturposes.     The  numbers  indicate  the  number  of 
Ui  the  corresponding  coila.     The  space  between 
•dr  of  blocks  is  narrow  above  and  widens  out 
as  shown  in  Fig.  62,  to  increase  the  effective 
e  along  the  vulcanite  from  block  to  block.    In  the 
nt  ends  of  the  brafis  pieces,  between  which  is  the 
ow  gap,  are  cut  two  narrow  opposite  grooves,  so  as 
3rm   a  slightly  conical  vertical  socket.     This   fits 
lightly   conical   plug,  /  in   Fig.   61,   which    when 
rted  bridges  over  the  gap  by  making  direct  contact 
reen  the  blocks,  and  when  not  thus  in  use  is  held 
lie  drilled  in  the  middle  of  the  upper  surface  of 
The  coil  is  short-circuited  when  the  plug 
I,  that  is  a  current  sent  Irom  one  block  to 


:x?Aist:3^  or  usBZiscis. 

rbc  -nicT  ludses  LmcK  aisnelr  aa<aa  the  {tag  ■  I 
u.rrjniir  .-r  ^rr  ^  iich  £r«9k3er  iTMiitiiirr  of  the  coiL  H*  | 
j-ioiLf .  -     E  '.2k  irix  is  f^aeiallT  made  of  ehonile. 

r'lie  11:1:1  .1  uTan^r^u  ^xowsicsistaDoebnvluAi  I 
jiuit  -r--  c^Euu  .t  r:iJ~Jsig^»iHCncKlprogiawiiiiik  I 
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or    101110010,  and  the  corresponding  plugs  inseited, 
namely  the  first  plug  beyond  the  units,  and  the  fifth, 
sixth,  eighth  beyond  the  units.  The  process  of  reduction    Oowoet 
is  performed  as  follows  by  dividing  successively  by  2,    pmgre 
and  writing  the  remainders  as  successive  figures  of  the      "™' 
number  from  right  to  left  in  the  order  in  which  they 
are  obtained,  ending  with  the  last  quotient,  which  is  of 
course  1. 

370 

185     0 


1     0 

Hence  370  =  lOlllOOld  in  the  binary  scale.  It  is 
not  however  always  necessary  to  go  through  this  pro- 
ctss.  Pniclice  with  a  box  on  this  principle  leads  soon 
ti-.  readiness  in  deciding  what  coils  are  to  be  unplugged, 
ur  what  is  the  resistance  of  any  set  of  coils  which  naay 
be  unpluggeiL  It  is  well  to  remember  that  any  coil  of 
the  series  is  greater  by  unity  than  the  sum  of  all  the 
preceding  coils  of  the  series. 

Figs.  63  and  Hi  show  the  arrangement  of  coils  in  a 
reaiatance-bos  lately  invented  by  Sir  William  Thomson, 
in  which  the  geometrical  progression  arrangement  has  ^'"'!'"' 
l>een  adopted.  The  interior  of  the  box  is  a  copper  Box. 
L-ylinder  with  projecting  rings  soldered  round  it  so  as  to 
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sometimes  containa  a  set  i 
nine  coils  each  a  Unth  o{  i 
unit.  Fig,  65  is  a  plan  of  i 
five-dial  boi.  The  seU  o 
coils  are  firranged  along  (In 
box  in  order  of  nagmwi 
Each  set  is  arranged  m  lewi 
and  the  blocks  to  which  4 
extremities  of  the  ouli  b 
attached  are  arranged  in  a 
cular  order  round  a  oaW 
block,  which  can  be  coniwtt 
to  any  one  of  the  ten  Nod 
of  the  set  surrounding  it,  1 
inserting  a  ping  in  a  aocfc 
provided  for  the  purpose.  &< 
centi'aJ  block,  except  the  fe 


1^ 
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the  central  piece  by  a  plug,  when  it  passes  across  to  tin.' 
centre  and  then  to  the  next  series  of  coils.  If  no  coil 
of  a  series  is  to  be  put  in  circuit,  the  plug  joins  the 
central  block  to  the  coil  marked  zero. 

In   a  five-dial  bos  the  central   blocks  are   marked    f 

tisely    TENTHS,     UNITS,    TENS.    HUNDREDS,   THOU-      ( 

DS,  and  the  resistances  are  read  off  decimally  at  ^ 
e.     Thus  supposing  the  centre  in  the  first  dial  to  be 
connected  to  the  block  marked  5,  in  the  second  dial  t« 
the  block  marked  7,  in  the  third  to  that  marked  6,  tlie 
resistance  put  in  circuit  is  075  units. 

The  advantage  of  the  an-angenient  consists  in  the  fact  Ai 
that  only  one  plug  is  required  in  each  dial  whatever  the  j 
resistance  may  he,  and  since  the  pings  when  no  coils  are 
included  complete  the  circuit  through  the  zeros,  there 
is  always  ihe  same  number  of  plug  contacts  in  circuit, 
instead  of  a  variable  number  as  in  the  ordinary  arrange- 
ment. 

Besides  the  dial  resistances  there  is  generally  in  each 
box  a  set  of  resistances  arranged  in  the  ordinary  way, 
and  comprising  two  tens,  two  hundreds,  two  thousands, 
and  sometimes  two  ten- thousands,  fitted  with  terminals 
t:)  allow  the  box  to  be  conveniently  used  as  a  Wheat- 
■Ume  Bridge,  as  described  below.  The  extremities  of 
;liis  aeries  of  resistances  can  be  connected  by  means  of 
thick  copper  straps  with  the  series  of  dial  resistances. 
Each  pair  of  equal  coila  are  sometimes  wound  on  one 
bobbin  to  ensure  equality  of  temperature. 

It  is  sometimes  desirable  to  have  a  ready  means  of 
'arying  the  ratio  of  two  resistances,  or  of  increasing  a 
e   resistance   by   steps  of  any   required  arao\i\A, 
ot.  i.  ■( 


'?  1357^:1*^35. 


Hr'JZt.'^',   « 


♦  ^    T>  SI* 


I.    T :.,  1    .-.^    :»r 


::  AT?  is  a*iltzple 
a  \£  Sir  William 
*  B:x^  became  the 
rj  JbSii&g  die  ooQ- 
"«?  «2rr  amn^emeiit 
i=fi  •:<!  &  bobbin  as 
:=.rrr  or-imected  to  a 

m 

z-i\Kk  r.  outiside 
bj  a   ping  to  the 
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:ii3>s:v-r  b  vT  f.  Tiie  resistance  in  cii-cuit  is  obtained 
at  once  bv  aid'iinz  the  conductances  of  the  Coils  thus  in 
circuit,  and  taking  the  reciprocal  of  their  sum.  The 
conductances  of  tlie  coils  are  marked  on  the  corre- 
sponding blocks  outside  the  cover. 

This  arrangement  is  very  convenient  for  the  measure- 

*  *  The  word  *Toii(lnr.tnnPc"  (see  p.  204)  is  now  being  widely  Qsel 
insteiid  of  ''('ondnctivity/' and  we  shall  in  this  chapter  and  hence- 
forth adopt  the  term. 
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ment  of  low  resistances  such  as  one  ohm  and  uniler,  as 
it  gives  a  long  gi'adation  of  fractions  by  combination  of 

Sir  William  Thomson  has  proposed  to  call  a  bos 
rirranget]  thus  a  Mho-Box,  where  "Mho"  is  the  wonl 
"'  Ohm"  rea<l  backwards  to  iudicate  that  the  box  gives 
'■(iTuiuctances,  that  is  reciprocals  of  resistances. 

Tlje  resistance  of  almost  all  wires  increases  with  rise    Eff^ 
uf  temperature,  and  the  bos  is  generally  adjusted  to  be  ^'' 
iiirrect  at  a  convenient   mean   temperature   which   is     tut 
liiarked  on  the  cover.  The  value  of  the  resistance  shown     ~^ 
tiy  the  box  at  any  other  temperature  is  obtained  when 
I  In;  change  of  temperature  can  be  ascertaiued  from  the 
known   variation   of  resistance   with  temperature.     A 
table  of  the  variation  of  the  resistances  of  different 
substances  with  temperature  is  given  at  the  end  of  this 
volume. 

The  general  internal  temperature  can  be  observed 
by  means  of  a  thermometer  passed  through  one  of  tho 
orifices  which  should  be  left  in  the  side  of  the  box  to 
allow  free  circulation  of  air.  Local  changes  of  tempera- 
ture may  sometimes  be  produced  in  the  coils  without 
!iTi.cting  appreciably  the  general  internal  temperature. 
I  iit'sechanges  cannot  be  accounted  for,  as  it  is  impossible 
■  ■  ubserre  them  with  any  accuracy,  but  can  be  avoided 
hy  using  only  the  very  feeblest  currents,  and  continuing 
tiicse  for  the  shortest  possible  time. 

The  general  internal  temperature  can  also  be  measured  TemtTW 
by  means  of  an  auxiliary  coil  provided  for  the  purpose,  mund  I'j 

This   is  constructetl  of  thick   copper   wire  wound   on  "■  -*"*'■' 

wy  CopM 
ebonite,  and  extends  along  the  whole  length  of  the  box.      CoU. 
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100    for    the    comparison   of   each   of    the  hundreds, 
and   so  od. 

In  the  case  of  a  box  arranged  in  geometrical  progres- 
Bion  with  common  ratio  2,  and  first  term  1,  the  unit  is 
duplicated  for  the  sake  of  comparison.  Each  unit  having 
been  compared  with  a  standard,  they  give  together  a 
comparison  of  the  next  coil,  which  is  2,  then  that  with 
the  two  units  give  4,  with  which  the  coil  of  4  units  can 
be  compared,  and  so  on. 

The  actual  methods  of  comparing  coils  are  described 
below  (p.  353  et  «§.).  It  is  to  he  remembered  that  in  the 
comparison  of  the  coils  of  low  resistance  the  connecting 
wires  (which  should  be  in  all  cases  short  and  thick) 
must  be  taken  into  account. 

In  the  use  of  a  set  of  resistance  coils  it  ia  important 
that  the  plugs  be  kept  clean,  and  the  ebonite  top  of  the 
box.  especially  between  the  blocks  of  brass,  kept  free 
from  dust  and  dirt,  The  ebonite  may  be  freed  from 
grease  by  washing  it  with  benzole  applied  sparingly  by 
means  of  a  brush,  and  a  film  of  parafBn  oil  should  then 
be  spread  over  its  surface.  The  plugs  and  their  sockets 
mnv  also  be  freed  from  adhering  greasy  61m8  by  washing 
in  the  same  way  with  benzole  or  very  dilute  caustic 
potash.  The  latter  should  not  however  be  allowed  to 
wet  the  ebonite  surfiice.  If  necessary  the  sockets  may 
be  scraped  with  a  round-pointed  scraper.  On  no  account 
should  the  plugs  or  sockets  be  cleaned  with  emery  or 
sand  paper. 

It  is  frequently  necessary  to  adjust  a  current  to  a 
convenient  strength  by  varying  the  amount  of  resist- 
ance in  circuit.     When  the  amount  of  resistance  in 
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Iider  to  the  uther  threads  through  a  hole  in  the  nut.  Rhcwtofc 

B  if  the  tyUniier  be  tamed  the  relative  amounts  of 

I  the  two  cylinders  can  be  varied  at  pleasure,  and 

re  is  laid  on  them  liehcally  in  a  regular  manner. 

I  toothed  wheel  by  which  one  of  the  cylinders  is 

1  is  connected  with  the  axle  by  means  of  a  spring 

iously  wound  up  so  as  to  give  a  couple  tending  to 

i  wire  on  the  cylinder.     The  wire  is  thus  kept 

i  the  spires  prevented  from  shifting  on  thii 

e  course  of  the  current  is  along  the  wire  on  the 
paper  covered  cylinder,  then  to  the  bare  cylinder. 
Thus  the  resistance  in  circuit  is  regulated  by  the 
amount  of  the  wire  on  the  former  cylinder.  A  com- 
parative estimate  of  this  is  given  by  the  scale  along 
which  the  nut  moves. 

The  arrangement  of  screw  and  nut  for  guiding  the 
wire  above  described  seems  to  have  been  first  used  in  a 
rheostat  con.structed  by  Mr.  John  of  Bristol. 

A  simpler  form  of  rheostat,  first  used  by  Jacobi,  con-    Jt, 

-K  of  a  single  cylinder  of  insulating  material  round  " 
^  liiL-h  the  wire  is  wound  in  a  helical  groove.  A  screw 
v'f  the  same  pitch  as  the  groove  is  cut  in  the  asle  of  the 
cylinder,  and  works  in  a  nut  in  one  of  the  supports. 
The  cylinder,  when  turned,  moves  parallel  to  itself,  so 
that  the  wire  is  kept  in  contact  with  a  fixed  rubbing 
terminaL  Another  rubbing  terminal  rests  on  the  axle, 
to  which  one  end  of  the  wire  is  attached. 

The  method  of  comparing  resistances  of  moat  general     WhMt- 
use  is  that  known  as  Wheatstone's  Bridge.  The  arrange-    Br 
ment  of  conductors  used  is  that  shown  in  Fig.  34,  witK 


i  TTBEATSTONE'S  BRIDGE. 

Kle  f,  is  varied  until  no  curTent  flows  tbrougli  the 
inometer.    The  value  of  r,  ia  then  found  by  (13)  of 
apter  II.,  which  since  7^  is  zero,  may  be  written 

'■.-'■'•. (10) 


f  rj  and  r^  are  equal,  r^  ia  equal  to  r,^.  and  is  read  off 

i  from  the  resistance  bojc. 

I  the  practical  use  of  Wheatstoiie's  Brliige  we  liave 

merally  to  employ  a  certain  battery  and   a  certain 

llvanometer  for  the  measurement  of  a  wide  range  of 

[stances ;  and  it  is  possible  if  great  accuracy  ia  required 

3  choose  the  resistances  of  the  bridge  as  to  make  the 

bUgement  have  maximum  sensibility.     An  approxi- 

e  determination  \%  first  made  of  the  resistance  to  be 

uured.  Cidlthiar^.  It  has  been  shown  independently 

[r.  Oliver  Heaviside,*  and  by  Mr.  Thomas  Oray.f 

if  the  battery  and  galvanometer  are  invariable  we 

itild  make 
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*■*  +  ^B  "  '■»  +  ^»' 


If  the  resistances  of  the  battery  and  galvanometer  are 
t  the  disposal  of  the  experimenter,  then  on  the  sup- 
OHtioD  that  the  resistance  of  the  galvanometer  may  be 
^en  equal  to  r^,  the  most  aenaitive  arrangement  is  that 
Q  which  each  of  the  resistances  is  equal  to  r^. 

•  Phil.  Ifag-  vol.  xlv.  (1873).  p.  111. 
t  Itid.  vol.  xu.  <1BS1),  p.  283. 


COHPABISON  or  RK818TAHCI8L 

that  iHtMd  iT  (1) 

luimnni  c  J  ■  J  ,    .    , (H) 

aeuiUl-  '»       '• 

i'T'        wheio  e  is  a  conslnnt  nearlj  equal  to  nnity,    SubotitBliiig  tb 
value  of  Tj,  wliich  (1 1)  givm,  id  (35)  of  Oiep.  IL,  we  get 

,. -"'--'''■'■ M 


where  2)  has  tho  fiinn  Kiven  to  it  by  this  lubetitotioti  tad  * 
tlierefore  tree  from  rf.  We  have  to  tind  wbea  thia  im  a  masiaMi^ 
on  tbe  sjppoaition  that  r„  r„  r^  E,  and  e  are  conatanta,  or  which 
U  the  Mine  but  more  convenient,  when  S^\  ~  cVy^  (diat  ii 
^IV^  ■*  >  ininiiiium  under  the  same  cooditiooa.  Wnti^  aftt 
^/Vv  ">'!  calculating  tlje  values  of 

■/«     tfa     rf**     <Pa      rf'a 

we  find,  by  equating  the  firat  two  differential  coefficient*  scpiT' 
ately  to  zero,  that  either  r,  =  0,  and  r^  —  0,  or  fj  "   •Jr^t,  »f^ 


=  V'-ti 


•  Substituting  these  valut 


the  eipreasiuiia  for  the  three  second  differential  coefficients,  n 
fincl  llint  the  latter  }inir  of  correeponding  values  gives  positiit 
values  to  each  of  the  expressions 

iPii    d-u     d*u  d^H 


iPii    d-m     d*u  rf**        /  iPa  \» 

rf/'i"'   rfr,"*    7r>SV  "  \di^J' 


which  is  the  condition  for  a  minimum,  while  the  first  pair  of 

Gnlvano-        Let  now  tho  galvanonieter  resistance  be  capable  of  varistion. 

nioter  Ku-     We  hIibU  aatsume  that  tlie  mass  of  wire  in  the  galvanometer  and 

sistnnce     the  channel  in  which  it  is  wound  remain  conataul.    When  thii  >> 

VarUbla.    the  ciise  the  electromagnetic  force  at  tlie  needle  ia,  aa  will  bt 

proved  in  Vol.  IL,  proportional  to  tbe  square  root  of  tbe  renri- 

ance  of  the  gulvanumeter.     Hence  for  a  given  value  of  yf  tht 

dnflection  of  the  needle  may  he  put  equal  to  tfy^  Vr^wbere a ii * 

constant.    Hence 

a  _  "5(1  -  ')'-.%y^    ......  (iJ) 


SEXSIBILITT  OF  BRIDGE  METHOD. 

We  have  in  this  case  to  find  when  2J/r,r,  */r^  h  a 
lis  cm  be  put  into  tliu  fomi  (m  +  nr^Mk-Jr^  where  »,  n,  k,  '"'^''^'' 
.  not  inviilve  «■(,  Equnting  tlie  first  differential  coefiicienl  of  \^^\ 
\%  quBUtrly  to  zero,  we  get  for  a  tninimuin  r,  =  ajn,  or  after  *' 

Juctioii  r,  =  ri{r^  ■+■  r,)/(r,  +  ff).  Hub  value  of  *■,  taken  along 
iti  the  Hlreody  found  v*]ues  of  r,  and  r,  givm  maximuni 
nsibility  to  the  bridge  arrangement  when  the  battery  only  in 
pt  conetanL 

LArtly,  let  the  total  urea  of  the  acting  EUrfnces  in  the  battery 
given,  whils  the  reaiBtaTit'e  may  he  varied.  In  this  case  we 
T«(p.  1*8  «bovB)  greulest  eensibility  when  the  resislonee  of  llw 
ttery  ix  made  equal  to  the  external  reeislant^.  If  bnlnnce  ia 
ftrly  obtained,  we  may  take  as  the  extemdl  resistance  between 
Mid  B  the  value  (r,  +  r,)(r,  +  r,)/(r,  +  r,  +  r,  +  rA.  Jf  ,, 
ly  be  taken  as  llie  refiistance  of  the  battery  alone  (that  is,  if 
•  eleclrudes  joining  the  battery  to  .4  and  B  be  made  au  mBssive 
It  ilieir  retixtiince  may  be  neglected)  we  have  to  armnge  the 
tt«fy  eo  lli*t 

•       ',  +  r,+  r,+r;  ■■■•■> 

Sifnultnneniia  with  this  we  have  the  three  equations  already 

r.  -  */r;^^^r^Hu  +  r^,  r,  =  r,(r,  -(.  r^/(r,  +  r.J. 
from  tltese  it  follows  tlmt 

is  to  be  caref  "lly  observed  that  for  a  piven  available  electro- 
ve  forcu  in  the  drcuit  not  GUsceptlble  uf  alteration,  the 
ibility  is  greater  the  gtnallcr  r,. 

Unless  in  particular  cases  in  which  great  accurncy  is    praititni 

iessarr,  any  convenient  values  of  r, ,  r,  will  give  results  „^'''.*  !°'' 
,  •        •'  ,.        11  -1  1        -     SeiiMbitiiv 

nciently  accurate  for  all  practical  purposes;  but  in  wiim  Full 

anging  the  bridge   with   these   the   following   rule  ^nj^noj 

mid  be  observed :   of  the  resistances  r^,  r,  of  the    iie«JKd. 

vanometer    and   battery   respectively,  connect    the 

nter  so  as  to  join  the  junction  of  the  two  greatest  of 


Pricdol 
Rule  for 

SensibilitT 


I 


t 


COMPARISOS  OF  EESISTAXCK. 

the  four  other  resUtaucea  to  the  junction  of  the  I 
least.     This  rule  follows  easil;  from  (15)  of  CbBp,J 
"  For  interchanging  r^  and  r,  we  alter  only  Uk  i 
,  of  L,  and  cathug  the  new  ^-&lue  1/  wc  get 

D--II=tT,-riir,-r;,(r,-r.J    . 

The  expreBsioD  on  the  right  will  be  negative  if  r^ 
and  r,,  r,  be  the  two  greatest  or  the  two  leaat  o 
other  resistances.     Hence  no  this  supposition  the  t 
of  D  has  been  diminished,  and  therefore  the  cum 
through   the   galvanometer    for    any   small 
r^T^-TjT^  increased  by  making  \  join  the  junclJoD"f   ' 
rj.  r,  to  that  of  r^,  r^.     In  cases  in  wliich  the  iwist- 
ances  in  the  bridge  are  large,  a  galvanometer  of  high 
resistance  should  also  be  used. 

In  tbepraeticaluseof  the  method  the  electiydesofil 
l>attery  should  be  carried  to  the  terminals  of  a  rew 
key,  so  that  the  testing  current  may  be  sent  io  o 
directions  if  desired  through  the  resistances  of  f 
bridge.  Also  a  single  spring  contact -key,  which  n 
contact  only  when  depressed,  should  be  placed  i 
-  These  keys  are  convenient  when  arranged  side  by  tidt^  ' 
3  that  the  operator  placing  a  finger  on  each  can  de[ 
one  after  the  other.  A  convenient  form  of  wire  n 
with  mercury  cups,  combining  the  two  keys,  may  ll 
easily  made  by  the  operator.  When  the  bridge  has  Ix 
set  up  and  a  test  is  about  to  be  made,  the  single  keyi| 
r^  is  6rst  depressed  to  test  whether  any  deflection  9 
the  galvanometer  needle  is  produced  without  clod 
the  battery  circuit.  If  there  is  a  deflection,  this  must 
be  due  either  to  thermoelectric  action  in  the  gain- 


EFFECT  OF  SELF-INDUCTION.  ! 

□nmeter  circuit,  or  to  leakage  irom  the  battery  to  the  Hu 
galvaaometer  wires.  The  procedure  in  this  case  will  be  ^' 
Itated  prexeatly.  If  there  is  no  defleetiou,  the  operator 
■hen  opens  the  galvanometer  circuit,  depresses  the  key 
ivhich  completes  the  battery  circuit,  aod  immediately 
kfter,  while  the  former  key  is  kept  down,  depresses  also 
ihe  galvanometer  kwy.  After  the  circuits  have  been 
completed  just  long  enough  to  enable  the  operator  to 
pee  whether  there  is  any  deflection  of  the  needle,  the 
teya  are  released  so  as  to  break  the  contact  in  the 
reverse  order  to  that  in  which  they  were  made.  This 
»rder  of  opening  the  circuits  enables  him  to  make  a 
Mcond  observation  of  deflection  without  its  being 
Eiecessary  to  again  send  a  current.  It  is  easy  to 
imagine  and  construct  a  form  of  con  tact- making  key, 
which  being  depressed  a  certain  distance  completes  the 
battery  circuit,  and  on  being  depressed  a  little  further 
completes  the  galvanometer  circuit,  and  therefore  on 
being  released  interrupts  these  circuits  in  the  reverse 
jnler.  This  fonn  of  key  is  of  use  in  the  testing  of 
rtwistance  coils  in  which  there  is  considerable  self- 
induction.  For  general  work,  however,  it  is  inconvenient, 
IS  the  reverse  order  of  making  the  contacts  may  have  to 
K  adopted.  Again,  in  many  practical  operations,  such 
ts  cable  testing,  &c..  the  contacts  have  to  be  made  after 
lifferent  intervals  of  time  in  different  cases. 

The  object  of  thus  completing  and  interrupting  the    Meet  at 
battery  circuit  before  that  of  the  galvanometer  is  partly  injoction. 
bo  avoid  error  from  the  effects  of  idf-indiiction.     When 
ft  current   in  a  conducting  wire  is  being  increased  or 

iliisbed,  an  electromotive  force,  the  amount  of  which  I 


I 
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depends  od  tbe  arrangement  of  the  condoctor,  b  avtli-<i 
into  jAaj,  so  as  to  oppofte  the  increase  or  dimioatjoo  •>) 
the  current.  The  effect  of  this  electromotive  force  is ' 
produce,  therefore,  a  weakening  of  the  electnrnioti^ 
force  of  a  battery  for  a  verj  shcwt  time  after  the  circii  : 
is  completed,  and  a  strengihoning  during  the  verr  sfj'ir' 
iuterval  in  which  the  current  falls  from  ita  actual  valii' 
to  zero  at  the  interruption  of  tlie  circuit.  Its  value  i; 
ainall  when  the  wire  is  doubled  on  itself  so  that  the  tro 
parts  lie  along  side  by  side,  the  current  flowing  out  in 
one  and  back  in  the  other;  but  is  rery  considerabk  it 
the  wire  is  wound  in  a  Iiclix,  nnd  still  greater  if  ti. 
helix  contains  an  iron  core.  The  electromotive  force  - : 
self-induction  is  directly  proportional  to  the  rate  oi 
variation  of  the  current  in  the  circuit,  and  thus  is 
explained  the  bright  spark  seen  when  the  circuit  of  a 
powerful  electro- magnet  is  broken. 

If,  then,  one  or  more  of  the  coils  of  a  Wheatatonv 
Bridge  arrangement  were  wound  so  as  to  have  self-in- 
duction, the  electromotive  force  thus  called  into  ploy 
would,  if  the  galvanometer  circuit  were  completed  bffiiTe 
that  of  the  bft.(teiy.  produce  a  sudden  deflection  of  the 
galvanometer  needle  when  the  battery  circuit  is  closed. 
All  properly  constructed  resistance  coils  are.ns  has  bees 
stated,  made  of  wires  which  have  been  firat  doubled  on 
themselves  and  then  wound  double  on  their  bobbiio, 
and  have  therefore  no  self-induction.  The  wire  t€4t*d, 
however,  and  the  connections  of  the  bridge  have  gene- 
rally more  or  less  self-induction,  the  effect  of  which, 
unless  the  conticta  were  made  as  described  above,  might 
be  mistaken  for  those  of  unbalanced  resistance.    Iliil 
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mode  of  winding  the  coils  also  avoids  direct  electro- 
m^netic  effects  on  the  coils  on  the  galvanometer  iieedle 
when  the  coils  are  placed  near  it. 

If  on  depressing  the  galvanometer  key  at  first  as 
describeii  above  a  current  is  found  to  be  produced  by 
thermoelectric  or  leakage  disturbance,  and  the  spfjt  of 
light  is  therefore  displaced,  the  operator  keeping  down 
the  galvanometer  key  depresses  the  battery  key,  and 
observes  if  there  is  any  permanent  deflection  of  the  spot 
of  light  from  it-a  displaced  position  during  the  time  that 
the  battery  key  is  kept  down.     This  is  easily  distin- 
guished from  the  sudden  deflection  due  to  self-induction, 
as  that  immediately  dies  away  to  zero  as  the  current 
ises  to  its  permanent  value. 
If  the  sudden  defiection  of  the  galvanometer,  as  it 
lay  be  in  the  case  of  a  dynamo  or  electro-magnet,  is 
>  violent  and  long  continued,  the  reversing  key  of  the 
lattery  should  be  used,  the  battery  contact  made  first  ia 
kch  case,  and  the  mean  of  the  results  taken. 
When   comparing    a    resistance    the    operator    first 
rves  the  direction  in  which  the  mirror  or  needle 
I  deflected  when  a  value  of  r^  obviously  too  great  is 
d,  and  again  wben  a  much  smaller  value  of  )',  is 
If  the  deflections  are  in  opposite  directions,  the 
!  of  j-j,  which  would  produce  no  deflection  of  the 
die,  lies  between  these  two  values,  and  the  operator 
pply  narrows  the  limits  of  r^,  until  on  depressing  the 
tvanometer   key   no   motion,  or  only   a   very   small 
btioo.  of  the  needle  ia  produced.     It  may  happen, 
wever,  that  the  value  of  the  resistance  which  is  being 
a  between  two  resietances  whic^  have 
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Mode  of  the  smallest  difference  which  the  box  allowa.  Thus 
contiuued.  with  a  resistance  box  by  which  with  eqnal  ^mhies  of 
r^  and  r^  he  cannot  measure  to  leas  than  jV  of  an  ohm, 
he  may  either  by  making  the  ratio  of  r^  to  r«,  10  to  1, 
or  100  to  1,  obtain  the  values  of  r^  to  one  or  two  places 
of  decimals.  Any  inaccuracy  in  the  relation  of  the  arms 
of  the  bridge  may  be  eliminated  by  revening  the 
arrangement,  that  is,  interchanging  r^  and  r^  and 
r,  and  r^,  and  taking  the  mean  of  the  resolts. 

Whatever  be  the  ratio  of  r ^  to  r^  if  he  can  read  the 
deflections  when  first  one  and  then  the  other  vaiae  d 


Fio.  71. 


r^  (botweon  wliich  r^  lies,  and  which  differ  by  only 
^\  of  an  olim)  is  used,  he  can  find  r^  to  another  place 
of  decimals  by  interpolation  by  proportional  parts.  For 
examj)l(',  let  thci!  value  120*6  of  r,  produce  a  deflection 
of  tho  s])ot  ()f  ]\<:}\t  of  6  divisions  to  the  left,  and  120*5 
a  (l(;flor-tion  of  14  divisions  to  the  right:  the  value  of 
r^  winch  would  produce  balance  is  equal  to 

120-r,  H--1  X  14/(14  +  6)  =  120*57. 
The  most  accurate  form  of  Wheatstone's  Bridge  is 
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^troduced  by  Eirchhoff.  In  this  an  exact  balance  Rirvlihoff'i 
kined  by  moving  a  sliding  contact-piece  along  a  '  ^^ 
tted  wire  which  joins  the  two  resistances  r,,  r^  of 
A  diagrammatic  sketch  of  the  arrangement 
in  Fig.  71.  S  ia  the  sliding-piece.  A,  B  the 
J  which  it  slides.    A,  B  is  stretched  in  front  of 


1 


I 

a  metre  in  length  graduated  to  half-miUimetrea 
oubly  numbered,  from  left  to  right  and  from  right 
The  coils  a,  c,  d,  b  of  the  diagram  have  the 
Kve  resistances  r,,  t^,  r,,  r^.  Fig.  72  shows  a  form 
bistruraent  manufactured  by  Messrs  Elliott  Bros. 


JTS  shows  an  easily-made  and  cheap  form  of  wire  t.  Gmf'a 

Jeviaed  by  Mr.  T.  Gray,     m,  w  is  the  wire,  made    ^^ 

loid  or  German  silver,  which  is  stretched  above, 

b  in  contact  with,  a  base-board,  passes  round  the 

and  supporting  vulcanite  block  B  from  the 

14 
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>  ai«rctirT  cup  '*.  to  the  other  r^.  A  Tulcanite  cnabsi  i  ' 
clsai^  thi;  wire  in  poaitioQ  near  the  cnpo.  If  tlie 
be  long  ievorU  scch  crossban  may  be  used.  Each  end  I 
of  the  *irv  is  sij-idered  to  a  large  mass  of  cop{ier,benta  1 
i^own  in  Fi^.  74  so  aa  to  dip  into  a  m^coiy  cap  i 
vi:hoat  any  ri$k  of  contact  of  the  mercuij  with  the 
»:LieK<i  j'lnotion.  The  cups  should  be  of  copper,  ud 
mar  conTenieaclT  be  made  of  the  form  shown  in  the 
fignie,  an-1  tixtnl  :n  holes  in  the  wooden  or  ebonite 
fuppLTting-block.      The    ends  of   the    copper   fisca 


SLIDE-WIRE  BRIDGE. 

The  auxiliary  resistances  r„  r^  of  the  bridge  when  T.  Gr«j;'i 
r<?<iuired  are  placed  between  Cj  and  c^.  c^  and  c^,  while  '^ 
!!]•:  wires  to  be  compared  connect  c^  and  Cg,  c.^  and  o,, 
>^ince  the  wire  w,  w  can  be  made  long,  the  auxiliary 
resistances  are  not  frequently  required.  When  they 
can  be  dispensed  with,  Cj  and  c,  are  removed  and  c, 
placed  in  the  socket  A,  and  the  wires  to  be  compared 
are  then  placed  between  e,  and  c,,  %  and  c^. 

This  method  of  obtaining  balance  was  used  by 
Matthiessen  and  Hockin  in  the  very  careful  comparisons 
of  resistance  made  by  them  in  their  work  as  members 
of  the  British  Association  Committee  on  Electrical 
Stamlards;  and  it  was  found  bythese  experimenters  that 
an  alloy  of  85  parts  of  platinum  with  15  parts  of  iridium 
formed  an  excellent  material  for  the  gi-adiiated  wire. 
This  alloy,  they  found,  did  not  readily  become  oxidized. 
Platinum -silver  alloy  is  however  frequently  employed. 

The  contact  piece  is  generally  a  well-rounded  etlge 
of  steel  with  a  slight  notch  to  receive  the  wire.  The 
knob  pressed  by  the  operator  bends  a  spring  which 
presses  the  contact  piece  with  just  sufBcient  pressure 
against  the  wire.  A  turning  bar  can  be  put  into 
position  to  keep  down  the  contact  when  desired.  The 
sliding  piece  carries  a  vernier  which  enables  fi-actions  of 
;i  division  to  be  read  on  the  scale. 

The  method  of  testing  by  this  instrument  is  precisely 

■  ■  same  aa  by  the  ordinary  Wbeatstone  Bridge,  except 
'[.it  when  balance  has  been  nearly  obtained  in  the  usual 
w.-iy,  by  varying  the  relation  of  the  resistances  r,,  r^  r^ 
f  T  a  particular  position  of  the  sliding  piece,  an  exact 
Uiiance  is  obtained  by  shifting  the  sliding  piece  in  the 


I 


Hockin. 


MS  COMPARISON  OF  RESISTANCES. 

Calibn-    proper  direction  along  the  wire.     Supposing  tliat  tli 

Wire:     resistance   of  the  wire  per  unit  of  leBgth  has  betu 

Ibtbod  Dt  determined  for  different  parts  of  the  wire,  and  that  ii^ 

Matthiea-  '^  ... 

■lid  resistances  of  coatacts  have  been  determined  (p.  S'-T 
and  allowed  for,  the  value  of  r^  is  at  once  found  1} 
taking  into  account  the  resistances  of  the  segnxfob 
of  the  wire  AB  on  the  two  sides  of  the  poiut,  contact  nl 
which  gives  zero  deflection. 
Cilibr».  The  wire  AB  may  be  "calibrated"  by  one  of  it' 
Wire:  following  methods.  The  first  is  that  whicb  was  tn; 
llitSdei^^  ployed  by  Matthiessen  and  Hockin.*  Let  r,  and  r,  i" 
sen  and  in  Fig,  71)  be  such  resistances  that  balance  is  ohtaiu'  ' 
Hockin.     ^j  ^^^  p^'jjj  p  ;jj  ^p  ^j  jg^  j,^  j.^^  (.^^  ^  j^  p.g_  ^,j.  I  , 

two  coib,  differing  in  resistance  by  say  -jV  per  cent.  I-  * 
Tj  +  a  he  the  total  resistance,  including  contacts  between 
C  and  F,  and  r^-\-  ^  that  between  D  and  P.  Now  altiT 
r,  by  inserting  a  abort  piece  of  wire.  This  will  shift  ili" 
zero  point  along  the  wire  through  a  certain  distance  ■ 
the  left.  Balance  so  as  to  find  this  point,  which  i"'' 
/•, ;  then  interchange  r^  and  r,,  and  balance  again,  awi 
call  the  second  point  thus  found  i'j.  Ijet  2  denote  llie 
resistance  between  P  and  Pj,  z  the  resistance  betwet-n 
P  and  P,,  X  the  resistance  of  the  short  piece  of  wire 
added  to  r^,  and  I  the  length  of  wire  between  /*jaud  P. 
We  have  plainly  the  two  equations, 


^ 


r,  +  a  +  x  —  z'      r^  +  ff  +  x 


*  EtfOTti  M  Shetrieal  Staitdareb,  p.  lift. 


'Ar,-,r 


i  +  d  +  x)  .  (18) 


^  CALIBRATION  OF  A  WIRE. 

from  which  we  obtain  for  the  resistance  per  unit  of 
Wn^h  between  /*,  and  P^, 

t'-r-  -  /(r.-TrJ 
le  value  of  a;  is  easily  obtaiued  with  sufficient 
racy  from  either  of  equations  (17),  aa  a  is  approxi- 
sly  known  from  the  known  resistance  of  the  whole 
In  this  way  the  resistance  per  unit  of  length  at 
different  parts  of  the  wire  caD  be  easily  found,  and,  if 
necessary,  a  table  of  corrections  formed  for  the  diiferent 
divisions  of  the  scale. 

Professor  Carey  Foster  has  given  the  following  method 
for  the  calibration  of  the  bridge  wire.  The  arrangement 
is  shown  diagram matically  in  Fig.  75.  The  battery 
sliown  in  Fig.  71  is  removed,  and  two  equal  copper 
bars  are  attached  at  C.  D  (Fig.  71),  at  right  angles  to 
.  bars  of  the  bridge  at  those  points.  Between  the 
tiiimities  of  these  is  stretched  a  second  slide  wire. 

■  the  slide  wire  of  a  second  bridge,  from  which  all 
IjcTConnections  have  beeu  removed,  may  be  connected 

■  '.'  and  D  by  wires  from  the  end  bars  to  which  it  is 
^Ltached.  Id  place  of  the  coils  c,  d  of  Fig.  71,  and  the 
middle  bar  of  the  bridge  is  substituted  a  single  Daniell's 
or  other  cell.  One  terminal  of  the  galvanometer  is 
connected  to  a  sliding  piece  on  the  wire  W,  the  other 
to  a  shding  piece  on  the  other  wire,  W.  In  place  of  r^ 
and  T^  are  substituted  two  small  resistances,  one  simply 
a  piece  of  thick  wire  c,  the  other  a  resistance  g, 
equal  to  that  of  a  convenient  portion  say  from  80  to  100 
mi Ui metres  of  the  bridge  wire.     The  formerof  these  has 


Ctxef  j 

FmrtKr'i.L 
MtftLod.'l 


**  COHFARISON  OF  BESISTAKOES. 

NT     been  called  the  connector,  the  latter  the  ganga   Tbej 

-  ^    are  connected  to  the  bridge  by  mercury  cupi  in  At 

manner  described  nn  p.  340  above,  and  nmeronirf 

fwitciiboanl   is  tisnally  employed  to  effect  the  inta- 

cbangcs  described  below. 

Supposing  the  gati^  placed  first  on  the  left  vA 
the  connector  on  the  right,  the  slide  on  H'  is  mowi 
dose  up  to  the  extremity  B,  and  balance  is  obtuned  bf 
placing  the  slider  on  11"  at  some  point  near  D.  Tk 
^nc»  and  connector  are  then  interchanged,  and  balun 
i*  agnin  obtained  by  sliifting  the  slider  on  W  tfl»»rii 
the  left  to  some  point  b. 


CALIBRATIOH  OF  A  WIRE. 

nds  by  a',  V  respectively,  the  resistance  of  the 
tor  by  c,  of  the  gauge  by  g,  of  the  wire  from 
W  by  z,  of  the  whole  wire  by  w,  of  the  wire  W 
M.'  to  P  by  z',  and  of  the  whole  wire  by  v:'.  If 
B&nector  be  on  the  left  and  the  gauge  on  the 
pe  have  by 


Foeter'e 
Method. 


(19) 


'  the  gauge  and  connector  be  interclianged  ao  that 
ivea  a  uftw  value  r., 


(20) 


g  4   fl  4  ?!    ^   C  +  ?r  -Ht;  -  g, 

n'  4  a'  h'  +  V!  —  z 

these  equations  we  get  at  once 

g-c  =  z,-z (21) 

\,  the  steps  along  W  Lave  each  a  total  resistance 
)o  g  —  c,a.  result  evident  without  calculation  at 


un,  supposing  the  gauge  at  first  on  the  left,  and 
)a  the  right,  the  slider  on  W  is  shifted,  and  we  get 
[Uationa 


'{■J") 


U  +w'  -J 

l  +  c  +  w  —z 

V  +  «•■  -  ,\ 

l>  +  3  +  vy-  t' 

n'  +  y  +  «;■ 

.  .  (22) 


COMPARISON  OP  RESISTANCES. 

The  quantities  on  tlie  right-hand  side  are  aU  con- 
staDts,  and  tlierefore  the  wire  tV  is  thus  divided  imo 
parts  of  equal  resistance.  From  the  kaowa  resistaDce 
of  the  whole  nire,  which  can  be  found  as  shown  m 
p,  354  below,  the  resistance  of  each  part  can  be 
found.  The  steps  on  t  wire  are  thus  steps  of 
equal  resistance. 

The  following  are  al  results  obtained  in  th? 

cahbration  of  the  slidt  of  a  bridges  performed  i;i 

the  Physical  Laboratory  of  the  University  College  tf 
North  Wales  by  the  method  just  described. 


l='> 

>IH:«.lln(r»ib.«> 

.1  right  K«»i«nd). 

Length.  1. 

RndlDgL 

0...1059 

10-59 

0.  .  10 

■&44S9r 

9-79.. .20-35 

10-56 

10...  20 

•84697  „ 

I9'0.., 30-26 

10-56 

80...  30 

-94697  „     1 

2984.. .40-41 

10-57 

30...  40 

-94807  „ 

3969... 60-29 

10-53 

40...  SO 

-94967  „ 

49-71... 60-27 

10-56 

SO..    60 

■94697  „ 

69-80.. .70-.15 

10-55 

60...  70 

■94787  „ 

60-82... 80-32 

10-50 

70...  80 

-9523S  „ 

79e«... 90-38 

10-52 

80...  90 

89-41. ..99-97 

10-66 

90.. .100 

-9469T  „ 

0...I00 

9-47873  r 

The  Dnmben  in  tbe  right-bnnd  polnma  an  taken  from  tablcL    Tie 
neolti  are  of  coana  not  eorteet  to  the  nnniber  of  dedmkU  girea. 


CALIBRATION  OF  A  WIRE. 


t  will  be  noticed  that  the  second  reading  in  any  line  Carej 
he  first  column  is  not  exactly  tbe  same  aa  the  first  u^uujd. 
ling  in  the  next  line.  This  was  caused  through  its 
ig  difficult  to  balance  by  adjuEtiug  the  contact  on 
auxiliary  wire.  Balance  was  therefore  obtained 
r  a  step  was  taken  along  the  auxiliary  wire  by 
'ing  the  slider  through  a  short  distance  on  the  wire 
ch  was  being  calibrated. 

'he  value  of  r  found  as  described  below,  p,  355  was 

i2  ohm.    From  this  the  resistance  of  the  part  of  the 

^  between  two  readuigs  of  the  scale  is  found  at 

[t  in  the  table. 


-n 


L.  modification  of  this  method  which  works  well  in   l 
etice  and  avoids  some  difficulties  has  been  made  by 

Tliomas  Gray.  The  two  wires  V),  W ,  are  arranged 
«Uel  to  one  another  as  in  Fig.  76,  and  are  connected 
the  ends  A,  G  and  B,  D  by  two  equal  small  resist- 
es  of  suitable  amount  'j.  The  equality  of  these 
stances  can  be  tested  with  great  ea.se  and  delicacy 
connecting  the  battery  at  A,  B.  and  balancing  with 

galvanometer  between  a  point  on  W  and  another 


ridge. 


k 


mm^^m 


■fa    ■**>■'■    tWllM     J 

^teaMHHWK^iMrfai^K^MMddiTiile  each  win,* 

•^  mmm^  rf<i>  liMuj  w»iJk.D  OK  B.  £"  an  h 

ftiMaaK  ■■on' aqp*  «  «ifa«n- Betal  eonucts.  or  h; 
■■■■  tf  «v  ■■V^  ^1?-  ^^>^  nnders  atiDe«sait 
>&^«ineDt   for  trans- 


CALIBEATION  OF  A  WIRE. 

wires,  we  have,  neglecting  (which  will  not  affect  the 
result)  constant  resistances  of  connecting  bars,  &c.. 


...     (23) 

Let  the  battery  now  be  transferred  to  £  and  C  and 
balance  be  obtained  at  d  and  e.    Denoting  the  resistance 
between  A  and  d  by  z,  s,  we  again  have 
W^-_2j  ^  v/  -  g'  +  g 

Z.    4-   rT  r'  •       •       ■       ■       \-    J 


T.  Gniy'B 

First 

Hothod 

hv 


Equations  (23)  and  (24)  give 


ir  the  steps  along  W  are  steps  of  equal  resistance.    The 

ami;  can  of  course  be  proved  for  W. 

Fig.   77    shows    another    arrangement    devised   by 

T.  Gray,  which  has  also  the  advantage  of  having 

riianent  gauge  contacts.     A  and  C  are  joined  by  a 

riuiL  thick  wire  or  connector  c,  while  B  and  D  are 


T.  Gray'i 

Secmid 
Uethod 


joined  by  a  gauge  g.  The  battery  contact  is  made 
alternately  at  B  and  7)  by  a  key  K,  and  balance  is 
obtained  by  moving  the  galvanometer  contact  on  IV 
and  W  alternately.  This  arrangement  is  rather 
umpler  to  set  up  than  the  former  but  gives  steps  the 


COMPARISON  OF  KESISTANCES. 

I  resistances  of   which  are   in  geometrical  progressi' ■ 
These  though  perhaps  not  quite  so  convenient  as  suv 
of  equal  resistance  give  the  required  calibration  with    I 
sufficient  exactness;    for  if  the  increase  in  length  of  I 
the  atejia  which  takes  place  from  one  end  to  the  other   i 
prove  inconvenient,  the  calibration  may  be  repeat*^  i!^ 
the  reverse  direction.     According  as  the  calibration  > 
W  is  to  be  begun  at  B  or  at  A,  and  according  as  tl  ■ 
of  W  is  to  he  begun  at  C  or  at  D.  the  first  contact 
the  battery  must  be  made  at  D  or  at  B. 

Let  a  and  e,  e  and  d,  d  and/, /and  g,  be  four  suco" 
sive  positions  of  the  galvanometer  terminals  for  which  . 
balance  is  obtained,  and  let  Sj,  2j,  Zg  be  the  resistances  I 
on  W  from  A  ix>  a,  A  to  d,  A  to  g  respectively,  i 
the  resistances  on  W  from  C  to  e,  C  to  /  respectivdjM 
Then  if  the  battery  be  connected  to  B  for  the  coDtaiKll 
a,  e,  we  get  for  these  successive  positions  the  equation 
w  —  ;,  +  y  _  w'  —  i^.     w  —  7j       w'  —  g'l  +  g 


-gi  +  g   _  1^ 


-_^._+i. 


These  give 


_  (ic  +  g)  (lO 


c) 


a  constant  ratio.     An  equation  similar  to  (27)  could  rf 
course  be  found  for  two  successive  steps  on  W. 

Mr.  T.  Gray  baa  also  suggested  the  following  veiy 
'J  simple  method  which  is  practically  identical  with  th»t 
previously  used  by  Prof.  Tait  for  the  comparison  of  Ion 
resistances  (see  below,  p.  371).    It  has  been  found  to  give 


CALIBRATION  OF  A  WIRE.  SSI 

exceUent  results.  The  arrangement  is  shown  in  Fig.  78.  T.  Gny" 
The  wire  IK  to  be  calibrated  is  joined  up  in  series  with  a  Diffcren- 
riogle  Daniell  or  storage-cell,  witii  resistance "  just  'i"'  "^"l" 
Enough  to  prevent  an  excessive  current  from  flowing  in 
the  circuit,  if  the  cell  is  of  very  low  resistance.  It  is 
advantageous  to  use  a  differential  galvanometer.  A 
pair  of  electrodes  (not  sbown  in  the  figure)  from  one 
Eoil  of  the  galvanometer  are  attached  to  terminals  which 
ire  fixed  for  the  time  in  contact  with  the  wire  W  at 
Iwo  points  close  to  one  end,  or  at  the  two  ends  of  a  con- 
tenient  gauge  wii'e  in  the  same  circuit.  The  resulting 
lefleciion  is  annulled  by  placing  electrodes  from  the 


-Hl- 


«©- 


)lher  coil  in  contact  at  other  two  points  on  the  wire. 
For  the  latter  pair  of  terminals  it  is  convenient  to  have 
i  sliding  piece  with  two  contacts,  one  for  each  terminal, 
irith  index  marks  opposite  the  scale  at  a  distance  apart 
nearly  equal  to  that  between  the  contacts.  A  part, 
sarryiDg  one  index  mark,  and  the  corresponding  contact 
making  point,  is  made  movable  with  a  fine  screw,  so 
that  the  distance  between  the  contact  pieces  may  be 
increased  or  diminished  by  a  small  amount  to  enable 

*  Sinre  tbu  mUtaDce  need  aai  W  of  knawn  amount  it  may  be  that 
ut  X  canven  icnt  portion  of  &  rliaoatat  wire  infilDdoil  in  the  circuit  (m 
f,  MS  ftboTB). 


made  by  ijiie  wii 

on  the  wire  whii 

t«at  of  the  nnifbr 

jimpijTuIHeUloo 

noterf.     The    diat 

electrode  would  h 

*l»e  detfectioii  to  z, 

(he   deflection   pp 

**"nioaI  once  for 

a  meaaarefi  dutanc 

By  thus  displacir 

a  sntall   HistaDce 

observing  the  defle 

can   be  ascertaine. 


COMPARISON  OF  TWO  NEARLY  EQUAL  COILS.  35».| 

however  the  electromotive  force  of  the  battery  may 
v»ry:  heoce  the  distance  between  them  for  balance  is 
independent  of  the  current  flowing  through  the  battery. 

The  same  method  can  be  used  with  an  ordinary  Modifier 
galvanometer  by  bringing  the  spot  of  light  back  to  the  gnit°nJiii 
swro  position  by  means  of  a  controlling  magnet  The  "J  0*1- 
electrodes  are  then  shifted  step  by  step,  and  any  change 
in  the  deflection  is  shown  by  the  deflection  of  the  spot 
of  light  from  zero. 

In  all  these  methods  distiirhance  from  thermoelectric  I'recdnUa 
corrents,  due  to  accidental  differences  of  temperature  3"™* 
at  the  surfaces  of  contact  of  dissimilar  metals,  is  to  be  dectr' 
avoided  by  using  the  reversing  key  in  the  battery  ^^^ 
cinjuit,  and  balancing  for  both  directions  of  the  current ; 
nod  if  there  is  any  difference  of  position  for  balance, 
taking  the  mean  position  as  the  correct  one. 

The  slide-wire  bridge  may  be  used  for  the  accurate   Compirf* 
I'i'njparison  of  resistance  coils  with  a  standard,  say  for  ^2  gjy^ 
tlie  adjustment  of  single  ohms  with  a  standard  ohm.       ">« 
Fig.  71  Cp.  338  above)  shows  the  arrangement  adopted.  **■] 

r,  and  r^  are  the  resistances  of  the  coils  a,  J  to  be  com- 
pared, and  are  nearly  equal,  r,  and  r^  are  the  resist- 
ances of  the  two  coils  c,  d,  and  are  each  nearly  equal  to 
r,  or  r,.  The  connections  are  made  by  mercury  cups  aa 
already  described.  Balance  is  obtained  with  the  contact- 
piece  somewhere  near  the  middle  of  the  slide-wire, 
Tlie  coils  r,,  r^,  are  then  interchanged  and  balance  again 
■jbtained.     By  (21)  above  we  have 

'■.-'■.  =  ',-.-, (27) 

where  x^,  Zj  are  the  resistances  of  the  wire  from  A  to 
VOL.  I.  X   K. 


TliL'se  results  ai 
as  to  tlie  resistant 
the  copper  bars  al 
want  of  corresponc 
slidiog.piece  and  t 
If  a  separate  e 
accurately  known 
than  that  of  the 
of  resistance  r  so 
value  ofp  maybe  . 


If  the  coils  comp; 
to  be  made  on  the 
may  be  obtained,  so 
one  coil  to  the  othe- 

Muthoci  of        Thfl  ro»;.f -r 


UEASCREMENT  OF  RESISTANCE  OF  SLIDE-WIRE. 

due  to  Mr.  D.  M.  Lewis.    Tlie  total  rosistancc  of  ttie  wire  Method  of 

is  approximately  found  by  measuring  it  witli  an  ordinary  Ecautaiwe 

bridge  consisting  of  a  post-office  set  of  ooils  or  other    "to.*^* 

available  form  of  resistance  box.     Two  coils  are  then  ' 

made,  the  resistance  of  each  of  whicb  is  less  than  unity 

by  a  quantity  whicb  is  nearly  equal  to,  but  not  greater 

than,  the  t«tal  resistance  of  the  wire.     These  can  be 

also  made  by  means  of  an  ordinary  resistance  box, 

Let  Si,  Ra  ^^  ^he  as  yet  not  accurately  known  resistances 

of  tbese  coils.     Each  is  tested  as  follows  in  the  slide 

wire  bridge  against  a  unit  coil,  a  standard  ohm  for 

example.     The  unit  coil  is  first  placed  in  the  position  a 

of  Fig.  71,  and  one  of  the  two  resistances,  Jij  say,  is 

placed  in  the  position  b.     The  connections  should  be 

made  by  mercury  cups  as  already  described.     In  the 

poaitioDs  marked  c,  d  are  placed  permanently  two  coils 

of  nearly  equal  resistance.     The  magnitudes  of  tbese 

need  uot  be  known,  but  should  not  be  greater  than  one 

or  two  units.     Balance  is  obtained  with  the  slide  S  at 

a  point  near  the  end  B  of  the  slide  wire,  and  the  reading 

oa  the  slide  scale  is  taken.     The  coil  H^  and  the  unit 

are  then  interchanged,  and  balance  obtained  with  the 

slide  near  A.    The  difference  of  the  two  readings  gives 

tbe  length  of  wire  intercepted  between  them,  and  this 

must  be  equal  in  resistance  to  1  —  fl^. 

The  other  coil  H^  is  now  substituted  for  iJj  and  two 
readings  for  whicb  balance  is  obtained  taken  in  the 
same  way.  These  give  a  length  of  the  wire  the  resist- 
ance of  which  is  1  —  iij. 

The  two  resistances  are  now  put  together  in  series 
and  teflted  against  the  unit  in  precisely  the  same  way, 
A.  fc.^ 
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ot  and  give  between  tlie  two  readmga  taken  a  leogth  of 

M  wire  of  resistance  B,  +  R^  —  \. 

8  Now  from  a  previously  made  balibration  of  the  wire 
the  reaistancea  of  tlie  three  portions  of  the  wire  thus 
observed  can  be  obtained  in  terms  of  the  resistance 
of  the  calibration-step,  and  three  equations  are  thue 
available  for  the  determination  of  the  three  anknovii 
quantities  S,,  R^,  and  r,  tlie  resistance  of  the  step  used 
in  calibration,  as  in  p.  346  above.  The  following  Uble 
gives  the  results  of  this  process  applied  to  the  slide  wtn 
the  calibration  of  which  is  given  above. 


PoaltioniofthD 

Ifcad- 

WilB. 

otr.    Obuln«lfWuiTW.le.  lKW«dw«. 

Lett 

Right. 

«1 
1 

1 

1-40 
9772 

913063r 
[9-47876 -■13220--21690=9-1SI] 

1 

1 

014 

D8-97 

9367P7r 
[9-47873 --01322 -•09754=9-369]    : 

n.+fl. 

1 
«.  +  «. 

69-70 
31  ■« 

3'6249»r                      1 
[879058- ■02843--t9717-S'9MJ 

Here  I  -  H^  =  9-131r,  1  -  fl^  =  9368r 

Ej+2ij-l=  3-626r 

and  therefore 

_  1  -  .B,        1-R,  _  R-^  +  E„-l  _   1_  _ . 

*"~'M3l    "    0368    ~       3625      ^    22-124"" 
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hibstituting  tbi?  value  of  r  in  the  first  two  equations 
i^  find  Bj  and  B^.    This  can  be  used,  as  shown  at  p.  346 
jve,  to  find  the  resistance  of  the  portion  of  the  wire 
l>etweeii  any  two  readings  of  the  scale. 

An  accurate  comparison  of  two  nearly  equal  resist-  Comwri' 
ances,  for  example  a  unit  with  its  copy,  can  be  obtained  '"n^ji'^ 
by  making  the  r,  and  r,  to  be  compared  occupy  the  Eqiu>l  Re- 
positions c,  d,  of  Fig.  71.    Balance  is  first  obtained  with  *       "^ 
fj  and  9-3  in  one  pair  of  positions,  then  they  are  inter- 
changed and  balance  again  obtained.    Assuming  that 
the  permanent  resistances  are  included  in  r,,  r^,  r^,  r^, 
and  giving  s^,  z^  the  same  meanings  as  at  p.  345  above, 
we  have 


.    (30) 
Thus 


j-^  +  w 

-'i 

'>*', 

r, +r 

+  »  + 

'l 

-', 

J-i  +  T^ 

(2, 

-'i 

2h- 

!,) 

and  therefore 

r;  -  r^  _  2(s,  -  ; 

rg       ~  }\  +  r,  +  so  -  (jj  -  j^ 
Hence  the  greater  r,  +  T^  the  greater  z^ 
by  choosing  a  pair   of  resistances   as  nearly  equal  as 
possible,  and  sufficiently  great,  r^  and  r^  may  be  com- 
pared to  any  needful  degree  of  accuracy. 

The  permanent  resistances,  a,  8  say,  corresponding  to  M<!aBiir<h- 
the  coils  a.  b  of  Fig.  71,  may  be  estimated  by  the  following  *"two°' 
method,  by  which  two  low  resistances  can  be  measured  Low  Re- 
when  the  ratio  of  two  others  is  accurately  known.  Let  *"  "**" 
the  resistances  r^,  r^  of  c,  d  in  Fig.  70  have  the  known 

tio  fh     We   sball   suppose   r,   and  ?■,  to  he  so  low 
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resistances  that,  witb  a  value  nf  /i  differing  consider- 
ably from  unity,  balance  can  be  found  on  the  vrite. 
*•■   Balance  is  obtained  with  the  coils  in  the  positions  c,  rf. 
■^  shown  in  Fig.  71 ;   then  r^  and  r,  are   interchanged, 
and  balance  is  again  obtained.     We  have 

_      r,  +  Z)        _   r,  +  10  —  g. 


From  these  equations  we  obtain 


t"?-- 


•  (SI) 


If  thick  copperpieces  be  substituted  for  the  coils  a,  ft  of 
Fig.  71,  their  resistances,  if  the  connections  as  is  nnder 
stood  are  made  with  proper  mercury  cups,  may  be  taken 
OS  zero,  and  a  and  /9  are  approximately  given  by  (31), 
The  values  of  a,  0  thus  obtained  may  be  used  for  tlie 
correction  of  the  values  of  r^,  r^  found  as  just  deacriboA 
This  correction  will  not  be  appreciably  affected  1^  the 
unknown  permanent  resistances  corresponding  to  the 
coib  c,  d,  if  T-j,  fj  are  taken  moderately  large  ao  that  the 
actual  ratio  may  be  taken  aa  equal  to  their  known  ratio. 
Neither  of  the  arrangements  of  Wheatatone's  Bridge 
L^  described  above  is  at  all  suitable  for  the  comparison  of 
the  resistances  of  short  pieces  of  thick  wire  or  rod.  lot 
example,  specimens  of  the  main  conductors  of  a  low 
resistance  electric  light  installation,  the  resistances  of 
which  are  so  small  as  to  be  comparable  with,  if  not  less 
than,  the  resistances  of  the  contacts  of  the  different 
wires  by  which  they  are  joined  for  measurement.  To 
obtain  an  accurate  result  in   such   a   case,  we   must 
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"■ompare,  directly  or  indirectly,  the  difference  of  poten- 
tials between  two  cross-sections  in  the  rod  which  is 
teing  tested,  with  the  difference  of  potentials  between 
two  cross- sections  in  a  standard  rod,  while  the  same  cur- 
rent flows  in  both  rods,  in  a  direction  parallel  to  the  axis 
at  and  everywhere  between  each  pair  of  cross-sections. 

Sir  William  Thomson  has  so  modified  Wheatstone's  1 
Bridge,  by  adding  to  it  what  he  has  called  secoTidary 
coTuiiietors,  as  to  enable  it  to  be  used,  with  all  the  con-  Setond* 
venience  of  the  ordinary  anangement,  for  the  accurate 
comparison  of  the  resistance  of  a  foot  or  two  of  thick 


Batffry 


copper  conductor  with  that  between  two  cross-sections 
in  a  standard  rod.  The  arrangement  is  shown  in  Fig. 
70,  CD  are  two  cross-sections,  at  a  little  distance  from 
the  ends  of  the  conductor  to  be  f.ested,  and  A£  are 
two  similar  cross- sections  of  the  standard  conductor. 
These  rods  are  connected  by  a  thick  piece  of  metal,  so 
that  the  resistance  between  B  and  C  is  very  small,  and 
the  terminals  of  a  battery  nf  low  resistance  are  applied 
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Tlionuw**  at  the  Other  extremities  of  the  rf>da  as  AowL  "^ 
^^^    sectiona  BC  are  connected  also  by  a  wire  BLC.  «d  llK 

SdcondarT  aectiona  AD  by  a  wire  AMD,  in  each  case  by  «  gw 
x„^  metallic  contacts  as  possible.  BLC  and  AM  1M| 
very  conveniently  be  wires,  along  wtdch  sliding  cMUri 
pieces  L  and  Jf  can  be  moved,  with  resiBlaiicesE,B.£ 
of  half  an  ohm  or  an  ohm  each,  inserted  as  sbw 
the  figure.  Tlie  sections  -J,  i)  are  so  far  from  ihea 
of  the  rods,  and  the  wires  AMD,  BLC  are  maiie  '^ 
great  resistance  (one  or  two  obms  is  enough  ia  ^ 
cases),  that  the  current  throughout  the  porlioDS  of 
conductors  compared  is  parallel  to  the  axis,  and 
effect  of  any  small  resist&nce  of  contact  there  mi 
at  A.  B,  C,  D  is  simply  to  increase  the  effective  r 
auce  of  BLC  and  AMD  by  a  small  fmction  of  the  i 
resistance  of  the  wire  in  each  case.  The  termin 
the  galvanometer  G  are  applied  at  L  and  M,  an 
ctrcuita  of    the   galvanometer   and    battery 
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i  left  of  K  18  *m/(«  +  b),  and  of  the  portion  to  the  Thorasou'* 
J»t  b8J{a  +  b).     The  resistance  between  B  and  KL      ^jti, 
Iherefore  (a'8/{o  +  6)}/(a  +  ffs/(«  +  6)}.  or  ns/(a  +  h  +  s),  8ec™d^-vj 
1  similarly  that  between  C  and  A'i  is  bsl(a  ■+ b  +  s). 
knee  by  (1)  we  have 


bs 


a  +  b  +  a 


'  «  +  fc  +  s^ 


,(<"■, -K)    ■ 


(32) 


r  Kow  s  has  been  suppoHed  very  small  in  compttrlson 
I  a  +  b,  and  a  »nd  b  can  be  easily  chosen  so  as  to 
|ke  ar^  —  br^  approximately  equal  to  zero.  Hence 
tation  (4)  reiluces  to 

•■>  -■;'■. m 

I  formula  found  above  for  the  ordinary  Wheatstone 


Biidgorjl 


!rhe  apparatus  illustrated  in  Fig.  80  is  convenient  for  Practical 
I  carrying  out  of  this  method  in  practice.  On  a  PPJ^"" 
isive  sole  plate  of  iron,  P,  are  mounted  two  vertical  Thomwi^^ 
Etde-rods  of  copper,  A,  A,  and  parallel  to  these  the 
1  to  be  compared,  viz.,  a  standard  rod  C,  and  the 
[  to  be  tested  Cy  C,  C^  are  .supported  with  their 
ker  ends  in  two  mercury  cups  cut  in  a  single  block 
I  copper.  This  block  corresponds  to  the  piece  E  in 
jg.  7ft.  The  upper  ends  of  C,  Cj  are  fixed  in  screw 
>cks  of  copper,  t,  t,  to  which  also  are  attached  the 
tninals  of  a  constant  battery  B  of  low  resistance.  A 
reversing  key  A'  is  interposed  between  (,  (  and  the 


A   r 


r 
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Other  terminals  of  these  coils   are  fixed  to  two    Pmctic&I 
liders,  S^,  S,,  which  move  along,  but  are  in-  ApIJV"t°» 
id  from,  the  guide-rods,  and  cany  contact  pieces  Thoroson'B 
ach  of  which  is  bevelled  off  to  a  knife-edge  on       "  *^*' 
■1  with  its  upper  side.     This  knife-edge  is  pressed 
at  tlie  corresponding  rod  bj  springs  s,  s,  which  are 
Ued  so  as  not  to  touch  the  rods.     The  coils  r,  r 
ttached  directly  to  the  contact  pieces  c,  c.     Thus 
T  r  S^,  corresponds  to  the  partial  circuit  BRLRC 

■9. 

the  upper  ends  of  C,  G^  is  a  similar  arrangement 
lers.  S,  Si  with  spring  contacts  and  attached  coils, 
'.  These  coils  are  connected  by  a  copper  strip 
ii  carries  the  terminal  7",.  The  coils  H,  B  are 
hed  to  the  upper  ends  of  the  guide-rods  A,  A,  and 
igh  these  to  the  sliders  S,  S^.  The  guide-rods  are 
lU^  that  no  appreciable  change  is  made  in  the 
bf  the  resistances  of  the  parts  of  the  partial 
m£liT^ES^  on  the  two  sides  of  7",  by  varying  the 
miB  of  the  sliders.  This  partial  circuit  corresponds 
R]ltEDo(F]g.7'i. 

eh  pair  of  coils,  r,  r  and  S,  B,  may  be  wound  on  a 
;  bobbin  with  advantage.  The  arrangement  is 
by  rendered  more  compact,  and  there  is  less  risk 
ror  from  difference  of  temperature  between  tlie 
ns,  or  of  thermoelectric  disturbance  between  their 
□als. 
tweon  T  and  7",  is  placed  the  galvanometer  G, 

{provided  with  a   simple   key  k,  placed   for 
ce  in   the   actual    arrangement    beside   the 


opposite  the  )„,„, 

Tlieup,„rco„t„t 

"""1    1.0   current 

^I'lce  is  obtaine 

'O'l  the  mean  p„si 

error  from  the,^^; 

A  number  of  ata 

"e  provided  win  tl 

equal  ratios  may  be 
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nopared.  They  are  connected  iu  circuit  with  two  Matthies- 
lIs  of  resistances  r,  s,  which  have  between  them  a  H^tT^ 
Eulunteil  wire  WW,  as  in  Kirchhoffs  bridge.     SS"  are    MBthod. 

0  sharp  knife-edges,  the  distance  of  wliich  apart  can 
accurately  measured,  fixed  in  a  piece  of  dry  hard 

H>d  or  vulcanite,  and  connected  with  mercury  cups  on 

1  upper  side.  This  arrangement  is  placed  on  the 
nductor  AB,  bo  that  the  knife-edges  making  contact 
elude  between  them  a  length  SS'  of  the  rod.  TT'  is 
precisely  similar  arrangement  placed  on  CD.  One 
rminal  of  the  galvanometer  is  applied  at  S,  and  the 
sistances  r,  b  adjusted  so  that  a  point  P  on  the  wire 
[lich  gives  balance  is  found  for  the  otiier  terminal. 
le  terminal  of  the  galvanometer  is  shifted  to  i^,  and  a 
eond  point  F"  found  by  varying  the  resistances  of  the 
ils  from  r^,  s,  to  r\,s\  in  such  a  manner  as  to  keep 
e  sum  j'  +  s  constant.  Similarly  balance  is  found  for 
Z"  with  values  r^  s^,  r'^  s\,  for  the  resistances  of  the 
ils,  fulfilling  the  condition  that  the  sum  r  +  s  is  the 
me  as  in  the  former  case.  Let  a,  h,  c,  d,  k  denote  the 
jistances  between  L  and  S,  Z  and  fi",  L  and  T,  L  and  T , 
and  M  respectively ;  a,  ,3,  7,  S  the  resistance  between 
'  and  P  in  the  four  cases,  k  the  resistance  of  the  whole 
re  WW.     We  have  by  (1) 


(34) 


Intlc-sa, 


Md  combining  th 
ratio  of  the  resist! 
P™  of  knife-edge 


MclhoJ  Df      Til-     t  II      . 
Direct      ,     ^'"^     following 

»"";?■  "  '°  P"»«'Ple  Ihs 
,  fonjllil,.  seoondary  conducto 
method  described  a 
comparing  the  diff, 
cross-sections  near 
tested  with  the  die 
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3iiinatioii  of  the  specific  conductivities  of  thick  copper  Method  oE'l 

wires  or  rods.     All  that  is  required  is  a  small  battery,  a   Compiri'  M 

saiUible    galvanometer    of    sufficient    sensibility,    and  ^  t!!^«M«M 

i.:\u  or  three  resistance  coila  of  from  J  ohm  to  1  ohm.  ■ 

'I'livse  coila  may  very  conveniently  for  many  purposes  he  H 

lule  of  galvanised  or  tinned  iron  wire  of  No.  14  or  16  H 

W'.O.,  wound  round  a  piece  of  wood  ^  inch  thick,  from  H 

to  10  inches  broad,  and  from  12  to  IS  inches  long,  with  H 

-Itches  cut  in  its  sides,  at  intervals  of  a  quarter  of  an  H 

1  b.  to   keep   the  wire  in   position.     To   avoid   any  'H 

I  tromagnetic  effect  which  may  be  produced  by  the  H 

■  -lis   if  they  happen,  when   carrying   currents,  to  he  H 

|il:u;ed   near  the   galvanometer,   the   wire    should    be  H 

l.-ubled  on  itself  at  its  middle  point,  the  bight  put  H 

K'und  a  pin  fixed  near  one  end  of  the  board,  and  the  ^M 

Aire  then  wound  double  on  the  board,  the  two  parts  ^M 

'■'■■nig  kept  far  enough  apart  to  insure  insulation.     Be-  H 

-tance  coila  made  in  this  way  are  exceedingly  useful  H 

■1-  electric-lighting  eiperiinents,  as  the  thickness  of  the  H 

ITU  and  its  exposure  everywhere  to  the  air  prevent  H 

iidiie  heating  by  strong  currents,  or,  if  there  is  much  H 

ating,  obviate  the  ri^^k  of  damage.     For  the  battery  a  ^M 

single  cell,  as  for  example  a  gravity-Darnell,  or,  if  the  H 

batteiy  is  to  he  carried  from  place  to  place,  two  her-  H 

metically-seiiled  chloride  of  silver  cells,  which  may  be  H 

joined  iji  series  or  in  multiple  arc  as  required,  may  very  H 

conveniently  be  used.     Sir  William  Thomson's  graded  H 

potential  galvanometer"  (see   Vol.   II.)   is   the   most  H 

*  Tliat  U  ft  high  nuiLttaDcegBlvBiioiDeter  in  wliichthe  nredle  s^tem,  ^| 

or  magtictometfr,  can  be  placed  with  ils  centre  at  •lilTi.-reut  lUsUnceB  ^M 

from  the  centra  of  tLu  i^il  tu  give  ilifTercnt  ilEgreei  of  wnsibility,  and  ^M 

Jniih*!  provided  with  one  or  more  muguett  to  iuteniify  the  nukgiiEtia  ^^B 


ll  ■  it  iMi  to  hsTO ths 
>«Csfcv  jMifcfe^  An  nlmio- 
■Ml  bMidmi  of  Ac  win*  cairjiiig 
■adie  cAect  oa  the 
I  Ae  eleetrajesof  the 
;fmlnaOTQ«ter  >d  a>  ta  indnde  betwwm  tbem,  my,  fint 
tbe  irin  widck  t*  being  tested,  then  the  knoink  resist- 
■Me,  tbe*  mce  more  tb«  wire  being  tested,  in  ever; 
CMe  nkJng  care  not  to  tDclode  any  binding  screw  cod- 
metioiL  ot  otber  contact  of  the  coadactors  The  knoim 
rMUtsnee  Rbonld,  when  great  accuracy  is  required,  be  w  i 

HM  at  thai  mwIIh  when  required.     Sir  William  Tbamson'a  Onded 
(taWuWnwtan  will  be  deNtibvil  in  VaL  II. 


(38) 
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losen  that  the  readings  obtained  in  these  two  opera-  Method  of 
ons  are  as  nearly  as  may  he  equal.  (^^^. 

Let  the  mean  of  the  rtsadings  for  the  first  and  third     "  "   ' 
[>erations  be  V  scale  divisions,  for  the  second  V  ;  let  r 
liDote  the  known  resistance,  and  x  the  resistance  to  be 
,und. 

Since  by  Ohm's  law  the  difference  of  pot«ntiaIa  be- 
ston  any  two  points  in  a  homogeneous  wire,  forming 
art  of  a  circuit  in  which  a  uniform  current  is  flowing, 
t  proportional   to   the   resistance   between  those  two 

S"  ,  we  have, 
.  =  ^r..  .  . 
!  resistance  of  a  contact  of  two  wires  whether  or 
ot  of  the  same  metal  may  be  found  in  the  same 
lanner,  by  placing  the  galvanometer  electrodes  so  as 
>  include  the  contact  between  them,  and  comparing 
tie  difference  of  potential  on  its  two  sides  with  that 
stween  the  two  ends  of  a  known  resistance  in  the 
circuit,  Care  must  however  be  taken  in  all 
q>erimGnts  made  by  this  method,  especially  when  the 
ilvanometer  circuit  includes  conductors  of  different 
let&ls,  to  make  sure  that  no  error  is  caused  by  thermal 
fictromotive  forces.  To  eUminate  such  errors  the 
[nervations  should  be  made  with  the  current  flowing 
rst  in  one  direction  and  then  in  the  oth^r  in  the  battery 
rcuit. 

The  following  results  of  some  measurements  of  the  Pnctjoil 
tsistance  of  a  Siemens  S  fl,  dynamo  machine,  made  on  ^T"- 
tay  i,  1b83,  in  the  Physical  Laboratory  of  the  University 
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Pivtied  of  GUsgov.  mAT  serre  to  ilhistnte  this  metbcd.  k 
''^  iroD  wire  c>:»il.  of  h^If  an  ohm  reeistann.  «u  joiii' 
to  oDe  of  tbe  tennicals  of  a  standaid  Daniell,  ud  ^ 
wires  atucb^i  ^>  :he  •xfa'^r  tenmnal  of  the  cell  ud  At 
free  end  of  th«  o:!!  were  made  to  comfdete  the  oingl 
through  the  anoatar^.  by  hein^  pressed  on  tvodifflKlIi^ 
ally  opposite  commaiaior  bais.  from  which  the  bnte 
and  the  magnet  coDciections  had  been  removed,  tk 
electrodes  of  the  galvanometer,  which  was  one  of  & 
William  Thomson's  deaij-beai  reflecting  galraiuHDeMi 
of  high  resistance,  vere  applied  alternately  to  the  am 
commutator  bars,  and  to  the  ends  of  the  half  obm.u 
the  readings  reconleil.  The  following  are  the  resitii 
extracted  from  the  I>aboratOTy  Recoids,  of  tfaiee  on 
secutive  experiments : 

EirERIUEITT  I. 
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Potential  centre  at  the  axis  of  the  bar,  and  having  a  pur  of* 
^th      remote  extremities  connected  with  mercniy  cups  or 

Doable-  binding  terminals,  and  the  other  pair  of  eztremitifli 
free  as  shown.  To  one  of  these  terminala  is  oonnectod 
one  end  of  the  bar  to  be  tested,  to  the  other  <ne 
end  of  the  standard  bar.  The  other  end  of  one  of 
these  bars,  say  the  standard,  is  connected  to  a  mercuij 
cup  8,  which  is  in  line  with,  bat  is  insulated  fitmi, 
a  row  of  mercury  cups  or  9  mercury  trough  cut  in 
a  copper  bar  placed  parallel  to  P.    Between  this  bir 


Fig.  82. 

and  the  trough  are  stretched  a  series  of  parallel  wires 
all  of  the  same  material  and  length  and  as  nearly  as 
possible  of  the  same  resistance ;  and  a  single  wire,  of 
the  same  resistance,  material,  and  length,  connects  the 
bar  P  and  the  cup  S  with  which  the  standard  bar  is  in 
contact.  These  wires  may  be  conveniently  straight  rods 
of  platinoid,  an  eighth  of  an  inch  in  diameter,  and  six 
feet  long,  soldered  at  one  end  to  the  bar  P,  and  at 
the  other  to  stout  well-amalgamated  copper  terminals 
dipping  into  the  mercury  cups  or  trough.  The  wires 
may  be  made  of  the  same  resistance  by  means  of 
a  slide  wire  bridge,  or  by  the  method  described 
below. 


COMPARISON  OF  LOW  HESISTANCES. 

The  cup  S  and  the  terminals  T  are  now  brought  to  Poteni 
one  potential  by  turning  the  bar  h  round  on  the  circular 
wire  until  a  sensitive  galvanometer,  /,  joining  them 
shows  no  deflection.  This  galvanometer  is  then  left 
connected,  and  by  means  of  a  second  sensitive  galvano- 
meter, u,  two  pairs  of  points  a,  d  and  c,  d  are  found 
between  which  in  each  case  no  cuiTent  flows  when  they 
are  connected  by  a  wire.  Each  pair  of  points  are  there- 
fore at  the  same  potential.  Hence  if  we  denote  by  t-j 
the  resistance  of  the  standard  between  h  and  d,  by  r, 
that  of  the  other  rod  between  a  and  c,  and  by  n  the 
number  of  wires  joining  P  and  T,  we  have 


f.-^ (39) 

A  differential  galvanometer  (p.  374  below)  with  two 
independent  pairsof  terminals  may  be  employed  for  this 
method.  One  coil  may  be  made  to  join  a,  h,  the  other 
c,  d,  or  one  coil  may  be  made  to  join  ft,  rf,  and  the  other 
K,  c.  In  the  former  case  either  the  effect  on  each  coil 
must  be  made  zero,  or  care  must  be  taken  to  connect  the 
proper  terminals  to  a,  b  and  c,  d.  The  resistance  of  the 
galvanometer  coils  except  when  the  current  in  each 
coil  is  made  zero,  must  be  so  great  as  not  to  cause  any 
sensible  alteration  of  the  potentials  at  the  points  at 
which  the  terminals  are  applied. 

The  wires  joining  F  to  S  and  T  may  be  tested  for 
equality  as  follows.  Two  nearly  equal  wires  are  made 
to  join  PtoS  and  P  to  T,  and  k  is  placed  so  that  the 
galvanometer  /  shows  zero  current.  The  wire  joining 
J'  to  2"  is  then  removed  and  another  put  in  its  place. 


COMPARISON  OF 

If  tbe  current  in  f  etill  remaina  zero  for  the  tui 
position  of  h,  the  tatter  wire  and  the  former  ate  of  tk 
same  resistance.  If  aot  the  necessary  conectioa  ii 
made  (see  footnote  p.  354)  and  the  compamon  repealei 
Before  the  invention  of  the  Bridge  Method  nsit- 
'  ancea  were  in  general  compared  by  a  process  of  snbsti- 
i-  tiitioD ;  by  voiying  the  resistance  in  a  circuit  iaclndii^ 
the  resistance  to  be  measured  by  known  amounts ;  a 
by  means  of  a  differential  galvanometer.  In  the  Snt 
the  resistance  to  be  compared  was  placed  in  the  drcnit 
of  a  galvanometer  and  battery,  and  tbe  deflection  of 
the  galvanometer  noted.  The  unknown  resistance  ni 
then  replaced  by  a  variable  and  known  resistance,  wtilcli 
was  adjusted  until  the  former  deflection  was  reproduced. 
The  unknown  resistance  was  then  taken  as  equal  to  the 
adjusted  value  of  the  variable  resistance.  This  method 
aa  well  as  the  second  involved  the  assumption  that  the 
electromotive  force  and  resistance  of  the  battery  re- 


iqual  magnetic  Mothod  by 
of  the  latter,  lyi  Gal«»- 


'M  as  to  have  as  nearly 

,e£Fect8  od  the  needle  for  all  positii 

Thu9  in  such  an  inatrument  when  equal  differences  of 

potential  are  established  between  tbe  pairs  of  terminals 

so  as  to  proiluce  currents  in  opposite  directions  through 

the  coils,  the  needle  shows  no  deflection. 

To  determine  an  unknown  resistance  r^  it  is  joined  as 
shown  in  Fig.  83  to  one  of  the  terminals  (,  (  of  a  coil 


Fia.  S 


of  the  galvanometer.  The  other  end  of  the  resistance 
and  the  other  terminal  of  the  coil  are  connected  re- 
spectively to  the  terminals  a,  ft  of  a  battery  B. 
Another  resistance  ^j,  is  connected  in  a  similar  manner 
to  the  terminals  s,  s  of  the  other  coil  of  the  galvanometer, 
and  the  terminals  a,  ft  of  the  battery.  Thus  the  battery 
current  Sows  through  the  two  circuits  b  3  s  a,  b  t  t  a, 
so  that  the  magnetic  effects  produced  at  the  needle 
are  opposed.  The  resistance  r^  is  adjusted  until  no  de- 
flection is  produced.  If  the  resistances  of  the  galvano- 
meter coils  including  the  connecting  wires  on  each  side 
of  a,  h  are  equal,  r,  is  equal  to  r^  It  is  better  however 
to  avoid  any  error  from  resistance  of  connecting  wiiea 
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by  replacing  Ti  (which  may  now  be  an  unknown  but 
conveniently  variable  resistance  snch  as  that  given  Ij  i 
rheostat)  by  such  a  known  resistance  r\  as  does  not 
disturb  the  equilibriunL  Then  r,  ^  f^^.  This  resolt  ii 
evidently  independent  of  the  electromotive  foioe  nil 
resistance  of  the  battery. 

Benflibility      To  find  the  sensibility  of  this  method  let  ^i^  ^t  ^  ^ 
Differen-  i^s^^i^ces  of  the  coils,  r  the  resistance  of  the  battoy 

tial  CklTft.  and  wires  common  to  both  circuits,  r^,  r,  the  remaining 
Method.  pftTtfi  of  the  resistances  of  the  respective  circuits,  j^ 
7,  the  currents  in  the  coils,  m  the  constant  which 
multiplied  into  7^  gives  the  deflection  produced  by  the 
coil  of  resistance  ffi,  n  the  corresponding  constant  for 
the  other  coil,  then  if  a  be  the  deflection,  we  have 

wi7i       7ty^  -  ^^^^  ^  ^^  ^  ^^  ^  ^^  ^  ^^^  ^  ^^)  ^^^  ^  ^^j- 

If  we  denote  the  denominator  of  this  value  of  a  by 
7>,  we  may  write  the  equation 

^r  =  ^'1(^2  +  ^2)  -  ^^(5^1  +  ^*i)  •     •     •    (^^^) 
Hence  if  a  be  accurately  zero 

n      5^2  +  ^2 

Suppose,  after  adjustment  has  been  made  as  nearly 
as  possible  to  zero  deflection,  another  resistance  r\  to  be 
substituted  for  r^  then  calling  2)',  a\  E  the  new  values 
of  D,  a,  E,  we  have  by  (41) 

TV    ' 

~  =  m{g^  +  7-2)  -  n(^i  +  r'l)   .     .    (40^) 


METHOD  BY  DIFFERENTIAL  OALVAXOMETEK. 


Hence  by  (40)  and  {lOa) 
n(r\  —  Ti)  = 


M 


(42) 


Here  a  and  a  are  so  small  as  not  to  be  observable,    Muthoil. 
aud  beoce  to  the  degree  of  accuracy  to  wbich  each 
■  !- -flection  is  equal  to  zero  t\  =  r,,  whether  E  be  equal 
r .  I  ^  or  not. 

By  first  adjusting  so  that  a  is  apparently  zero,  then 
|)utting  j"j  out  of  a/ijustment  by  a  known  amount,  and 
observing  the  corresponding  deflection  a,  the  sensitive- 
ness of  the  method  can  be  calculated  by 


■  n-E' " 


(43) 


1  E"  can  be  calculated  from  the  known  values  of  the 
r  quantities.     If  then  the  smallest  observable  de- 
letion be  known,  then  E"  being  taken  as  constant  the 
torresponding  error  is  approximately  known. 
In    moat   diflerential   galvanometers   ffi   =   (/j,   and 
I  m  =  n.     In  such  cases  (40a)  becomes,  the  accents  being 
I  dropped, 

_,  _  '•(^1  +  ^a  +  gg)  +  f^i  +  9)  (rj  +  9)a 


Hence  if  r,  —  r 
have 


r  where  r  is  a  small  quantity,  we 
nE  .  Br 


(/■  +  g)  {ir  +  Ti  +  g) 
or  if  r  the  resistance  of  the  battery  be  small 


(11) 


(45) 


*!X-ciIii.  resistance 
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'»««!<o  .be  length  „f.i^ 
*'»^«di,aj  be  written* 

•tkcoBditioarora 
•  «  »  »  suximoiQ  wbe 

,»-}<r,  +  r)(syi~ 
^  *  W  «Ma  »  «_ ;... 


B»». 


THOD  BY  DIFFERENTIAL  GALVANOMETER. 


r  required  degree,  Diiferential  galvanometers  can 
wever  be  made  with  their  coila  in  sections,  each 
ivided  with  a  pair  of  terminals  so  that  they  can  be 
led  in  any  possible  combination  of  series  or  multiple 

^hen  the  resistances  to  be  compared  are  small  they  Method  lijr 
luld  be  placed  across  the  terminals  of  the  coila  of  tJaiG^. 
I  galvanometer  as  shunts,  and  the  two  shunted  coils  vanometer 
led  in  aeries  with  the  battery,  but  in  such  a  way  that  lo„  ge- 
(  currents  produce  opposite  effects  on  the  needle,  "istwwws. 
t  7  be  the  whole  current  in  the  circuit,  and  as  before 
Yj  be  the  currents  through  the  coils  of  resistance  y,, 
and  let  a  in  this  case  be  the  deSection.     Then 


3ut 


=  my,  —  717j. 


(47) 


[f  a  =  0,  mill.  =  r^ir^  +  pi)/''s{''i  +  ffa)-    Hence  if 

=  «,?!=  ffs.  we  liave  r,  =  j*j. 

To  compare  when  m,  =  n  and  g^  =  g^=  g,  the  sensi-  Compara; 

ity  of  this  method  with  that  of  the  last,  we  have  if   i^yity  "r'' 


^!j  =  5r,  a  small  quantity 
B  _  nSif  St 


(48) 


uice. 
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This  method  is  more  sensitive  than  the  ]Mft  if  JX/f  <  J),V  3 
that  is  if  r  <  ^. 

The  sensibility  of  the  method  may  eaaitf  be  fimni 
in  the  fonner  case. 
^^*"°^       In  order  that  the  conducting  powers  of  difimft  < 
Specific    snbstances  may  be  compared  with  one  ano4ber,  it  ii 
^'''^'    necessary  to  determine  their  ysej^iTewrfaiicgg,  that  is^ttt 
resistance  in  each  case  of  a  wire  of  a  certain  qpedfiei' 
length  and  cross-sectional  area.    We  ahall  here  defiss 
the  specific  resistance  of  any  substanoeat  any  given  ton 
perature  as  the  resistance  between  two  opposite  hand 
a  centimetre  cube  of  the  material  at  that  temperature.* 
This  resistance  has  been  very  carefhlly  determined  tx 
several  difierent  substances  at  ordinary  temperatures  hj 
various  experimenters,  and  a  table  of  results  is  givoi 
below  (Table  V.). 

To  measure  the  specific  resistance  of  a  piece  of  thin 
wire,  we  have  simply  to  determine  the  resistance  of  a 
sufficiently  long  piece  of  the  wire  by  the  ordinaiy 
Wheatstone  Bridge  method  described  above,  and  from 
the  result  to  calculate  the  specific  resistance.  Let 
the  length  of  the  wire  be  I  cms.,  its  cross-section 
s  square  cms.,  and  its  resistance  Ii  ohms*  Then  the 
sjiecific  resistance  of  the  material  would  be  Bs/l  ohms. 
The  length  I  is  to  be  carefully  determined  by  an  accu- 
rately graduated  measuring-rod ;  and  the  area  8  may  be 
found  with  sufficient  accuracy  in  most  cases  by  direct 


•  The  reciprocal  of  this  (called  below  the  specific  conductivity)  may 
be  advantageously  called  the  electric:  conductivity  of  the  substance,  i! 
the  word  conductivity  be  set  free  by  the  adoption  of  the  word  con- 
duclance  for  tlie  reciprocal  of  the  resistance  of  a  given  conductor. 


i 
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^asurement,   by  means   of   a    decimal    wire    gauge    Meiiuro- 
jaauring  to  a  hundredth  of  a  millimetre.     If,  how-    sI^'Jje'p 
er,  the  wire  be  very  thin,. the  cross-section  may,  if  the     Rssiai- 
nsity  is  known,  be   accurately   obtained   in   square 
IS.   by  finding  the   weight   in  grammes  of  a  sufE- 
intly  long  piece  of  the  wire  (from  which  the  inaulat- 
j  covering,  if  any,  has  been  carefully  removed),  and 
riding  the  weight  hy  the  product  of  the  length  and 
B  density.     Very  tbin  wires   are   generally  covered 
th  silk  or  cotton,  which  may  very  easily  be  removed. 
thout  injury  to  the  wire,  by  making  the  wire  into 
coil,  and  gently  heating  it  in  a  dilute  solution  of 
isUc  soda  or  potash.     The  coating  must  not  in  any 
56  be  removed  by  scraping. 

If  the  density  is  not  known,  it  may  be  found  by  Coner- 
(ighing  the  wire  in  air  and  in  water  by  the  methods  brmBde 
scribed  in  hooks  on  hydrostatics.  All  the  weights,  ,  }n 
im  1  gramme  upwards,  ordinarily  used  in  weighing 
2  made  of  brass,  and  hence  when  conductors  of  nearly 
e  same  specific  gravity  as  brass  are  weighed  in  air, 
e  correction  for  buoyancy  may  be  neglected.  The 
iighing  in  water  however  must  be  corrected  both  for 
pansion  of  water  with  rise  of  temperature  and  for  the 
iight  of  air  displaced  by  the  weights.  For  a  tem- 
rature  of  13''C.  these  corrections  are  as  follows.  For 
pansion  of  water  an  increase  of  loss  of  weight  in  water 
■059  per  cont ;  for  buoyancy  of  air  a  diminution  of 
parent  weight  in  water  of  'OliS  per  cent.  Care 
ould  be  taken  in  weighing  to  prevent  air  bubbles 
im  adhering  to  the  sides  of  the  specimen ;  and  the 
iter  used  for  weighing  should  first  have  been  carefully 


tirlty  of 


ITERMraATION  OF  SPECIFIC  CONDUCTIVITY.  388 

I  conductivities  FZ's/  Vis',  This  last  ratio  multi-  Mcaauw- 
rlOO gives  the  percentageconductivity  at  0°C.  of  specific 
3  compared  with  that  of  pure  copper.  If,  S^i""^', 
■geaerally  be  the  case,  the  teraperature  at  wliich 
riments  are  made  be  above  the  freezing-poiut, 
^8  of  100  Vl'sj  Vy,  may  be  taken  as  the  percen- 
"  Qie  specific  conductivity  of  pure  copper  at  the 
1  temperature  possessed  by  the  substance,  and 
I  the  wire  tested  is  a  specimen  of  nearly  pure 
Vill  be  nearly  enough  the  same  at  all  ordinary 

ifisperimenta  by  this  method  the  electrodes  are 

1  by  hand  to  the  conductors,  the  operator  should, 

lly  if  the  electrodes  and  the  conductors  tested 

different  materials,  be  careful  not  to  handle  the 

t  should  bold  them  by  two  pieces  of  wood  in 

F  paper  passed  several  times  round  the  wires,  or 

e  other  substance  which  conducts  heat  badly,  so 

I  thermal  electromotivo  force  may  be  introduced 

It  circuit  of  the  galvanometer  (see  above,  p.  337). 

r  conveniently  make  the  galvanometer  contacts 

I  of  two  knife  edges  fixed  in  a  piece  of  wood 

I  be  lifted  from  one  conductor  to  the  other 

\  its  being  necessary  to  handle  the  galvanometer 

tany  way.     This  will  besides  render  any  measure- 

F  the  length  of  the  conductor  intercepted  be- 

I  the    galvanometer    electrodes    unnecessary,  as 

to   /'.     We  have  then  for  the  percentage 

conductivity    of    the    substance     the    value 

I  example  of  this  method  we  may  take   the 


t  he  waj  nearij  vntfacm  i- 
B^  aad  ibbb£    be  filW  id  > 
TMW  ntk  pgfardy  pnn  uuuuji.     Aaj-  derutiiti 
of  the  CTOB-aeeboB  fion  aiiifti'witjF  am  be  s 
Bcmriy  eUmrad  fcr  I17  iiiiMJiliiiin,  llie  atetcoty  o 
M  made  op  of  a  Dtnaber  at  cboct  eohrnms  esdi  of  a 
MCtida  eqiul  to  the  meui  aoa  eectioo  of  tlwt  f 
the  tube.    Tbe  mean  enm  aortiop  fiv  each  of  *  ■ 
cient  Damber  of  mcfa  abort  colamns  must 
c  detemuDed  as  accurately  as  possible  by  a  proc«a  of  I 
klibiatioD.     Tbifl  u  effected  bv  moviog  a  sbort  column 
urcury  from  one  position  to  aootfaer  along  tbe  tube, 
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measuring  the  length  which  it  occupies  in  each 
ion. 

fbe  is  chosen  and  is  fixed  against  a  finely  graduated  Mibm- 
In  order  that  the  tube  if  accidentally  disturbed  Tube, 
replaced  a  mark  is  made  upon  it,  and  the  position 
J8  on  the  scale  carefully  observed  and  noted ;  or  one 
)f  the  tube  is  made  to  rest  against  a  piece  projecting 
the  bar  to  which  the  scale  is  attached.  If  great 
tness  is  desired  the  scale  is  engraved  on  a  rigid  bai' 
J  which  move  two  reading  microscopes  with  cross- 
3.  By  means  of  these  the  positions  of  the  ends  of 
nercury  column  can  be  found.  For  many  purposes 
sufficient  to  read  off  the  positions  of  the  ends  of 
xjlumn  by  the  eye,  assisted  if  need  be  by  a  lens,  and 
llax  may  be  avoided  by  using  a  scale  graduated  on 
p  of  silvered  glass. 

3t  the  column  of  mercury  be  approximately  1/ji  of    CalouU- 
M)le  length  of  the  tube  where  n  is  a  sufficiently     "ornw- 
whole  number,  and  let  the  column  be  moved  in  tions  frora 
e  from  one  position  to  the  next  through  a  dis-    c«libr«- 
nearly  as  may  be  equal  to  its  whole  length,  so      ''""■ 
i  measurements  of  length  are  made  in  the  length 
B  tube.     Let  r^^  r^  denote  the  readings  of  the  ends 
le  column  in  the  first  position,  r\,  r^,  the  readings 
the    ends    in    the    second     position    and    so    on, 
',_!     being     nearly   coincident    with 
■  -I  respectively,  while  rt,r,  coincide 
e  ends  of  the  tube.     Now  let  r,  +  e„  r^+e^,  &&, 
e  lengths  of  the  columns  of  uniform  section  equal 
be  mean  section  of  the  tube  which   would   have 
mea  equal  to  the  lengths  7\,  t^  &c.  of  the  actual 


Caleok- 

tteof 
Come- 
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is  the  raltie  of  the  corrections  e^.r^kcw 
it  ia  the  object  of  the  experimeDtal  procefs  to  dia 
;  SiDce  the  successive  portiona  of  the   tube  occupied  fe 
tbe  cohima  of  mercury  are  equal  in  volume,  »e  I 
for  tbe  corrected    length  of  the   portion  of  the  li 
comipOQding  to  the  i*''  pc     ion  of  the  colamn 

r,  +  et  —Ti-i      (i^i  =  I  .    . 

where  I  ia  a  coustant.  putting  S^,  £,,  &c.  fortbt 

uncorrected  lengths  r,  —  r^,  r^  —  »■,,  &c,,  we  get  by  nib- 
tracting  /  - 1,  =  8,  from  each  of  the  equations  of  wtud 
(48)  is  tlie  type,  the  series  of  equations 

f,  -  cj  +  f,  =  5,  -  5i    1 

«,  -  '■s  -^  '^»  =  8,  -  5, 
.....!..(■■■■   i^ 
ej  —  c^+  e,.\  =  5h—  Sj 

The  terminal  corrections  e^  and  e^  are  of  course  rem 
Adding,  we  find 

«,  =  ?^-8, (M] 


where  %  denotes  summation  for  all    values  of  i  Cron 
1  to  «. 

In  the  same  way  we  get 


(ii; 

and  80  on. 

If  the  values  of  e^.  e.^,  &c.,  be  plotted  on  any  cotivetar' 
scale  as  ordinates  of  a  curve,  the  abscissee  of  which  i 
the  corresponding  distances  measured  along  the  ti 


CALIBRATION  OF  A  TUBE. 

ae  end,  the  curve  will  give  tbe  correction  to 
for  any  other  distance  measured  along   the 

i  determination  is  generally  sufficient;  but  if  Ceutrol 
iffy  it  can  be  extended  as  fbllows :  The  caHbration 
nmed  with  a  column  of  double  the  former  length, 
lis  moved  along  the  tube  after  each  observation 
gli  a  distance  equal  to  half  the  length  of  the  column, 
gives  n  —1  measurements  of  length.  The  same 
3s  is  then  repeated  with  a  column  of  three  times 
iginal  length,  which  is  moved  after  each  observation 
gh  the  same  distance  as  before.  This  gives  ra  —  2 
vations.  Then  a  column  of  four  times  the  original 
^  is  used  and  bo  on,  until  finally  a  column  )t  -  1 
the  length  of  the  original  column  is  employed, 
which    of    course    only    two    observations    are 


the  original  set  of  observations  we  get,  if  ii\  pmcat  of 
'the  excess  of  the  observed  length  of  the  column     S"^' 
position  over  that  in  the  (i  —  I)th.  Results. 


-■j  +  d\_ 


•    .     (52) 


=  e.-e«-i  +d'^.j 


Bame  way  putting  (T'l  for  the  excess  of  the 
length  of  the  double  column  in  the  i"'  position 
in  the  (i-  l)th,  we  get  from  the  second  set  of. 


so  i.n,  the 
titiii.'  until 
rvati'ins 


Adding  all  the 
adding  all  the 
trading  from  th 
next  addiog  all 
tracting  from  th 
aet,  and  the  firE 
successively  the 


SPECIFIC  RESISTANCE  OF  MEECURY. 

We  give  here  as  an  example  a  short  account  of  an   Measure- 
accurate   determination   of   the   specific   resistance    of   ""^^e 
mercury  made  by  Lord  Rayleijjrh  and  Mrs,  Sidewick*    Spedftc 

„  ^  .      r     ..u        J    .  ■       .■  -HI,-  ■      K€ai«UM«: 

borne  account  of  other  determinations  wiiJ  be  given  in        of 
connection  with  the  subject  of  the  Realization  of  Units   Me'cmy. 

I  of  Resistance  in  Vol.  II, 
The  resistances  of  columns  of  mercury  contained  in 
iubes  which  had  been  carefully  cahbrated  were  measured 
by  Carey  Foster's  method  as  described  above.  The 
comparison  coils  were  British  Association  standarda,t 
preserved  in  the  Cavendish  Laboratory,  and  every  care 
was  taken  to  obtain  an  accurate  result.  It  was  assumed 
that  the  resistance  R  of  the  column  is  given  to  a 
sufi&ciently  close  approximation  by  the  equation  J 


R-. 


'/?■ 


(57) 


where  dx  is  an  element  of  the  length  of  the  tube,  r  the 
specific  resistance  of  mercury,  s  the  cross-sectional  area 
of  the  mercury  column  at  the  element  dx.  The  value 
of  R  was  calculated  by  evaluating  the  right-haud  side 
of  this  equation  from  the  results  of  the  calibration  as 
follows.  Let  X  be  the  length  of  the  tube  occupied  by 
the  calibrating  column  when  the  middle  of  its  length 
was  at  ihe  element  dx,  then  we  have  for  the  area  of  the 

•  Phil.  Trnni.  R.  S.,  Part  I.  1888. 

+  That  h  sUndtrds  cDii3lract«d  according  to  the  detenuiiuLtioQ  of 
the  ohm  mndu  hy  the  Britiih  Asaocintion  Committee  and  deectibed  in 
Iheir  ISBi  report.  This  ohm  'm  here  referred  to  as  thu  "  B.A.  unit" 
lU  trIus  is  about  Via  per  cent,  smaller  tlun  the  legal  ohm.  Sea 
Itealiaaion  of  Unili  tff  Ectulaxix  in  AbmliUe  Meaturi,  Vol,  11.  below. 

I  See  Lord  R«yleigh'«  T/ieort/  <^  Sound,  Vol.  11.  9  308. 


tut  if  .1/  be  f 
length  of  the  tub 


where  p  denotes  tl 
reciprocaU  of  the 
between  these  two 


If  the  tube  had 
would  have  been  J 
the  correction  for 
numerical  quantity 


SPECIFIC  RESISTANCE  OF  MEIiCURY. 

wax,  which  was  run,  in  a  melted  state,  into  the  mouth    Mi 

of  the  socket.     These  cups  were  filled  with  mercury 

and  connected  with  the  resistance  balance  by  means  of    SpeciSu 

well  amalgamated  copper  rods.     The  tube  was  kept  at        of 

0^  by  being  immersed  in  a  trough  containing  melted   M*''"*^- 

ice.     The  temperature  of  the  mercury  in  contact  with 

the  copper  rods  it  was  ascertained  was  not  higher  than 

5°  or  6°,  and  as  ice  was  piled  up  round  the  cups,  it  was 

estimated  that  the  temperatures  of  the  parts  of  the  tube 

within  the  cups,  and  therefore  not  directly  exposed  to 

ihe  ice-bath,  were  not  higher  than  2°, 

The  cups  were  so  large  in  section  that  they  might  be 
supposed  of  infinite  extent  in  comparison  with  the  tube, 
and  an  addition  of  -82  of  the  diameter  •  was  made  to 

I  the  observed  length  to  correct  for  the  inSuenco  of  the 

^  cups. 

The  ends  of  the  tube  were  rounded  to  a  convex  form 
so  that  tlie  length  of  the  bore  could  be  measured.  This 
was  done  by  adjusting  to  the  ends  reading  microscopes, 
fitted  with  micrometer  screws  by  which  the  distance 
between  could  be  varied  by  an  amount  known  to  the 
maoT  ''f  *"  inch,  reading  off  on  a  brass  rule  substituted 
for  the  tube  the  length  to  the  nearest  number  of  whole 
divisions,  and  determining  the  fractions  of  divisions  at 
tht.'  ends  by  meaus  of  the  micrometers. 

The  tubes  were  carefully  cleaned  by  passing  through 
them  in  succession  sulphuric  acid,  nitric  acid,  caustic 
potash,  distilled  water,  and  finally  air  dried  by  chloride 
of  calcium.     The  calibration  was  performed  by  a  short 

*  See  abore  p.  165,  sad  Lord  Rajlcif{h'u  Theory  qf  Sound,  Vol.  II. 
S807. 


COMPARISON  OF  BE8ISTAKCES. 

thread  of  cleaa  mercury,  wbich  was  moved  to  the  aiw 
cessive   required   positions   by  air    blown    through  i 
.^I?^'''-'    chloride  of  calcium  tube ;  and  measured  in  some  ou 
of        by  substituting  an  ivory  scale  under  microscopes  i 
Merciiiy.  j|,gtg(j  jy  tjjg  gyjg  of  ti,g  column,  in  others  by  placingi 
scale  alongside  the  tube  and  reading  the  length  off  b 
means  of  a  magnifying  glass. 

Tlie  determination  of  the  mass  of  mercury  conta 
in  the  tube,  was  found  by  weighing  a  thread  of  merco^ 
nearly  as  long  as  the  tube.  The  length  of  this  columl 
was  found  as  follows.  After  the  resistance  had  bed 
measured  the  greater  part  of  tlia  mercury  was  retaina! 
in  the  tube,  and  the  ends  of  the  column  pressed  Sat 
with  riat-headed  vulcanite  pins  fitted  into  the  ends  ni 
the  tube.  The  length  of  the  column  was  obtained  hj 
the  microscopes,  and  the  temperature  by  a  thermometer 
lying  alongside  the  tube.  The  mercury  was  then  hlowa 
out  of  the  tube  and  weighed.  By  comparing  the 
length  of  the  column  with  the  actual  length  of  the  tabs 
the  whole  quantity  of  mercury  contained  in  the  tube  tt 
0°  was  found  with  sufficient  accuracy. 

Experiments  were  made  with  four  tubes,  and  the 
mean  value  obtained  for  the  resistance  at  0°  of  a  colony 
of  mercury  1  metre  long  and  1  square"  millimetre  iB 
cross-section  was  ■95412  B.A.  unit  (see  footnote,  p.  3 
above).  Previous  measurements  made  by  Wcma^ 
Siemens,  and  Matthiessen  gave  0536  B.A.  unit  i 
"9619  BA.  unit  respectively  for  this  resistance, 
will  ho  noticed  that  the  value  just  staled  lies  betwe«l 
these,  but  much  nearer  to  the  former.  Messrs.  Siemei 
}thers    for  a   long   time   used   the  resistance   of  I 


FORMS  OF  THE  STANDARD  OHM. 

I  of  mercury   specified    as   above   as    the   anit   MeMnra^ 
flistance.  and  standard  units  were  issued  by  them       t),^ 
*to   experimenters,     Ooe   of   these  examined    by  Lord  ^^^° 
Rayleigh  gave  '95365  B.A.  unit  for  its   resistance  at        of 
the  temperature   16-7°  at  which  it  was  stated   to  be  M"*"^- 
correct. 

For  two  of  the  tubes  used  in  these  experiments  com- 
parisons were  made  of  the  resistance  at  0°  with  that  in 
water  at  the  temperature  of  the  room,  which  was  about 
13°  C.  It  was  found  that  the  mean  difference  of  resist- 
ance for  1°  per  unit  of  the  resistance  at  0°  was  '000861. 
This  is  of  course  the  change  of  resistance  of  the  contents 
of  a  certain  glass  tube,  and  not  to  be  confounded  with 
the  temperature  variation  of  the  specific  resistance  of 
mercury. 

Standard  ohms  have  been  made  in  mercury,  by  using  ^otma  oC 
tubes  bent  so  that  the  requisite  length  is  obtained  in  a  suadsrf 
compact  foi^m,  but  they  are  not  very  convenient  in  use,  ^ 
and  are  of  course  liable  to  breakage.  A  copy  of  the 
standard  ohm  can  however  be  easily  made  when  the 
resistance  of  a  column  of  mercury  of  definite  cross- 
section  and  length  has  been  accurately  found.  Figs.  84 
and  85  show  such  copies.  Fig.  84  is  the  usual  form  of 
the  standard.  It  is  made  of  platinum -silver  wire, 
wound  within  the  lower  cylinder.  The  space  within  up 
to  the  top  of  the  wider  cylinder  is  filled  with  paraffin- 
wax.  The  ends  of  the  coil  are  attached  to  two  thick 
electrodes  of  copper  rod,  bent  aa  shown  and  kept  in 
position  by  a  vulcanite  clamp.  The  ends  of  these  when 
the  coil  is  used  are  placed  in  mercury  cups  in  the 
manner  already  explained,  and  should  always,  before  the 


COMPARBOS  or  EI31STA3JCES. 

■  «(  coil  is  placed  id  position,  be  ftcshly  amalgvnated  witb 
l^l  mereory.  Tbe  lower  cvliniier  up  to  tbe  sboalJe:  ii 
■-  placed  in  water  wben  the  coil  is  in  use,  and  the  tem* 
peratDie  ci  tbe  water  is  ascertained  by  nieaiu  of 
ibomometer  in  the  hollow  core  of  the  cylinder.  Tin 
Tuiatioa  of  the  resistance  of  the  coil  willi  tempentuie 
i>  kBowB,  and  hence  its  resistance  at  any  obsemd 
teunperaton^  can  be  obtained.    Of  course  care  must  be 


taken  not  to  expose  the  standard  to  too  strong  currenl 
and  to  keep  the  temperature  as  near  as  possible  to  ti 
normal  temperature  at  which  the  standard  is  given  i 
correct. 

Fig.  85  shows  a  form  of  the  standard  constracted  1 
Messrs.  Elliott  and  Co.  according  to  a  suggestion 
by  Professor  Chrystal.  A  thermoelectric  couple,  fl 
which  one  junction  is  within  and  close  to  the  coil,  ud 


HIGH  RESISTANCES, 

the  other  outside  the  case,  is  UBed  to  determine  the  Form* 
temperature  of  the  coil.  In  the  form  in  which  the  g 
instrument  13  now  made  the  external  junction  is  not 
brought  out  through  the  bottom  of  the  case  as  shown. 
but  the  wire  la  brought  out  at  the  top  of  the  case,  and 
then  joined  to  a  wire  of  the  other  metal  which  is 
entirely  outside  and  attached  to  one  of  the  biuding 


R 


screws.  The  external  junction  is  of  course  placed  in 
water  the  temperature  of  which  is  measured,  and  the 
thermal  current  is  observed  by  means  of  a  galvanometer 
connected  to  the  terminala.  This  gives  the  difference 
of  temperaturea  between  the  junctions  and  therefore 
the  temperature  of  the  coil. 

The  measurement  of  a  very  high  resistance  such  as  MuMttr*- 
that  of  a  piece  of  insulating  material  cannot  be  effected 
by  means  of  Wheatstone's  Bridge,  and  recourse  must 
be  had  in  most  cases  to  electrostatic  methods  in  which 
the  required  resistance  is  deduced  from  the  rate  of  loss 
of  charge  of  a  condenser,  the  plates  of  which  are  coa- 
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•X3E7AKESOS  OF  EESISTAKCIL 

■r  ud«»£  *5-  ^-e  scbsanre  in  qneatioii.  It,  hoverei,  da 
7r£s:<sut.-«  ,-c  -sx  mauial  be  not  too  great,  and  a  bip 
x^C  :3gt;.Ji5iC  huaay  of  bom  100  to  200  cell^  ud  a 
^^rr  xaecz.-^  sj^  ressance  galvanometer  an  anit 
jjiii.  rlii;  ?;il>.'vi3$  method  is  the  moat  convemeoL 
r^TR  -i-d  'sn  ^vaooowter.  also  well  inwilat«t  ud  thi 
r^sssuoi  ^.-  :«  aE^asoKd  (piepaied  aa  described  bdow, 
7.  *  1  X-  rrr-T-ci  I^afc^e'  in  series  with  aa  manj  cdb 
j$  ^'.~vs  X  Tutrlj^hi  ti:e£ev'tion,  which  call  D,  Nov  join 
:jt;  >»rri;7-  iz.  s-r-e?  wish  the  galvanometer  al<Hie,asd 
~:-i'i>.-^:  :!:•;  ^cxx'i^T  of  the  instrameot  to  a  nit^ 
-■i^rrw  ";v  -liziz^  :»  terminals  bv  a  wire  of  kaan 
^.sscoao!  i^i.  rv'  keep  the  total  resistance  JA  tmali 
^-Tf^i:  :j  ,-"-c;rikra*:&  with  the  resistance  of  the  battoj, 
zaer^  ~;s.ssjc!.>;  is  ;be  ciremt.  Let  S  and  S  denote 
-^^vr-ilv  ijt:  fZev-uwiiotiTe force  and  remstancecifthB 
■«;.*t  >a— s^  ;•  -ce  rftH5tance  of  the  galvanometv,  5 


SI'ECIFIC  RESISTANCE  OF  GLASS. 


SG  {B  ■yU){S-^G)  +  so 


-,=  m.D.   (61) 


Hence   combining   equations   (60)  and  (61)  so    as   to 
eliminate  E  and  m,  and  solving  for  X,  we  get. 


If  X  be  great  in  comparison  with  the  remainder  of 
the  resistance  in  circuit  the  term  {B  +  G)  may  be 
neglected. 

This  method  was  used  by  Mr.  T.  Gray  and  the  author  Dfltermiii- 
for  the  determination  of  the  specific  resistances  of  gp^gg 
different  kinds  of  glass.  The  specimens  of  glass  were  HeMBtanoa 
in  the  form  of  thin,  nearly  spherical  flasks  about  7  cms. 
in  diameter,  with  long  narrow  and  thick  walled  necks. 
The  thin  walls  of  the  flask  were  brought  into  circuit  by 
filling  it  up  to  the  neck  with  mercury,  and  sinking  it  to 
the  8ame  level  in  a  bath  of  mercury,  then  joining  one 
terminal  of  the  battery  to  the  external  mercury  by  a 
wire  passed  down  the  long  neck,  and  the  other  to  the 
mercury  in  the  bath  without.  This  mercuiy  bath  was 
an  iron  vessel  contained  in  a  sand  bath  which  could  be 
heated  to  any  required  temperature,  A  well  insulated 
galvanometer  (constructed  by  aid  of  a  grant  from  the 
Government  Research  Fund  to  a  special  design  de- 
scribed in  Vol.  II.)  of  high  resistance  and  great  senai- 
tjveneas  was  included  in  the  current.    A  battery  of  over 


k 


w -m£.  aad  after  •  Ra£^  rf  tb 


tenpctature  of  tkt 
eoanectad  toge&s 

■nr-^is.-  Tif  r'i-^'iCTnl  and  ihe  d^Iectkn  tako  M 
;  uui  K  :ii.  Tb^  'iJsaix  BlaarptioD"  (seepiiU 
r  iTciifiiT^^^sw;  air»««BeTeiT  j«irof  rading^ 
-.  '.;k»r:  :^  iHfTsc  aaes  ibcvt  three  minntes.  The 
■in  ihi-^zc^  uose  exi$dng  after  thne 
ris  ilE-.-rr3a'a:c-  Tbe  result  for  the  gliB  of 
^  =:i^a:a  ^essed.  wtJA  was  lead  glia  ef 
r^  3  U  vi$  &  IMC&  resstaace  at  100*  a  rf 
St  •  •  11'^'  :&=;&  T^  lesstance  vas  lulved 
fi  ^  ; '  :r  .-"'  rise  of  tempentare. 
iL-:'L±-n;Z':c.  :c  -Jt^s  method  for  whidi  ooe  cf 
i~  T*:<:(=:<>:c'}  G^^ed  Poteatial  GalTanometen  or 


MEASUREMENT  OF   INSULATION  RESISTANCE. 

of  the  battery  which  may  be  determined  by  the  method  Dct* 
described  below  (p.  414)  be  B  ohtns,  the  resistance  of  .?j 
the  galvanometer  G  ohms,  and  the  insulation  resistance    V""  * 
to  be  founj  R  ohms  ;  we  have  plainly. 

,.-.,  -gg      y, _^e_ 

-H+tf'  B  +  a  +  M 


^-(«+C)(f.-l)-     .     ■     .     (62) 


If  i?  be  small  in  compnrisoti  with  G  we  may  put 


(63) 


A  shuut-wound  generating  machine  giving  au£Gcient 
electromotive  force  may  be  used  instead  of  the  battery, 
and  in  this  case  M  is  found  by  equation  (03). 

The  insulation  resistance  for  unit  of  length  is  found 
from  this  result  by  multiplying  by  the  length  of  either 
of  the  conductors. 

This  method  is  applicable  to  the  measurement  of  the 
inaulation. resistance  of  cables  or  telegraph  lines,  but  for 
details  the  reader  is  referred  to  the  manuals  of  testing 
in  connection  with  these  special  subjects. 

In  the  case  of  insulating  sulatances  the  method  just 
described  requires  the  use  of  so  powerful  a  battery  that 
it  is  quite  inapplicable  except  when  the  specimen,  the 
resistance  of  wliich  is  to  be  measured,  can  be  made  to 
have  a  large  surface  perpendicular  to  the  direction  of  the 
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AtiOD  of 


I 
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current  through  it,  aii<i  of  very  small  dimenaioDfi  in  ti. 

direction.    Such  a  case  is  that  of  the  insulating  cover.- . 

tiou  R«-    (jf  a  gubmarine  cable  in  which  the  current  bv  whir 

BisUnce.       ,      .       ,     .  ,    -  , 

tlio  insulation-resistance  is  measured  Sows  acroe  v.- 

covering  between  the  copper  cooductor  and  the  ^" 

water  in  which  the  cable  is  immersed. 

In   general,  therefore,  in  the  determination  of  Oie 

insulating  qualities  of  substances  which  are  given  it 

comparatively  small  specimens  it  is  necessary  to  li:i>^ 

recourse  to  the  electrometer  method  mentioned  al" 

(p.  395),  of  which  we  shall  give  here  a  short  accoun'. 

llosare-       The  most  convenient  instrument  for  this  purposf  : 

""uigh  '  Sir  William  Thomson's  Quadrant  EJectroinet«r.    Fi>r 

Rwiaunce  full   description   of   this   instrument,    and    a    detaife: 

■  ^       account  of  the  mode  of  using  it,  see  Chap.  V.  nh"- 

Uakagc.   fhe  electrometer,  having  been  carefully  set  up  acconlin. 

to  the  most  sensitive  arrangement,  and  found  to  i> 

otherwise  in  good  working  order,  is  tested  for  Insul&li ": 

One  pair  of  quadrants  is  connected  to  the  case  acconli; . 

to  the  instructions  for  the  use  of  the  instrunienl;  aD^l  ' 

charge  producing  a  potential  difference  exceeding  il 

greatest  to  be  used  in  the  experiments  is  given  to  il. 

insulated  pair  by  means  of  a  battery,  one  electrode  '■: 

which  is  connected  for  an  instant  to  the  electromelt' 

case,  the  other  at  the  same  time  to  the  electrode  of  li: 

insulated  quadrants,  and  the  percentage  fall  of  potentb!- 

produced  in  thirty  minutes  or  an  hour  by  leakage  in  ti 

instrument  is  observed.     If  this  is  inappreciable,  tb' 

instrument  is  in  perfect  order.     For  practical  purpos-- 

the  insulation  is  sufficieDtly  good  when  the  same  batten 

being  applied  to  charge  the  electrometer  alone  as  i- 


LEAKAGE  METHOD  FOR  HIGH  RESISTANCES. 

kppUed  to  charge  the  cable,  or  condenser  formed  as 
lescribed  below,  there  is  not  a  more  rapid  fall  of 
lotentiala  without  the  cable  or  specimen  than  with  it ;  , 
or  there  can  then  bi3  no  error  due  to  leakage. 

An  air  condenser,  well  insulated  by  glass  stems  var- 
lisbed  and  kept  dry  by  pumice  moistened  with  strong 
mlphuric  acid,  is  adjusted  to  have  a  considerable 
capacity,  and  its  insulated  plate  is  connected  to  the 
insulated  quadrants  of  the  electrometer  and  the  other 
to  the  electrometer-case  to  which  the  other  pair  of 
[|UHdraDt3  is  al.so  connected.  A  charge  producing  as 
great  a  potential  as  in  the  former  case  is  given  to  the 
coadenser  and  electrometer  thus  arranged,  and  the  fall  of 
potentials  observed  by  means  of  the  electrometer.  If 
the  loss  in  a  considerable  time  be  also  inappreciable, 
the  condenser  insulates  properly,  and  its  resistance  may 
be  taken  as  infinite.* 

The  specimen  of  material  to  be  tested  is  now  placed  so 
as  to  connect  the  plates  of  the  condenser.  The  manner 
in  which  this  is  to  be  done  of  course  depends  on  the  form 
of  the  specimen.  If  it  is  a  Hat  sheet,  it  may  be  covered 
on  each  side,  with  the  exception  of  a  wide  margin  all 
round,  with  tinfoil,  and  thus  made  to  form  itself  a  small 
condenser  which  is  to  be  joined  by  thin  wires  in  multiple 
arc  with  the  large  condenser.     The  edges  and  margins 

"  A  condcDBer  of  any  other  kind,  Bucb  aa  those  used  in  cslilu  testing, 
the  iDjTtliLtini;  msteritil  between  the  pktei  of  whioh  is  gonerally  paper 
waked  ia  paraffin,  may  b«  used  ioitead  of  an  air  coodeiuer,  but  as  the 
TMistance  of  the  Utter  may,  if  the  glass  stems  be  well  varnished  and 
kept  dry,  be  taken  as  infinite,  and  there  is  besides  no  disturbiiiice  from 
the  phenomenon  called  cUciric  abmrpliua  (see  p.  425  below),  it  ia 
piefeinbte  to  use  an  ait  condenser  if  posdblu. 

■D  "D 


Specimen 

with 
Coadenser.  J 


coMPAEisoir  or  ebbutaVcis. 

;  of  AeridesoftbespeciineodMnild  becsrefoIlTd 
,  and  drud,  and  eorered  witb  a  Uun  ccmting  of  p 
to  pnerent  eoBdnctioD  aloi^  the  snr&ce  between  tt 
taibd  eooiiags.  wbeo  the  csmAeoaer  U  cbufied.  1 
■dviaaUe,  wfaea  possible,  to  ooat  the  whole  s 
■*"'^™g  the  tinlml  witb  paraffin,  ttad  to  make  li 
beta  vith  tlie  tiofoil  plates  br  means  of  thin  i 
BBtad  witb  parmfGo  for  some  tliataitoe  along  tbdr  la 
bmt  tbe  tinfoiL  The  pUte  eoDdeoser  thus  { 
AaoU  be  Eopported  in  a  borizootal  position  on  a 
at  the  middle  of  the  lower  suibce.  The  opp^  o: 
is  made  the  insolated  plate. 

If  the  specimen  be  oip-shaped,  aa,  for  enm{4e,  if  I 
in  the  osoal  form  of  an  insulator  for  telegra|ji  orf 
wires,  the  hollow  may  be  partially  filled  wiUi  n 
nnd  the  cap  iromerwd  in  an  oot^r  vessel  en 
mercury,  so  that  the  mercury  stands  at  nearlr  ti 
level  oatMde  and  inside.    The  lip  of  the  cup  down  tj 
mercury  on  both  sides  is  to  be  cleaned  and  c 
puaffin.  as  before,  to  prevent  leakage  aeroaa  the  s 
A  Uun  wire  connected  witb  the  insulated  plate  a 
iidrTi'T'r  is  made  to  dip  into  the  menmry  in  ti 
mi  a  simiLu-  wire  connected  with  the  other  plate  ol 
11— trmrr  dips  into  the  mercury  in  the  outer  i 
^oag  solphuric  acid  may,  on  account  of  its  d 
ties,  be  used  with  advantage  instead  of  mei 
e  described,  when  the  substance  is  not  p 
i  attacked  by  the  acid. 

y  case  in  which,  as  in  these,  the  i 
!  and  the  eondactors  making  contact  i 
laoodenser  of  unknown  capacity,  ' 
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used  in  the  experiment  most  be  arranged   to  have  a   Ait<™'^' 
capacity  so  great  that  the  unknown  capacity  thus  added  Bpedman 
to  it,  together  with  the  capacity  of  the  electrometer,  _  ^'iJ^J 
niay  be  neglected  in  the  calculations. 

The  condenser,  if  it  has  been  disconnected,  is  again 
connected  as  before  to  the  electrometer.  One  electrode 
of  a  battery  of  from  six  to  ten  small  Daniell'a  cells  in 
good  order,  is  also  connected  with  the  electrometer 
case,  and  the  other  electrode  is  brought  for  a  short  time, 
thirty  seconds  say,  or  one  minute,  into  contact  with  the 
insulated  plate  of  the  condenser  at  any  convenient 
point,  such  for  example  as  the  electrode  of  the  electro- 
meter connected  with  the  insulated  pair  of  quadrants. 
The  battery  electrode  is  then  removed,  and  the  condenser 
and  electrometer  left  to  themselves. 

The  condenser  has  thus  been  charged  to  the  potential 
of  the  battery,  which  will  he  indicated  by  the  reading  on 
the  electrometer  scale  at  the  instant  when  the  battery  is 
removed.  The  deflection  of  the  electrometer  needle 
will  now  fall,  more  or  less  slowly  according  to  the  insu- 
lation resistance  of  the  condenser  with  its  plates  con- 
nected by  the  material  being  tested.  Readings  of  the 
position  of  the  spot  of  light  on  the  electrometer  scale 
are  taken  at  equal  intervals  of  time,  and  recorded,  and 
this  is  continued  until  the  condenser  has  lost  a  consider- 
able portion,  say  half,  of  its  potential 

Tbo  resistance  of  the  insulating  material  is  easily  V"^Sf 
calculated  from  the   results  in  the  following  manner.    MetboS 
Let    V  be  the  difference  of   potentials   between   the 
platen  of  the  condenser  at  any  instant,  Q  the  charge  of 
the  condenser  at  that  instant,  which  may  he  taken  as 
D  T>  -1. 


t 


K  «■  the  electrometer  tain, 
>  *fi.  We  have  ^  =  OF,  ud 
t  =  ar:*.  'Bmt  ~JQd4 'a  ike  Tiled 
Mt  floving  from  one  pUte 
to  A>  iT^ii.  a^  tkv ■  pfaz^jr  equal  hj  Ohm's  Us  U 
VA.    ^aux  -  J|^  A  =  F.'i^  and  theiefixc 


^'f 


=  0. 


lasesninur  we  rei. 


'^r+s-'' 

If  rbe  the  potential  dife-  ' 
i  r„  we  get  by  putting  (  =  0 
M  (C5)  ^  »  kg  r,     Heoce  (6a)  becomes 
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meat  must  be  made  in  the  same  way  to  determine  the  Thoory  e^ 
Tesiatance  of  the  coDdenser  alone,  with  its  plates  con-  m^)^ 
nected  only  by  its  own  dielectric.  Let  S^  denote  the 
resistance  of  the  condenser,  determined  by  equation 
(66)  from  the  results  of  the  latter  experiment,  ajid 
£i  the  resistance  of  the  specimen;  by  equation  (10) 
(p.  15)  l/R  =  llEi  +  \!R„  and  therefore 

*  =  /-'ii, <«" 

If  C  has  been  obtained  in  C.G.S,  electrostatic  units 
of  capacity,  it  raay  be  reduced  to  electromagnetic  units 
by  dividing  by  the  number  of  electrostatic  units  of 
capacity  equivalent  to  the  electromagnetic  unit,  that  is 
(see  Vol.  II.)  by  9  X  lO^"  nearly. 

When  an  air  condenser  is  used,  its  capacity  can  gene- 
rally be  obtained  approximately  by  calculation  from  the 
dimensions  and  area  of  the  plates.  For  example,  if 
two  parallel  plates  of  metal,  placed  at  a  distance  d 
apart,  very  small  in  comparison  with  any  dimension  of 
either  surface,  have  a  difference  of  potentials  V,  and 
there  be  no  other  conductor  or  electrified  body  near, 
we  have  seen  above  (p.  57)  that  the  capacity  on  a 
portion  of  area  A  near  the  centre  of  either  plate  is 
A/4ird.  Hence  in  the  example  below,  we  have  for  the 
capacity  of  the  disk  of  area  A  the  value  Aliird,  if  we 
neglect  the  nou- uniformity  of  the  electrical  distribution 
near  the  edge. 

If  C  has  been  taken  in  absolute  C.G.S.  electro- 
m^netic  units  of  capacity  (see  YoL  II.),  we  obtain  It 


tmfi,       '  l»  following  ar%  namln 

(^    *»P«"n«'>  of  imnhtiog  „ 

<IMM.    «  ortioarir  telegnpi  ioml 

■»«■«  of  tiro  hniiioitil  1 

wbRk  iip«  ,„^  ^  ^^^ 

"«e»  «rew,  ,„  j„i,^  ^ 

•  «>»n  ci)od«Mer  »ith  „ 

"*K7ibed»b6»e.    Tb.Io, 

JeMer  dum.ter  than  the  n 

f  12  *«  ciM,  ud  the  dijta 

J"**)  •»  be  I  em.     The  an, 

•be  ln«.l.t«rf  p„i,  of  q,^„ 

elecliMieie,  omc.     CaUing 

Pbte,  and  rf  the   dislaooe 
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covered  by  the  mercury  was  so  small,  and  the  thickness   Pi  — - 
of  the  material  so  great,  that,  even  allowing  the  material        of 
to  have  a  high  specific  inductive  capacity,  the  capacity    ^^^ 
of  the  condenser  which  it  formed  was  small  in  com- 
parison with  tliat  of  the  air  condenser.    The  experiment 
gave,  when  the  condenser  and  insulator  were  joined  as 
described.    V,  =  251,    T,  =  100,   t  =  5640  seconds. 
Hence, 


9-828  X  2-303  x  ]og,j-^J 

in  seconds  per  centimetre  (C.G.S.  electrostatic  units  of 
resistance).     As  the  condenser  was  not  insulating  per- 
fectly, a  separate  test  was  made  for  it  alone,  with  the 
results  r,  -  230,  V^  =  182,  (  =  6120.     Hence 
G120  „„„„ 


JJ,= 


9-828  X  2-303  X  log.  ^ 


and  therefore  by  (67) 


=  857, 


in  seconds  per  centimetre. 

Multiplying  this  result  by  9  x  10^"  {the  approximate  Meuon 
value  of  c*,  see  Vol.  II.),  to  reduce  to  electromagnetic  ^^  ^* 
units,  we  get  for  the  resistance  of  the  insulator  7712  x 
10*"  cms.  per  second,  or  771  x  10"  ohms, 

The  determination  of  the  resistance  of  an  electrolytic 
liquid  i8  attended  with  serious  difficulty  in  consequence    Eje^Jro 
of  the  polarization  in  general  produced  at  the  surfaces     ')"*»■ 


COMPAaiSOK  OF  RESISTANCES. 
RbsEbibucb  of  electrodes  in  contact  with  them.  This  poUrii 
Etcotro'  involves  in  certain  cases  what  has  heea  calieil  a  ti 
v*^  tioo  resistance  at  the  separating  surfaces  produced  h 
the  presence  of  the  ions  or  of  air,  or  of  both,  at  I 
surfaces,  and  an  alteration  of  the  resistance  of  part  ■ 
the  liquid  column  due  to  change  in  the  condition  of  tl 
liquid  near  the  electrodes.  Further  it  involves  i 
electromotive  force  opposed  to  that  producing  1 
current,  which  must  be  taken  account  of  in  most  4 
the  ordinary  methods  of  comparing  resistances,  t 
this  cannot  in  general  he  done  with  accuracy.  Fori 
example,  if  F'  be  the  difference  of  potentials  btitween  •\ 
pair  of  electrodes  in  contact  with  an  electrolyte,  7  llii 
current  through  the  electrolyte,  and  E  the  electromotivf 
force  of  polarization,  we  have 


V='fR+  E. 


(69; 


Thus  we  cannot  find  R  (which  after  all  might  not  be 

the   true  resistance  of  the  electrolyte)  by   fijidiug  V 

and  7  alone ;  we  must  find  also  E.    But  the  value  of  Jf 

depends  to  a  certain  extent  on  the  value  of  7,  and  on  a 

variety  of  other  circumstances,  such   as    the  size  and 

nature  of  the  electrodes,  which  render  the  dettirminaUon 

of  R  by  any  process  of  this  kind  exceedingly  difficult. 

The  electromotive  force  of  polarization  consists  in  s 

.  finite  difierence  of  potentials  at  e.ach  electrode.     This 

causes  the  electrode  to  act  as  the  plate  of  a  condenser, 

of  which  the  capacity  may  be  called  the  polarizatioo 

^capacity  of  the  electrode.     This  is  considerable  evea  for 

t  electrode  of  very  small  surface,  on  account  of  Uw 
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IBS  of  the  stratum  at  the  surface  within  which  the 
fflce  of  potentials  exiats, 

:  disturbance  from  polarization  is  however  Bmall 
the  liquid  is  a  solution  of  a  metallic  salt,  and  the 
idea  are  composed  of  the  metal  in  question.  The 
dice  can  tlien  be  determined  with  fair  accuracy 
f  Wheatstoue'a  Bridge,  or  other  ordinary  method 
may  be  applicable,  if  precautions  are  taken  to 
ate  any  transition  resistance  which  there  may  be 
i  plates.  It  has  been  found  that  electrodes  of 
ly  zinc  amalgamated  with  mercury  produce  no  elec- 
tive force  of  polarization  when  placed  in  contact 
falphate  of  copper  and  zinc  solution.  This  fact 
ten  made  use  of  by  Beetz,*  Paalzow.f  and  others 
i  determination  of  the  resistance  of  zinc  sulphate 
ins  of  various  strengths.  In  the  experiments  of 
which  were  made  with  great  care,  the  liquid  was 
Tfith  the  electrodes  in  position  to  expel  air  from 
ites  and  so  prevent  transitional  resistance. 
Izow  also  determined  the  resistances  of  solutions  of 
salts  by  placing  the  liquid  to  be  experimented  on 
es  communicating  at  their  extremities  with  porous 
rlinders  tilled  with  the  same  liquid  and  standing 
le  glass  vessels  containing  amalgamated  zinc 
dea  of  large  surface  immersed  in  zinc  sulphate 
n.  The  polarization  at  the  junctions  of  the  two 
I  wafi  slight,  and,  with  the  resistance  of  the  porous 
jrs,  was  eliminated  by  observations  with  columns 
^nt  lengths. 


Non-Mla- 

rizable 
EJectrodcs. 


•  Fogg,- 


csrii.  (1862).  p.  1. 
L  (1889),  p.  489, 


^ 


Md 


DetenniDatiooa  of  tin  renrtBucae  of 
aod  copper  mlphAte  solutianA  at  ■tiffti'tiif  mxta^ia 
ham  been  made  by  PrafewcB  Ewtag  and  Mac^egar* 
by  Um  Wheatatone  Bnd^  method.  Two  kbm  uf  ife 
bridfe  ««ic  nad«  of  kuge  H!uiimm.B,  the  B^vid  oiliiiu 
(eoDMiMd  in  a  narrow  cube  with,  wide  «»^  m  wbKL 
war*  pbKcd  plathmm  electrodes),  aad  the  vadalile  k- 
mgtuta*  were  placed  in  tbe  oUker  two.  and  a  dnd-bn: 
galTaftooMter  with  a  very  light  mizzw  and  nrriRr  imtd 
to  teat  for  baUoce.  Thas  only  Geehle  eoireitm  of  abon 
daratioD  weie  a«ot  through  the  tiqokl  eofamn. 

All  the  reliable  eipenments  on  mlphaSe  of  zincagrh; 
ID  RtiuwiDg  that  for  this  substance  tfa«e  iaaatreBpii 
for  wbioh  the  ap€«i&:  remstance  is  a  minimmg  A: 
temperature  10°  C.  this  strength  ia  b^  Swing  aini 
Macgregor's  experimenta  approximately  that  which 
correspooda  to  density  l'29tl. 
,  Another  method  for  the  eliminalion  of  potamMka 
wu  fir«t  U!«d  by  Whealatone  f  and  more  lately  bj 
Horsford  aod  by  Wieclemann.;  A  measurement  mt 
made  of  the  apparent  resistance  for  one  length  of 
tlie  liquid  colnnin,  then  the  column  was  shortened  fay 
moving  the  electrodes  closer  together,  aod  the  cmreDt 
through  the  column  restored  to  its  former  value  by 
adding  wire  resistance.  The  amount  of  reliance  thus 
added  gave  the  resistance  of  the  portion  of  the  columo 
rerauve«l  from  the  circuit.  The  state  of  the  electrodes 
cannot  however  heru  be  taken  as  absolutely  the  sam^  iu 

•  Tr»n».  E.S.E.  vol.  uviL  (187S),  p.  61. 

t  I'hil.  Ttaiu.  R.S.,  18*3  ;  Scientific  Papen,  p.  I2i 
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^ny  two  experim(!nta.  In  Wiedemann's  osperiments 
tte  electrodes  were  silver  for  silver  solutions,  copper  for 
Copper  solutions,  and  platinum  in  other  cases. 

A  method  preferable  to  any  of  these  consists  in  an  Method  of 
application  of  the  potential  method  described  above     goo  of 
fcr  the  measurement  of  wire  resistance.     Contact  is  Potentials, 
idade  by  means  of  platinum  electrodes  at  two  cross- 
sections  of  the    liquid  column  at  a  de6nite   distance 
apart,  while  a  steady  curreut  is  kept  flowing  along  the 
column.     The  difference  of   potentials  between  these 
electrodes  is  measured  by  means  of  a  suitable  electro- 
Dieter,  and  compared  with  ihat  between  two  points  in  a 
wire   of   known   resistance  through   wtiicli   ihe    same 
carrent  ia  flowing.     The  effect   of  any  electromotive 
force  independent  of  the  current  may  be  eliminated 
by  taking  the  observations  for  both  directions  of  the 
current. 

It  is  here  necessary  that  the  capacity  of  the  part 
of  the  electrometer  charged  by  the  contact  be  small  in 
comparison  with  the  polarization  capacity  (p.  408  above) 
of  the  electrodes,  otherwise  the  charging  current  would 
give  B  sensible  polarization  effect  at  the  electrodes. 
Tlie  capacity  of  the  quadrants  of  a  quad  rant -electro- 
meter is  sufficiently  small  to  avoid  any  serious  error 
from  this  cause  with  electrodes  of  ordinary  platinum 
wire. 

Since  the  value  of  the  electromotive  force  of  polariza- 
tion is  small  when  the  value  of  the  current  is  small  it 
is  possible  to  use  a  high  resistance  galvanometer  instead 
of  an  electrometer  in  this  method.  It  is  necessary 
however  to  have  the  current  exceedinglj  amaXV-,  ^.-sA 


^  BATTERy-REs:sTANCE. 

3f  potentials  by  means  of  a  quadrant  electrometer  or  a 
potential  galvanometer.  If  we  call  this  difference  of 
|>otentials  V,  and  the  electromotive  force  of  the  battery 
when  on  open  circuit  E.  then  putting  R  for  the  external 
istance  we  may  write 


■eaistai 

I 


(70) 


where  r  is  a  quantity  the  de£nition  of  which  ia  simply 
that  it  satisfies  this  equation.  If  the  battery  had  the 
same  electromotive  force  £,  when  generating  the  current 
C,  as  when  on  open  circuit,  then  r  would  be  the  effective 
resistance  of  the  battery ;  but,  although  this  is  not  the 
case,  we  may  without  being  led  into  error  still  spe^ik  of 
it  as  the  resistance  of  the  battery  for  the  current  7.  In 
fact,  the  value  of  r,  thus  found  for  a  particular  value  of 
^,  does  actually  enable  us  to  calculate  from  the  known 
electromotive  force  for  open  circuit,  with  a  moderate 
degree  of  approximation  in  the  case  of  a  constant 
battery,  and  also,  but  less  surely,  in  the  case  of  a  i 
secondary  battery,  what  available  difference  of  potentials 
will  exist  between  the  terminals  of  the  battery  when 
connected  by  other  and  somewhat  widely  differing 
values  of  H,  and  therefore  also  to  find  what  arrange- 
ment of  a  battery  it  will  be  best  to  adopt  in  any  given 
circumstances.  So  far  as  this  practical  result  is  con- 
cerned, the  numerous  methods  which  liave  been  devised 
for  the  determination  of  the  resistance  of  a  battery 
before  any  sensible  polarization  (which  requires  time  to 
develop)  has  been  set  up  are,  though  interesting  in 
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Battory-    themselves,  of  no  practical  value,  and  we  shall  not  hen 
Rcnibtnoii. 

deacnbe  any  of  tnem. 

From  equatioQ  (70)  we  have 


m 


To  determine  r  therefore  we  have  simply  to  mcMuie 
with  a  potential  galvanometer  the  difference  of  poteDdib 
which  exists  between  the  terminals  of  the  battery  whai 
on  open  circuit,  or  connected  only  by  the  galvanometa 
coil,  the  resistance  of  which  we  snppose  to  be  very  j^refll 
in  comparison  with  t,  and  a§;ain  to  measure  in  the  rani" 
way  the  difference  of  potentials  when  the  terminals  cu 
connected  by  a  resistance  R,  also  small  in  compari?'  i 
with  that  of  the  galvanometer." 

If  the  galvanometer  scale  be  grailuated  so  that  readini;! 
are  proportional  to  the  tangents  of  the  correspomJinL' 
angles,  we  have,  if  J?  be  the  defection  in  the  first  ca^i 
and  D"  the  deflection  in  the  second  case,  the  equatiou 


D~}y 


B 


Instead   of   a  potential    galvanometer    a    quadrant 
electrometer  may  he  employed  if  the  battery  is  not 
too  large,  and  the  same  formula  applies  when  D  « 
D'  are  taken  proportional  to  the  tangents  of  the  nngll 
through  which  the  mirror  is  turned. 

A  resistance  coil,  which  may  be  of  Oerman  J 

*  If  the  Imtterjcrinsist  ofa  Urj^  namber  of  cells,  it  nujr  Im  djTJdM    \ 
into  aections  and  80  tested,  oreach  cell msyhavo  its rettstanceBituW 
Sflpuatcly. 


^^  BATTEBY-HE8ISTANCE. 

■wire,  constructed  as  described  in  p.  367,  should  be  used  „^"*^' J 
■^  ^  tuisutnnoaj 

for  the  resistance  connecting  the  tenninals,  and  if  the 
current  passing  through  it  be  considerable  its  resistance 
should  be  determined  when  the  current  is  flowing. 
This  may  be  done  by  including  in  its  circuit  a  current- 
galvanometer,  and  determining  the  current  7  through 
the  wire  in  amperes,*  when  Via  read  off  in  volts  *  on  the 
potential  instrument.  The  resistance  of  the  wire  with 
that  of  the  current-galvanometer  is  in  ohms  V/y,  and 
this  is  to  be  used  as  the  value  of  R  in  equation  (72). 

If  a  galvanometer  of  high  resistance  be  not  available, 
an  approximate  test  can  be  made  by  means  of  a  sensitive 
galvanometer  of  low  resistance.  The  battery  and  gal- 
vanometer are  joined  in  scries  with  a  resistance  K,  and 
again  with  a  resistance  R'.  Let  D  and  B'  be  the  de- 
flections, which  must  have  a  difference  comparable  with 
either.  Then,  supposing  B  and  r  to  be  the  same  in 
both  cases,  and  putting  G  for  the  resistance  of  the 
galvanometer  we  have 


2)  =  ji 


D'  =  'n 


ii  +  G  +  r  R'  +  G  +  r 

I  where  vi  is  a  constant, 
^KTherefore  we  find 
^m  D'R'  -  DR       -, 

f  '■^     -D---ff-'^  ■     ■     •     • 

Mance  has  shown  how  to  determine  the  resistance  of  Mmdo'*  J 
a  battery  by  means  of  Wheatstones  Bridge.  The  ^}ai\^  I 
battery  is  placed  in  the  position  BD  of  Fig.  70  above.  B««i«t«nBiB 


(M) 


and  a  key  is  connected  between  B  and  C.     The  resist- 
*  Sre  YdI.  II,,  aUa  the  KoU  in  tb>  Appendix  10  the  praeent  Tolamv. 
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io  chi"  i-  '■-  ^ 
corretit:  prxiL 

This  meth 
asele^.  chiel 
effective  elev 
alteration  ot 
place  when  t 
has  discusset 
iuiproved  by 
galvanometei 
and  gives  nc 
more  easily  i 
enter  into  fui 

Sir  Williat 


for  the  „ 

Kesisunce  resistance  oi 

Gdvi^.^   galvanometei 

meter,     jg  varied  by 

BD  of  Fig.  7 

i^A    hv 
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nearly  annulled  by  means  of  a  magnet,  and  the  resist-  Thomson's 
ances  r^,  r^  7*3  are  adjusted  until  no  alteration  of  the    for  the 
galvanometer  deflection  takes  place  when  the  key  in  R««^»^ce 
CD  is  depressed.    When  this  is  the  case  C  and  D  are  at  Galvano. 
the  same  potential,  since  the  addition  of  the  conductor     ™®*®'- 
CD  does  not  disturb  the  current  distribution  in  the 
network ;  and  we  have  for  the  resistance  r^  of  the 
galvanometer 

^4=  -^3. 


VOL.  L 


^  ^ 
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FABADArS  SPHERICAL  CONDENSEIJ. 

was  uaeJ  by  Faraday  in  hia  experiments  on  Specific  ^"*'''''?i- 
Inductive  Capacity,  and  is  shown  in  Fig.  86.  An  outer  Sphering 
brass  shell  B  is  supported  on  a  base-piece  as  shown  in  '^°"  i 
the  figure,  and  ia  fitted  above  with  a  tubulure  r,  filled 
by  a  long  plug  of  shellac  b.  The  internal  brass  ball  A 
is  supported  in  a  position  concentric  with  the  outer 


;  by  a  thin  stem  passing  up  through  the  shellac 
g  and  tenuinating  in  a  knob  a.  The  support  below 
(  perforated  so  as  to  form  a  tube  by  which  the  space 
between  the  spheres  can  be  filled  with  dry  air  or  any 
gas.     A  stopcock  r  enables  this  passive  to  be  closed. 


and  is  sliowii  in  sec 
internal  siilioro  was  -J 


face  of  the  external  sh< 
shell  was  suDDOrted 


GUARD-RING  COSDENSER.  HI 

t  '255  centimetre  had  to  be  added  to  tliis  number  to 

■ect  for  the  effect  of  the  support  and  the  conducting 
s.  It  ia  difficult  to  make  the  surfaces  of  such  a 
denser  truly  spherical,  and  to  fix  them  so  accurately 
heir  places  as  to  enable  the  capacity  to  be  calculated 
h  sufficient  exactness,  and  comparisons  of  this  con 
aer  with  others  showed  that  this  value  of  the 
acity  was  probably  too  low.     A  preferable  condenser  Thomaon'* 

p     Gnerd- 
riag  Cnn- 


^ 


I  parallel  plate  condenser.  This  is  shown  diagram- 
tically  in  section  in  Fig.  88.  (An  actual  instrument 
istructed  by  Dr.  J.  Hopkinson  is  shown  in  Figs.  101, 
!  below.)  The  guard-ring  It  forma  as  it  were  part 
a,  cylindrical  metal  box  nearly  closed  by  the  disc  I) 
ich  the  ring  surrounds.  This  box  and  disc  are  sup- 
ted  on  a  glass  stem  well  covered  with  clean  shellac, 
i  a  separate  glass  stem  within  the  box  insulates  the 
a  D  from  the  ring.     A  wire  passing  through  a  hole 


■:i:ic?±Ei5ox  OF  capacities. 

'  ■-  Th-=  :Tli:i-iTi.-:il  vall  ot  the  box  makes  contact  t^ 
i-  ■i.-icrT-.r.-i  ::  :i:.e  disc.  The  other  plate  rf  (be 
.TDir^Eitr  is  :;r::i-M  by  the  large  disc  P  above.  Thii 
tLi:e  U  o^^tt:'^!  br  i  ^loss  stem  mounted  in  a  socket  it 
■z-t  -iiznTziij  :z  1  3ae  screw  working  in  a  fixed  nm 
iV't.  Ej  vjm:::;  ■:£#  micrometer  head  of  this  serei, 
■It  L<:j^;-^  :•:  P  a^-^xa  the  oppiaite  disc  can  be  altered 
":;--  izj  Tz-:-,zi-i  aaocnt.  Th*  condenser  and  its  sop- 
Tii'^iii;  irj^^T ■•'■.•' tk  are  mounted  on  an  iron  sole- 
-.li'.K.  r.--.:  ■^:.*.."i:  U  cnt  a  circalar  groo%'e  to  receire 
1  '^rr.c-y.ii.^  ^'.jjs  cover:  and  to  enable  a  diy  atiDO- 
j-":.:!^  :■.  x  ni.iin'jiinei  about  the  insulating  stenUi 
?r\^—-i-ii  ::'  j:-i=::ot,'  moistened  with  strong  sulphuric 
i.:.;    iT^-    jintjiiLe-i   in   a  lead    trav   fdaced  on   the 

Tirt  —iZLrL^z  of  Gsin^  the  condenser  is  as  folio**: 
T-.t   z^^^---'-'-^  -lai  ^'^  ;"*  connected  together  uul 


SLIDING  CYLINDRICAL  CONDENSER. 

,inii  therefore  for  the  charge  Q  upon  the  disc  when  the 
condenser  is  charged  to  potential  V 


'  iird 


I 


A  cylindrical  conHei 
been  invented  by  Sir  William  Thomson,  and  used  by  cjUnilri- 
MesflTB.  Gibson  and  Barclay  in  their  determinations  of  ^^°' 
the   specific   inductive   capacity   of  paraffin  described  ~ 


Fio.  8 


below.  The  instrument  is  represented  in  longitudin^ 
section  in  Fig.  80,  and  in  cross-section  through  C  and 
A  in  Figs,  90  and  91,  The  essential  parts  are  two 
circular  cylinders  of  brass  aa,  hb  of  the  same  diameter, 
supported,  with  their  axes  in  line  and  a  gap  between 
their  adjacent  enda,  on  vulcanite  pieces  cc,  dd,  attached 


l'  -.hts^  .;vUn'lprs  vat 

.■■::i:i:iir::res.  Th«e 
.  zi-rJsiiTifmoDt  of  tie 

-;""•:=  aoi  All  I'.Y^lW 

■-•i  rL-fr  :wo.  on  t-At 
:  .1  -'r.^r  inucr  surfift' 
:  ■:'  tLi;  ejIiDJer^a! 
:-  :'  "izi  hv  winJiit; 
".r.-z  -ce  Iciijthof  a 
.--.-^  I'.T  the  ihickDeis 
-:  was  2-3i>3  ctnti- 
r'i  *.:■  is  to  reststabiy 
;i.:i-.-iir'i5  ■>r  fonranli 
:■  i.'kt  the  relatirc 
:^.j  rubes  aa.  hi:    A 


ELECTRIC  ABSORPTION. 


iiicieaseii  or  diminished,  ee  waa  slided  towards  the  left  ''^^^f™' 
III-  right,  and  the  amount  of  change  of  capacity  was  cyliadn- 
given  by  using  the  displacement  I,  measured  on  the  ^  ''"°' 
scale  kk,  in  the  formula 


c-i 


I 


logF 


(1) 


where  )-'=  2-4-HA7,r  =  1'1515.  Thecapacity  when /=  one 
scale  division  =  ■0635  centimetre,  was  therefore  "0413 
centimetre. 

This  instrument  has  been  modiBed  so  as  to  give  it  Bewnd 
greater  range  by  adopting  the  arrangement  shown  in  Sliding 
'  Pig.  92.  Here  both  ee  and  U,  (h  and  c  of  the  figure)  are  S  ~ 
movable,  so  as  to  alter  the  capacity  of  aa. 


i5tf; 


iSi 


Except  when  the  dielectric  is  a  gas,  the  phenomena 
of  chaise  and  discharge  are  complicated,  and  the 
results  of  experimental  comparisons  of  the  capacities 
of  condensers  more  or  less  affected,  by  what  is  generally 
called  Electric  Absorption.  If  a  condenser  having 
a  solid  or  liqiiid  dielectric  be  charged  by  applying  a 
battery  for  a  time  sufficient  to  give  a  uniform  potential 
V  throughout  the  charged  plate  of  the  condenser 
and  then  be  left  to  itself,  its  potential  will  be  found 
after  the  lapse  of  a  short  time  to  have  considerably 


of  pot«titnl   is  Ally 
dmogh   the  dtclL-ctric  « 
Put  of  it  is  line  to  • 
I  IB  the  didectric  roedinm  wlii«  Ibe 
'  IB  thai  gut.  which  requires   time   Ui  kriug 
awl  »  called  electric   absorptioii   inm  tlx- 
left  tkaA  it  waa  eaaaed  hy  the  penetntion  t<! 
pHt  «f  th»  electfie  chaige  into  the  saboUDce  of  the 
tftfartrk.     A.  fipthg  di^ge  m  Dccooaary  to  re&lore  tbc 
faiBer  pf  ■till,  aad  if  ^i  be  given  by  a  seoood  slwti 
•f  Am  — y— *  dnrging  battery,  a  aecom) 
of  pnhnlial  aot  ■>  gieat «« the  fiist  will  be  pndaeed 
I  aa  oo  Car  a  third,  fourth.  fifUi,  Ac. 
Tbos  if  the  coadeoser  be  c)»rg»l 
hf  a  loog-OMitiaiied  applicatioa  of  the  battery,  it  vill 
take  a  eonndenhlj  graater  diaige  than  if  the  saior 
p"^^'f*'**  had  faea  pcodooed  by  an  iDstantuiitioos  oi_ 
Bhrart-continaed  applicatioa.     Sioiilar   results  ate  0 
tained  when  a  coDd^aser  is  discharged.     If  it  has  h 
charged  by  a  lon^  contact  with  ihe'cbargii^  batUrjr.l 
has  been  left  to  itself  for  some  time  after  charge  Ir 
short  contact,  and  is  then  dischaiged  by  a  fihort  a 
tact,  it  will  be  found  immediately  after  t 
poteaUal,  bat  after  some  little  time  t(  i 
again  to  hare  acquired  a  potential  of  the  ■ 
I,  and  can  be  again  discharged.     In  tbi 

or  more  dischoiges  can  be  obtainodL] 
are  permanently  reduced  to  aero  p 
i!uzid&  after  the  first  coostituto  what  i 
urge  of  the  ctmdenser. 
i^menti  of  residual  charge  have  l 


ELECTRIC  ABSORPTION. 

deal  investigated  of  late  years.  KoblrauBcb  *  first  ■ 
pointed  out  the  close  conoectioQ  between  tbe  plieno- 
mena  of  residual  charge  and  tbe  slow  working  out  of 
eubpermanent  strain  sliown  by  many  clastic  substances, 
and  called  by  German  physicists  Elasliscjie  Nach- 
wirkuTig.^  It  has  been  found  for  example  by  Dr. 
HoptdnsoQ  that  if  a  Leyden  jar  be  charged  positively 
by  an  application  of  a  battery  continued  for  a  long 
time,  say  a  week,  then  negatively  for  a  shorter  time, 
■ay  a  day,  then  positively  for  a  very  much  shorter  time, 
say  a  few  minutes,  the  residual  discbarge  will  be  alter- 
nately positive  and  negative.  This  behaviour  is  closely 
analogous  to  that  of  a  wire  which  has  been  held  twiate<l 
for  different  intervals  in  successively  opposite  directions. 
Dr.  Hopkinson  has  also  found  that  mechanical  agitation 
of  the  dielectric  such  as  that  produced  by  tapping  the 
jar  has  a  marked  effect  in  accelerating  tbe  residual 
discbarge. 

Attempts  have  been  made  with  fair  success,  notably 
by  Clerk-Maxwell,  to  account  for  electric  absorption  by 
imagining  the  dielectric  to  be  heterogeneous,  in  the 
sense  of  being  made  up  cff  different  imperfectly  insu- 
lating substances,  such  that  the  ratio  of  the  specific 
inductive  capacity  to  the  specific  conductivity  is  not  the 
same  for  tbe  different  media. 

*  Kohlrauich  hu  Bhawn  that  the  inataiitaneooa  diarhar)^  is  indepen- 
dent of  the  rpsiilDal  chnrge,  and  that  for  a  givtn  jar  left  to  itself  for  a 
given  time  Hfter  cbarging.  the  rcBidaal  chargo  is  pioportioiud  to  the 
ioilial  potential. 

t-  Fogg.  Ann.  SI,  1364.  See  also  on  thii  anbjecl  Eneyi^  Brit.  Art. 
'  Electricity, '  by  Prof.  Chryital ;  Ajrton  and  Pory,  FUeonty  ^ 
Ouitaria.  Proc.  R.8.  187S. 


It  might  appear  from  the  preceding  that  owing  b 
existence  of  electric  absorption  the  capacity  of  a 
nn  indefinite  quantity,  depending  on  lh« 
harge  or  discharge.  This  is  not  the  case  bow( 
as  it  has  been  found  by  several  experimenteis 
ordinary  condensers,  provided  the  time  of  charge  or 
(liscliarge  do  not  exceed  an  interval  of  a  qoarter  ot 
half  a  second,  the  charge  required  to  produce  » 
potential  V,  or  which  is  withdrawn  in  annulling  ft 
potential  V,  arc  sensibly  the  same  and  indepemlei 
of  the  duration  of  tlie  contact.  This  is  called  tl 
instantaneous  charge  of  the  condenser,  and  the  capacil 
of  a  condenser  is  defined  as  the  amontit  of  the  instu 
tanoous  charge  required  to  produce  unit  potential  at 
insulated  coating,  while  the  other  is  at  zero.  T 
methods  of  comparing  capacities  described  below  « 
not  therefore  (except  in  the  case  of  cables  wbicb 
require  a  sensible  time  to  acquire  throughout  the 
potential)  involve  any  ambiguity. 

In  the  investigation  of  the  specific  inductive  capaciQ 
of  paraffin  referred  to  above,  tho  capacities  of  two  coi 
detisers  were  compared  by  an  instrument  invented  b] 
Thntniutn'ii  Sir  Wilhani  Thomson,  and  called  by  him  a  platymettf 
mXr  This  instrument  is  represented  in  Fig.  93.  A  b 
cylinder  cc,  22"94  centimetres  long,  and  5'1  centime 
in  diameter,  is  supported  by  vulcanite  pieces  rfrf. 
coaxial  with  it  are  placed  in  symmetrical  positions, 
insulated  by  the  vulcanite  supports  w,  two  equal  aho  ^^ 
cylinders  of  thin  brass,  each  7'6S  centimetres  in  lengtl 
and  86  centimetres  in  diameter,  p,p'  thus  form 
sponding  plates  of  two  nearly  equal  cylindrical 
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insers,  of  which  the  opposite  plates  are  furnished  by 
e  cylinder  cc.  The  whole  is  enclosed  within  a  metal 
se  mm,  through  which  pass  insulated  by  plugs  of 
iraffin  the  electrodes  qq  of  p,  p',  and  the  electrode  n 

The  platymeter  was  used  with  the  sliding  condenser  Compui- 

the  following  manner  for  the  determination  of  the  „"""."? 
°  Cnwitiiiea. 

pacities  of  other  condensers.     The  cylinder  aa  of  the  1.  Method 
ding  condenser  was   connected  to  p',  the  insulated    'meter?'" 
ate  of  the  condenser  to  he  measured  to  p,  and  the 
her  plate  and  cylinders  hb,  cc  to  the  case  of  a  quadrant 


If 

^■^J 

H'ri 

^  ^ 

Fio.  SS. 

Sfometer  arranged  for  heterostatic  use.  The  inner 
Under  cc  of  the  platymeter  was  connected  to  the 
ectrode  of  the  insulated  pair  of  quadrants.  We  shall 
tnote  the  condenser  to  be  measured  and  the  sliding 
indenser  by  A  and  iJ,  their  respective  capacities  by 
,  C,  and  the  nearly  equal  capacibies  oip,p'  respectively 


» 


COMPAKISON  OF  CAPACITIES. 

Conipari-  by  r,  c'.    Now  suppose  a  positive  charge  given  to  A,  ami 

(.'np«fitio5.  the  electrodes  of  the   electrometer   coonected  for  od 

b  Y'lBt'^  instant  t«  reduce  the  potential  of  the  cylinder  w-  to  «re, 

meter,     and  p  and  p'  then  connected  so  as  to  share  the  chatee 

on  A  and  p  with  B  and  p'.    Assuming  the  action  hi- 

tween  p  and  «;  to  be  equal  to  that  between  p'  ami  ■ 

that  ifl,  the  two  sides  of  the  platynieter  to  be  precise!' 

equal,  it  ia  plain  that  the  resulting  potential  of  et  musi 

be  positive,  zero,  or  negative  according  as  the  capedtf 

C  +  c  is  greater  than,  equal  to,  or  leas  than  C  +  c.    It 

is   plain  also   that,   under    the    same   conditions,  the 

potential  of  cc  must  be  negative,  zero,  or  positive  when 

B  ia  the  positively  charged  conductor,  or  positive,  wo, 

or  negative,  if  B  be  negatively  charged.     In  Gih»n 

and  Barclay's  experiments  one  conductor  was  positively 

the  other  negatively  charged,  as  this  gave  more  markcl 

effects   without  increased   risk  of   breaking  down  uf 

insulation. 

The  capacity  of  the  sliding  condenser  was  aiijuatC' 

so  that  when  A  was  connected  to  p'  no  alteration  in  Hit 

potential  of  cc  was  produced  by  putting  pp'  in  eontatf 

after  charging,     On  the  assumption  that  c  =  c\  liii-^ 

gave  C  =  C. 

^ompiiri-       It   was   found   however  that  when  A  and  B  were 

inacitiM"  iiitcrchanged  without  alteration  of  their  capacities  tlie 

by       connection  of  p  with  p'  disturbed  the  potential  of  «- 

Plat/-'^    The  two  sides  of  the  platymeter  were  therefore  not 

meter,     exactly  equal.     But  in  order  that  the  potential  of  * 

should  be  unaltered  after  the  two  condensers  are  put 

into  contact,  it  is  only  necessary  that  their  capaciues 

should  be  adjusted  so  as  to  be  in  the  ratio  of  the 
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capacities  of  the  sides  of  the  platymeter  with  which  ^°^f^'^ 
they  are  respectively  in  coDtact.     The  capacity  of  the  CnpodtieJi 
sliding  condenser  in  the  interchanged  arrangement  was  jm^'g^grtl 
therefore  altered  until  the  effect  of  making  contact  was     Platy-  ■ 
rendered  zero.     CalUng  the  new  capacity  (7,,  we  have     °"'^'  M 
the  two  equations                                                                           ^H 
r         C          c         C\                                             H 
6"'        ?  ^    C'                                        V 
and  therefore                                                                                    V 

c=^(ni\ (2)        1 

As  an  example  we  may  take  the  measurement  of  the  Eismplo : 
capacity  of  the  eliding  condenser  when  the  index  was   ^^J'lf' 
at  a  given  position  of  the  scale.     This  was  done  by    Sliding 
comparing  it  with  the  splierical  condenser  already  de-  siilrical 
scribed.     The  sliding  condenser  was  adjusted  so  that      Co°- 
when  connected  to  the  eide  p  of  the  platymeter,  and 
the  spherical  condenser  to  p',  the  potential  of  co  remained 
unchanged  when  after  the  system  was  charged  as  de- 
scribed, jj  and  p'  were  put  into  contact.    The  reading  on 
the  scale  of  the  sliding  condenser  was  then  211.     The 
condensers  were  then  interchanged  and  the  same  opera- 
tions repeated,  and  the  reading  1S3  was  obtaiDed  on  the 
^ding  condenser.     A  second  pair  of  experiments  gave 
211  and  186  as  the  readings. 

Now  the  capacity  of  the  sliding  condenser  per  scale 
division   was   found,  p.  425,   to   be   -0413   centimetre. 
Hence  taking  the  value  63-519   centimetres  for   the 
capacity   of   the   spherical   condenser,  ita  capacity   in 
t«nns  of  that  corresponding  to  a  scale  division  of  the 
sliding  condenser  taken  as  unit  was  153S.     Calling  the 
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!  capacity  of  the  slidiug  condenser  when  the  slide  wa,-^  ■ 
zero.  A,  we  have  for  the  total  capacities  of  the  aliilm 
condenser  in  the  first  pair  of  experiments  A  +  211  w 

I   A  +  183,  and  in  the  second  pair  A  +  211  and  A  +  !■■ 

■  Hence  taking  the  arithmetic  mean  instead  of  il. 
geometric,  we  have  approximately 

A  =  1538  -  198  =  1340, 
and  for  the  capacity  C  in  C.G.S.  units 

C=  1340  X -0413  =  14-04. 
The   following   method   given   by  Maxwell   forj 

.  comparison  of  the  capacities  of  two  guard-ring  j 
densers,  is  a  modification  of  a  method  used  by  C&ve^ 
for  the  approximate  comparison  of  two  parallel  | 
condensers  of  the  simpler  form.  The  reader  can  i 
make  a  diagram  for  himself  by  drawing  dia^ 
matically  two  guard-ring  condensers  side  by  side.  I 
A,  B,  C  denote  respectively  the  small  disc,  gnw 
with  metal  backing,  and  large  disc  of  one  condal 
A',  S,  C  the  corresponding  parts  of  the  other! 
denser.  The  following  operations  are  performed  « 
B  ia  kept  connected  to  C ,  and  i?"  to  C,  all  conneu 
being  made  with  wires  of  negligible  capacity. 

1.  A  is  connected  to  B  and  C,  and  with  the  elect 
•/"  of  a  Lcyden  jar  or  a  large  battery,  and  A'  is  com 
to  B"  and  C,  and  with  the  earth. 

2.  A,  B,  C  are  insulated  from  J. 
is  insulated  from  if  and  C",  and  A'  froi^ 

andC. 

4.  B  and  C  are  connected  with  J?  and  C  and  ' 
the  earth. 


FABADAY'S  METHOD. 

5.  A  \3  connected  with  A'. 

6.  A  and  A'  are  connected  with  the  electrode  of  the 
insulated  i^uadranta  of  an  electrometer  or  with  &  sensi- 
tive electroscope. 

By  this  process  A  and  A'  are  chained  to  equal  and 
opposite  potentials,  and  if  their  capacities  are  equal  the 
resulting  potential  after  operation  5  is  performed  will 
be  zero,  and  the  electroscope  will  show  no  deflection. 
By  adjusting  therefore  one  of  the  condensers  until  this 
result  is  obtained  the  capacity  of  the  other  condenser 
can  be  found  in  terms  of  that  of  the  first.  Thus  the 
effect  of  putting  a  slab  of  some  insulating  substance 
between  the  plates  of  one  of  the  condensers  can  be 
determined  by  performing  this  process  before  and  aft«r 
the  introduction  of  the  slab.  All  the  operations  here 
described  can  be  performed  in  rapid  succession  by  a 
properly  arranged  and  well  insulated  key. 

If  the  condensers  be  not  guard-ring  condensers  this 
method  can  yet  be  appUed  with  accuracy  in  any  case  in 
which  A  and  A'  may  he  regarded  as  surrounded  by  the 
ijther  plates  C  and  C".  For  example  A  may  be  the 
iusulated  cylinder  aa  of  a  sliding  condenser,  and  A' 
i.hi-  internal  surface  of  a  spherical  condenser,  or  with 
.sufficient  accuracy  the  interior  coating  of  a  Leyden  jar. 
It  is  only  necessary  in  the  above  operations  to  regaled  S 
as  coincident  with  0',  and  £"  with  C. 

The  following  method  ia  practically  that  used  by 
Faraday  in  his  determination  of  specific  inductive 
capacity.  Two  condensers  have  their  plates,  which  are 
usually  uninsulated,  connected  to  earth,  and  one  of  the 
other  plates  is  charged  to  a  potential  which  is  observed 
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I  by  means  of  an  electrometer.  The  insoJateJ  plate 
t)ie  other  condeuser  is  then  brooght  ioto  oootact  i 
tlie  charged  plate  bj  means  of  a  fine  wire,  and 
iliminished  potential  is  observed  br  the  electroiM 
If  one  of  the  condensE-rs  is  an  air  condenser,  that  sbd 
be  the  condenser  lirst  charged,  and  the  contact  with 
insulated  plate  of  the  other  should  be  made  only  for 
inHtAnt  and  then  broken.  This  avoids  the  pbenon 
referred  to  above  as  electric  "absorption"  wbicb 
place  in  solid  dielectrics.  Calling  C,,  C^  the 
of  the  condonsers,  c  that  of  the  part  of  the  ela: 
meter  charged  by  being  put  in  contact  with  the  < 
denser,  V  the  potential  before  and  V  that  afl^r 
Klinriog  of  the  charge,  then  since  the  charge  i«mi 
constant  we  bavo 

V(JJ,  +  0  =  K'(C,  +  C^  +  c)    .    .    . 


If  c  is  negligible  as  it 


}  this  givi 


CnMoity 
of  Elwtto. 


Farnday  compared  the  potentials  V,  V  by  bringii 
carrier  ball  into  contact  with  the  knob  of  the  condeo 
before  and  after  the  discharge,  and  comparing  by 
torsion   balance   the   charges   earned   off  in   the 
cases  (see  below  p.  452). 

If  the  capacity  c  of  the  electrometer  is  not  i 
ligible,  then  if  it  be  supposed  independent  of  I 
deflection,  another  equation  may  be  found  with  wl 
to  eliminate  it,  by  first  charging  the  electrometer 
some  potential   V,  and  then  sharing  the  charge  1 


THOMSON'S  FIRST  KULL  METHOD. 

the  condenser  of  capticity  C,  so  aa  to  give  a  potential 
v.     ThJB  ^ves 

w!  =  v'(C^  +  e). 

Hence  substituting  in  (3)  above  we  get 

C,        V-  V        V 


■     (5) 


We  shall  now  describe  aome  methods  of  comparing 
I  capacities  which  are  useful  in  cable  testing,  and  in  the 
determination  of  the  capacities  of  condensers  in  cable 
work  generally. 

The  first  of  these  methods,  which  is  due  to  Sir 
William  Thomson,  requires  three  condensers  of  known, 
one  of  them  of  variable,  capacity,  besides  the  condenser 
the  capacity  of  which  is  to  be  measured.  Let  the  four 
condensers  be  called  A,  B.  C,  D,  their  capacities  be 
denoted  by  C^.  0\.  C^,  C^.  and  let  C  be  the  variable 
condenser  and  D  that  of  which  the  capacity  6"„  is  to  be 
found.  (A  figure  may  be  made  by  the  reader.)  The 
insulated  plates  oi  A,  C  are  first  connected  together 
and  brought  to  some  convenient  potential  by  giving 
them  a  charge  from  a  Leyden  jar,  or  by  applying  one 
terminal  of  a  battery  the  other  terminal  of  which  is 
connected  to  the  earth.  They  are  then  disconnected, 
the  charged  plate  of  A  put  in  contact  with  the  insulated 
plate  of  B,  and  that  of  C  with  the  insulated  plate  of  D. 
An  electrometer  of  which  both  pairs  of  quadrants  are 
insulated,  has  one  electrode  connected  to  A  and  B,  and 
the  other  to  0  and  D,  and  C  ia  varied  in  capacity,  if 
need  be,  until  both  pairs  of  condensers  are  brought  to 
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_     the  same  potential,  which  will  of  course  be  the 
J     when  the  deflection  of  the  electrometer  has  been  re- 
duced to  zero.    We  have  if  f^  be  the  poteotial  ofAanA 
0  before  contaet  with  B  and  D,  and  V  the 
poteuliftl  after  the  adjuatment  has  been  made 


e.  +  c,    c,  +  c. 


re. 


.'C, 


m 


A  well  insuUted  nnd  sensitive  galvanometer  with 
insuliited  key  may  be  arranged  instead  of  an  electro- 
meter betwBPn  the  pairs  of  charged  plates,  and  the 
criterion  of  equality  of  potentials  will  then  be  zero 
deflection  of  the  galvanometer  needle  when  the  key, 
previously  kept  raised,  is  tapped  down  after  the  opem- 
tion  described  above.  The  use  of  a  galvanometer  has 
however  the  disadvantage  that  the  whole  series  of 
operations  must  bo  gone  through  at  each  disclmige. 
This  is  not  necessary  when  an  electrometer  is  used,  a* 
then  only  potentials  are  compared  without  discharge. 

If  /)  be  a  condenser  of  great  capacity,  such  as  a  long 
cable  with  the  further  end  insulated  in  air,  time  most 
be  given  for  the  condenser  to  become  charged  through- 
out to  the  same  potential,  and  a  corresponding  time  for 
the  equalization  of  the  potential  of  D  with  that  of  0 
when  these  condensers  are  put  in  contact.  The  time 
generally  allowed  for  a  long  cable  is  twenty  to  thirty 
seconds  and  about  the  same  for  equalization. 

la  order  to  ensure  accuracy  the  condensera  ^ 
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C,,  C"j  should  be  all,  if  possible,  nearly  equal  In  any 
case  C,  should  not  be  small  in  comparison  with  C^,  nor 
Cj  in  comparison  with  C^ 

The  next  method  is  also  due  to  Sir  William  Thomson  6.  Thorn- 
and  is  much  used  in  cable  testing.  The  arrangement  g^^nd 
of  apparatus  is  shown  in  Fig.  94.  k^^Ia 

A  battery  of,  say,  twenty  Daniell's  cells,  insulated  by 
having  for  the  outer  containing  vessel  dry  vulcanite  or 
earthenware  pots  supported  on  a  dry  table  or  board,  has 


ita  terminals  connected  through  the  reversing  key  K,  to 
the  extremities  of  the  series  of  resistances  a,  b.  These 
xeastancea  are  connected  at  equal  intervals  as  shown 
diagrammaticaily  with  pieces  of  metal,  which  form  a 
•et  of  contact  pieces,  along  which  a  slider  carrying  a 
binding- screw  can  be  moved  as  in  the  instrument 
described  above  (p.  322),  and  so  the  resistance  between 
the  slider  and  the  extremities  of  a,  h,  varied.  A 
I  attached  to  the  slider  is  connected  to  earth,  to 
which  are  also  connected   the  uninsulated  coatings  of 
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Thomaon'i)  the  Condensers  C  and  Z  to  be  compared.     C  ia  htt 


Hethod. 


supposed  to  be  the  standard  or  known  condenser,  Z  ^ 
cable  with  its  remote  end  free  in  Mr.  The  texmijial  u 
of  the  resistance  slide  is  connected  with  the  insuUw-i 
coating  of  the  condenser  L,  the  terminal  i  with  tti. 
insulated  coating  of  (/  through  the  insulated  kej  A 
This  key  besides  being  capable  of  giving  these  cum- 
nectioos,  can  also  be  made  to  disconnect  the  resistautv 
alide  from  the  condensers,  and  to  put  the  insuUteii 
coating  of  the  condensers  into  contact.  By  beinj; 
brought  into  contact  with  a  and  h  the  respective  c 
densers  are  charged  to  the  potentials  of  those  putnls. 
Now  since  the  slide  is  at  zero  potential,  if  K,  be  the 
potential  of  A,  if,  the  resistance  between  A  and  t^J 
slider,  £iud  B,^  the  resistance  between  the  slider  And% 
the  potential  at  o  will  be  —  F^  where 

_  f  I  _  -?i 

Fg      \ 


Hence  the  potential  of  the  condenser  £  is  —  K,  and 
that  of  C  is  V^,  and  these  potentials  are  proportional  to 
the  respective  resistances  B^,  Jt^.  By  means  of  the  kejf 
K  the  condensers  are  brought  to  one  potential,  and 
this  is  zero  if  ViCi  =  -  F^Cj.  To  test  whether  the 
potential  is  zero,  the  key  K^  is  depressed  and  coni)t>L 
the  insulated  coatings  of  the  condensers  to  ear' 
through  a  sensitive  galvanometer  G.  Any  differem 
of  potentials  between  the  coatings  and  the  eartii 
thus  annulled  and  gives  rise  to  a  current  through  tl 
galvanometer.    The  slider  ib  adjusted  until  no  curreu^ 


I 


THOMSON'S  SECOND  NOLL  METHOD. 

is  tlius  produced  tlirough  the  galvanometer.     We  h 
then 


"-S, 


r  For  accuracy  R^  and  fl,  should  be  somewhat  high 
resistances  so  as  to  ensure  an  exact  knowledge  of  their 
ratio,  and  C,  should  be  as  nearly  as  possible  equal 
to  Cg. 

Wlien  a  cable  is  tested  sufficient  time  must  be  given  AppUa 
in  charging  to  enable  it  to  acquire  the  same  potential  Oalito. 
throughout,  and  for  the  discharge  of  one  condenser 
into  the  other;  and  the  tests  are  repeated  with  the 
battery  reversed  on  the  slide  to  eliminate  the  effect  oi 
any  existing  charge  in  the  cable.  It  is  usual  also  to 
make  a  number  of  tests  and  take  the  mean  result. 

Instead  of  a  more  or  less  elaborate  key  K  arranged 
to  perform  all  the  operations  quickly  and  conveniently, 
a  system  of  two  pairs  of  cups  1,  2,  3,  4  arranged  in  the 
square  order 

1        2 


may  be  cut  in  a  slab  of  paraffin  and  filled  with  mercury. 
The  terminals  of  a,  b  are  connected  to  1,  2,  the  insulated 
plate  of  the  condenser  to  i,  and  that  of  C  to  3.  By  a 
connecting  bridge  of  wire  held  by  an  insulating  handle, 


[ 


OOHPASUOH  OP  CAPACXIIB. 

1  and  S  Are  connected,  sad  in  the  wine  wi^  S  aaA  ^ : 

M  to  charge  the  coodenaen. 

ttiiin  reinoTbd,  and  3  and  4  c 

one  condenser  into  the  other.     ^WB  by  mf  nt  tt  d 

key  JCf,  or  h;  another  mercury  cop,  etmaeeb&A  ij  i 

wire  bridge  with  3  or  4.  the  eondenacr  nnatiiip  • 

connected  with  earth  through  the  gBlrsiKniteter. 

Plainly  in  thiB  case  also  an  electrometer  may  be  in 
iniiteud  of  the  galvanometer.  One  pair  of  quadraoti  if 
connected  to  enrth,  the  other  pair  throogh  the  key  S^ 
to  the  coudenttere. 

The  following  method  of  comparing  capacities,  whkk 
in  due  to  Mr.  de  Sauty  of  the  Eastern  Telegnpk 
Company,  is  convenient  for  the  comparison  of  the 
capaciliea  of  condenaera  in  which  electric  absorption 
doea  not  como  into  play.  The  arrangement  of  tlie 
apporatufl  is  shown  in  the  diagram,  Fig.  95,  JT  b  * 
key  which  when  depressed  puts  into  contact  with  the 
point  of  junction  of  two  variable  resistances  .B,.  R^  one 
terminal  o  of  a  battery,  the  other  terminal  b  of  which  is 
connected  to  the  earth.  The  other  extremities  C,  D,  d 
these  reRiatancea  are  connected  to  the  insulated  coatings 
of  the  condensera  C,,  C^,  which  are  to  be  compared, 
The  other  coatings  of  these  condensers  are  connected  k 
earth,  C  and  D  are  connected  likewise  through  \ 
sensitive  galvanometer  G.  When  the  key  K  \&  i 
depressed  it  joins  A  directly  through  a  wire  to  th( 
earth.  R^.  R^  are  adjusted  so  that  neither  in  char^ 
the  condensera  by  applying  the  battery  to  ^,  nor  ii 
lischarging  by  allowing  the  key  to  connect  A  directly 
to  earth,  does  any  current  pass  through  the  galvano* 
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meter.      (If    any  inCuence   of   electric   absorption   is  Db  a 
sensible,   the   ratio   of   resistances    wliicli    gives    zero 
galvanometer  current  when  charging  will  not  generally 

be  the  same  for  chaise  as  for  discharge.)  When  no 
deflection  of  the  galvanometer  needle  takes  place,  the 
potential  at  C  and  D  must  throughout  the  discharge 
have  been  the  same  at  each  instant,  for  the  condensers 


could  not  discharge  in  such  a  way  as  to  give  a  current, 
first  in  one  direction,  then  in  the  other,  through  the 
galvanometer,  and  so  Iteep  the  needle  at  rest.  But  if 
7,  be  the  current  through  R^  and  7^  the  current  through 
£,,  V  the  common  potential  of  G  and  D,  C^,  C,  the 
capacities  of  the  condensers  connected  with  R^  M^ 
respectively,  wo  have 


L 


u  <>:?.). 


xxniEos  or  CAMcram. 


-3^  >  ^u  sruKB  J['  JL.  £^  tnco  tb«  time  aim  <t  I 
"-"~--'~'"    e'  ';u  ■■iiiu-.caa  ^  :ce  wne^xKidiiig  condaiien 
If:    r-.'U.   u  ^a^-a    Tjrair..       This  cut   oolj  be  the 


•   t9) 


^'ll:^  r-i^si.':  iut  ':«  jt^a  3ioc«  cbbIt  as  ftdlows.  Let 
•;  ;a.  .r::<:-:a:9tor«  ^~e  ihtiiz  insulated  coatbigs  JMned 
^  :>'  c'.r:4  .i'  ^^'lal  r^ssKsow  in  the  "if"""'  ibovn 
-r.  -.c.:-:3S:r*  hl  r;^  Mw  Then  jJain^  tlie 
»;u-2i^  ,i:  i.j3i:i::Lr_-.:3£  r^rwn:  in  ead  wire  will  be  the 


METHOD  BY  DIRECT  DEFLECTION. 

in  absolute  unitd,  is  frequently  employed  to  obtain  Direct 
rapidly  a  comparisoii  of  the  capacities  of  two  con-  MeSod 
densers.  It  is  called  the  Direct  Deflection  Method. 
One  of  the  condensers  is  charged  to  a  measured  poten- 
tial and  then  discharged  by  connecting  it  to  earth 
through  a  "  ballistic  "  galvanometer,  that  ia  a  galvano- 
meter (see  Vol.  II.)  the  needle  system  of  which  has  a 
considerable  moment  of   inertia.     Fig.   96   shows  the 


iitRDgement  of  apparatus  with  a  form  of  charge  and 
discharge  key,  the  contact  pieces  of  which  are  mounted 
on  ebonite  pillars  to  ensure  high  insulation.  The  spring 
lever  L  is  provided  with  two  platinum  contacts  opposite 
to  the  platinum  pieces  S^,  S^.  When  depressed  it  makes 
contact  for  charge,  when  released  it  connects  the  plates 
of  the  condenser  through  the  galvanometer.  If  the 
duratiou  of  discharge  is,  as  it  generally  is,  short,  and 
I  are  taken,  for  example,  by  depressing  the  key 
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D>n*l  iBunedutdy  after  the  discharge  contact,  to  diaconned 
HstbwL  t^  galnuioinet«r  immediately  after  the  first  dischsrf 
so  AS  to  avoid  any  effect  of  residual  discharge  c 
eleclrio  sbaorptioD.  the  discharge  may  be  regarc 
huTii^  wholly  takeo  phtce  before  the  galvanomeUj 
n«edle  has  mo\-ed  from  xero.  The  total  deflection  d 
th«  needle  fnim  zero  is  observed.  By  placing  t 
gklranometer  between  the  battery  and  5,,  the  deflectiffll 
produced  by  charging  can  be  obsen-ed.  If  there  i; 
loaikAge  this  latter  deflection  will  obviously  be  gri^au-' 

than  the  former ;  and  if  the  leakage  be  not  too  greai 

the  mean  of  the  two  deflections  with  the  same  battery 
may  be  taken  as  gi^'ing  the  capacity  of  the  condenser. 
The  other  condenser  is  now  charged  to  a  potential  V 
and  discharged  in  the  same  manner  through  the  g 
vaaometer  and  the  deflection  again  observed,     V  ai 
V  should  if  possible  he  chosen  so  as  to  make  the  t*j 
d«fiections    oearly  equal,   in   order  to    eliminate   i 
dunpii^  eflect  which  the  needle  esperiences  1 
ferent  d^rees  in  defiections  of  diflerent  amounts, 
an  instrament  for  comparing  the  potentials  F.  P  is  a 
aviulable,  they  may  be  produced  by  applying  to  t 
condensers  one  terminal  of  a  well-insulated  battery,  X 
other  terminal  of  which  is  connected  to  the  earth,  al 
varying  the  nnraber  of  cells  until  equahty  of  deflec 
is  nearly  obtained.     If  the  battery   be   composed  I 
similar  cells  in  good  order,  the  potentials  may  be  taki 
as  proportional   to   the   number   of   cells   applied 
produce  them.     For  a  rough  determination  it  is  c 
venient  of  course  to  charge  both  condensers  by  1 
same  battery,  and  thus  to  the  same  potential,  and  1 


COMPAEISON  OF  SMALL  COHDENSER  WITH  LARGE. 

fake  the  capacities  aa  proportional  to  the  galvanometer 
deflections  produced, 

Tbe  capacity  of  a  large  condenser,  aucb  as  a  long 
submarine  cable  with  its  conductor  insulated,  may  be 
compared  with  that  of  a  relatively  small  condenser  by 
the  follovring  method,  which  is  due  to  the  late  Sir  W. 
Siemens.  Let  the  large  condenser  he  charged  to  any 
convenient  potential  V  by  means  of  a  battery.  If  the 
capacity  be  C  the  charge  ia  VC.  Now  let  the  large 
condenser  be  connected  to  the  insulated  coating  of  the 
small  condenser,  the  capacity  of  which  we  shall  suppose 
to  be  c.  The  common  potential  of  the  two  condensers 
will  now  he  VCj{C  +  c).  Now  disconnect  the  small 
condenser  and  discharge  it,  and  again  connect  it  to  the 
large  condenser,  disconnect  and  discharge  as  before. 
The  potential  will  now  be  VCJiC  4  c)\  Thus  after 
n  applications  in  this  manner  of  the  small  condenser  to 
the  large,  the  potential  of  the  large  condenser  will  be 
VC'KC  +  c)".  The  deflection  on  a  baUistic  galvano- 
meter produced  by  the  «th  discharge  of  the  small 
condenser  is  now  noted.  The  small  condenser  is  then 
charged,  by  the  same  battery  as  that  used  to  charge  the 
large  condenser,  and  therefore  to  the  same  potential  V, 
discharged,  and  the  deflection  noted.  If  Dg,  D  be  these 
deflections  we  have 


Uothad 
ofCom- 
pnhiiga 
LuTUfi  wf- 


T^d  therefor 


(O  +  'T 


(10) 


Me  COMPARISON  OF  CAPACITIES, 

li  VT.  _  The  comparison  hy  this  method  must  be  maile  is 
A^'nt  rapidly  as  possible  in  order  that  the  effect  of  any  lesk- 
t  Age  of  tho  large  condenser  may  be  made  as  small  k 
possiblp.  Od  tho  other  hand  the  theoiy  of  the  method 
.  proceeds  on  the  assumption  that  the  potential  of  tiie 
oondenser  at  each  discharge  is  brought  tbroughont  to 
th«  wme  Tnlae,  and  this  cannot  be  done  in  a  long  cable 
qdIhb  a  sufficient  time  of  contact  is  given  at  each  dis- 
charge. There  is  fiirther  the  difficulty  of  correcting  the 
deflootJons  for  air  damping,  &c.  The  method  therefore 
cannot  be  r^arded  as  an  accurate  one  for  the  cable 
ftpplicntioD. 

It  is  easy,   when    the    ratio   Cle    is   approiimaleh 
known,  to  inv^tigate  the  best  value  of  »  to  use  to  gm 
rcjiults  as  little  as  possible  affected  by  errors  in  tIv 
observation  of  />,  /)..  but  on  account  of  the  inaccurHri" 
inhcrvnt  in  the  method  for  most  pntctlcal  purposes,  it  - 
of  little  importance  to  use  that  value. 
»,  SItW.       The  arrangement  described  above  (p.  400)  for  the  de- 
Usthoil    termination  of  a  high  resistance  gives  also  a  means  of 
bjr  Slow   determining  the  capacity  of  a  condenser.     For  let  the 
throuib    coatings  of  the  condenser  be  connected  by  a  very  high 
riiwiii^    known  resistance  R  as  described,  and  let  a  difference  nf 
potential  Kbetween  the  coatings  he  prodnced  by  apply- 
ing a  battery.      Let  V  he  observed  by  means  of  an 
electrometer,  the  insulated  quadrants  of  which  are  kepi 
connected  to  the  instilated  coating  of  the  condenser. 
As  the  charge  diminishes  by  conduction  tbrongh  the 
resistance,  the  electrometer  shows  a  diminisbtog  do- 
flection  which  is  observed  at  accurately  noted  instantc 
of  time.    If  V^,  V  be  the  potentials  at  the  b^inniug 
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1 


and  end  of  an  interval  of  t  seconds,  C  the  capacity  of  Sir  w. 

the  condenser,  and  S  the   resistance  connecting   the  Meihod, 

coatings,  we  have  *7  ^J 

-        (       1  ^ 

^  =  El^^ (11)  "^ 

Values  of  Fg,  V,  for  different  values  of  i  are  given  by 
the  observations,  and  enable  a  mean  value  of  £/  to  be 
obtained  free  to  some  extent  from  errors  of  obser- 
vation. 

The  resistance  B  must  of  course  be  very  great  in 
order  that  the  whole  ctarge  may  not  be  so  quickly  lost 
as  to  prevent  the  potentials  from  being  observed  before 
and  after  a  sufficiently  long  interval  of  time.  If  the 
condenser  be  not  a  perfectly  insulated  air  condenser, 
the  actual  resistance  of  the  dielectric  layer  between  its 
coatings  may  be  taken  advantage  of,  and  will  in  general 
be  convenient  for  the  purpose.  To  determine  it  we  use 
an  auxiliaiy  condenser  of  known  capacity  C,  and  re- 
sistance R",  which  lias  been  determined  by  some  method, 
for  example,  the  method  of  p.  405  above.  The  insulated 
coating  of  this  condenser  is  joined  to  that  of  the  con- 
denser to  be  measured,  so  that  the  capacity  of  the  joint 
condenser  becomes  the  sum  of  their  separate  capacities, 
and  the  resistance  between  their  coatings  ER'l[Ii  +  K). 
The  condenser  thus  formed  is  charged  and  the  potential 
at  different  instants  of  time  observed  as  before.  Thus 
if  Ffl',  V  be  the  potentials  before  and  after  an  interval 
of  ('  seconds,  we  have 

r  J-  f"  -  ''(-^  +  -^O        1  n9i 
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with    (11)    BiifiBces    to    iletenDioe  (' 


This    equatio 
and  R 

ICMBthod  We  give  lastly  here  a  method  of  measuring  capacities. 
i^ve  which  was  used  by  Dr.  Werner  Siemens,  and  is  ci 
ciiursfo  importance  in  the  deteroiination  of  Specific  Inductive 
DiaclinrgB.  Capacities.  Fig.  97  shows  the  arrangement  of  t 
apparatus.  .£  is  a  battery  of  a  number  of  well  iusolatai 
constant  cells,  of  which  one  terminal  is  connected  t 


earth,  and  the  other  terminal  to  the  contact  piece  I 
A  sensitive  galvanometer  G  has  one  terminal  connec 
to  the  contact  piece  t,  and  the  other  connected  to  e 
The  pieces  a  and  h  are  so  arranged  that  a  commuta 
represented  diagram matically  by  K,  connected  | 
nently  with  the  insulated  coaling  of  the  condenser  J 
makes  contact  alternately  with  a  and  5.  The  ' 
denser  is  charged  when  a  is  in  contact,  discharged 
when  b  is  in  contact.  This  is  easily  managed  by  mesiis 
of  a  rotating  cylinder  carrying  contact  pieces  which  are 
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pressed  on  by  springs  represented  by  a,  6,  or  by  some 
other  suitable  mecbanical  arrangement.  The  commu-  sneces^ 
tator  is  made  to  give  a  constant  and  large  number  n  of  ^'^SP 
discbarges,  say  from  40  or  50  per  second  upwards,  Thus  nlmrge,  ■ 
if  the  battery  remains  constant,  a  constant  mean  current 
is  produced  through  the  galvanometer.  Let  E  be  the 
electromotive  force  of  the  battery,  and  C  the  capacity 
of  the  condenser,  then  on  the  supposition  that  wc  may 
suppose  the  condenser  completely  charged  or  discharged 
at  each  contact,  we  have  for  the  mean  current  nEO. 
If  »  be  sufficiently  great  this  will  give  the  same  deflec- 
tion as  a  continuous  current  of  the  same  amount. 
After  this  deflection  has  been  observed,  the  circuit  of 
the  battery  is  completed  through  the  galvanometer,  and 
a  resistance  R,  just  of  sufficient  amount  to  give  a  second 
good  measurable  deflection  of  the  galvanometer  needle. 
If  a,  ff  be  these  deflections  corrected  so  as  to  be  propor- 
tional to  the  mean  current  (generally  the  actually 
observed  deflections  may  be  taken  if  they  are  small), 
we  have 


where  m  is  a  constant. 
Hence  we  have 


0  nH 

The  commutator  may  be  easily  arranged  bo  as  to 
charge  the  condenser  alternately  positively  and  nega- 


These  values  of  the  ( 
obtained  od  the  aaeum 
are  Bufficieotly  loDg  to 
charged  to  potential  E, 
long  enough  to  allow 
diachwged.  The  resul 
different  time-intervals 
for  small  condensers  e' 
OS  Tirioi}  of  a  second. 

The  methods  of  con 
more  or  less  on  elec 
described  in  Vol.  II. 


MEASUREMENTS   OF  SPECIFIC  INDUCTIVE 
CAPACITY. 

All  measurements  of   Specific  Imluctive  Capacity 

involve  in  practice  a  comparison  of  the  capacity  of  a 

condenser  with  air  as  the  dielectric  with  that  of  the 

same  condenser  with  the  whole  or  part  of  the  space 

between  tfie  plates  occupied  hy  the  substance  of  which 

the  specific   inductive  capacity  ia  to  be  found.     For 

practical  purposes  the  specific  inductive  capacity  of  air 

(which  is  nearly  the  same  at  all  ordinarily  attainable 

temperatures  and  pressures)  at  0°  and  under  standard 

^atmospheric  pressure  (760  mm.  of  mercury)  is  usually 

P  t&en  as  unity,  and  it  will  be  convenient  at  present  to 

I    follow  this  custom. 

I        According  to  the  Electro  Magnetic  Theory  of  Light  Belniio 
I    (see   Vol,   II.),    the   specific   inductive    capacity   of   a    Csif. 
dielectric  should  be  equal  to  the  square  of  the  index  jif    ^ 
■  >f  refraction  /t^  of  the  medium  for  light  waves  of  in- 
liiiile  length*    This  index  ia  usually  calculated  from  the 
Jiic-asured  values  of  the  index  for  known  wave  lengths 
by  the  formula  fi^  =  A  +  Bjl^,  where  \  is  the  wave 
JL-ogth.    It  is  however  to  be  noted  that  this  is  a  formula 

*  Strictij  M'a>  =  «  X  magnetic  penucability,  or  magnetic  iadBCtive 
capacity,  of  the  mediuiu.     But  there  ia  no  ttansiwireDt  dielectric  for 
which  the  nugaetic  pcrtiieabilitf  dilTura  much  from  that  Cor  sir,  which 
ia  here  taken  aa  unity  (see  VoL  II.). 
■  G  a  ^ 
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of  extrapolation,  and  that  tlie  value  which  it  gives  m:n 
very  frequently  be  seriously  in  error,  Tlie  valgys  m 
fi^  thus  calculated  are  given  below  iu  some  cases  ft' 
comparison ;  in  others  the  value  of  /t  for  the  lioe  b 
is  given. 

The  first  measurements  of  this  kind  were  made  b} 
Cavendish,"  by  a  method  the  same  in  principle  as  tiiai 
described  above,  p.  432.  He  found  for  glass  a  mean 
value  of  about  8-22,  for  shellac  i'iT,  and  for  wax  404. 
These  values  later  experiments  have  shown  to  be  ton 
great,  no  doubt  in  great  measure  from  the  effects  uf 
electric  absorption.  I 

Faraday's  experiments  were  made  by  the  method  and  I 
apparatus  sketched  at  pp.  433  and  410  above.    Tftr 
condensers  of  the  form  shown  at  p.  410,  and  as  neai!} 
equal  as  possible,  were  constructed.     The  inner  surfco. 
of  each  had  a  diameter  of  233  inches,  and  the  outer 
shell  of  each  an  internal  diameter  of  3"57  inches.    T" 
test  tlie  equality  of  the  condensers  the  following  proci-s 
was  employed.     The  condensers  were  set  at  some  lilil' 
distance  apart,  so  that  the  inductive  influence  of  one  'i- 
the  other  might  be  neglected,  and  in  positions  such  tli-i; 
they  were  as  nearly  as  possible  similarly  placed  witi 
respect  to  all  external  conductors,  including  the  obsenii 
The  external  coatings  were  then  connected  once  for  all 
to  the  earth.     The  interior  coating  A  of  one  condenaei  J 
was  then  charged,  while  that  of  the  other,  £,  remuned  I 
uncharged.     The  potential  of  A  was  then  tested  by   , 
bringing  a  small  carrier  hall  into  contact  with  the  koo!- 
and  observing  the  force  produt^ed  at  a  given  distance  ■; 


FARADAY'S  EXPERIMENTS. 

the  suspended  ball  of  a  torsiou  balance.  To  obaervL' 
the  rate  of  loss  of  chaise  the  observations  were  repeated  ■ 
after  a  short  intervaJ,  and  the  result  showed  only  a 
slight  dissipation.  The  charge  of  A  was  then  shared  , 
with  B  by  bringing  A  and  B  symmetrically  into  contact 
fay  their  knobs.  The  potentials  oi  B  and  A  thus  pro- 
duce<l  were  then  tested  by  the  carrier  ball  as  before,  the 
charge  from  B  being  taken  by  the  bail  at  the  instant  of 
oontact  with  A.  The  following  are  two  sets  of  results. 
The  numbers  are  degrees  of  torsion  of  the  glass  thread 
of  the  balance  and  may  be  taken  as  proportional  to 
the  t 


I. 

CeiitrcB  of  Balls  in  Bakore 
160°  apart. 


U. 

Cenlrefi  of  Balls  in  I 
15(r  apnrl. 


^PThus,  taking  the  experiment  I.,  the  charge  divisible 
between  A  and  H  may  be  taken  as  24D.  As  B  was 
found  immediately  after  tUscharge  with  122  it  may  be 
taken  as  having  received  that  amount  at  least.    The 


Charge  divided, 


Both  (liacliarged. 


Charge  divided. 


Both  diacharged. 


FARADAY'S  EXPERIMENTS. 


A  (Sliellac).       B  (Air). 


8p,  lod. 

Ckb.  of 


Botb  discharged. 


Calling  C  the  capacity  of  the  shellac  condenser,  C 
that  of  the  air  condenser,  V  the  potential  before  and 
V  the  potential  after  the  sharing  of  the  charge,  we 
f  have  by  (4)  above 

Hence  from  experiment  I.  we  get 


113-6 
and  from  experiment  II. 
118 


(r  =  - 


-C=  1-55  C nearly, 


C  =  1-37  C  nearly. 


'  20i  -  118 

The  much  smaller  result  in  the  second  case  is  due  to 
dissipation  and  absorption  in  the  shellac  condensers 
between  the  instant  at  which  the  reading  204  was 
obtained  and  that  of  the  division  of  the  charges. 
Faraday    estimated    the    corrected    result    as    nearly 

i-i7  a 


i 

L 


Pmm  ffinr  erpenmaiia  itiatie  by  this  metiuij  Wmakf  I 
aiuin^i  1  mean  remit  <ii  13  !?  ^  die  tajMciJ^  «£  thi  | 
A>:l],io  '!oiMlenaer.  Sow  plainly,  if  we  levari  de 
dit.viTii  !^  of  '.ht>  linei  of  form  m  the  space  betnreai  t£« 
eanrinLrs  vi  sverywiierB  radial,  that  ia.  aegl«t  t^ 
emnias(  down  bowards  tfae  AiJI—  of  Snes  ihirji^ 
fem  thn  lower  part  at  tfae  oppo^  haB^hoK  of  the 
■Bicr  had,  we  have  denotiDg  I7  f  As  s 
opacity  0^  liwnac  relaSivsIy  ta  air 


Ju  tht  iaine  waj  Faraday  fjonJ  for  tin:  ^iis 
/T  =  176,  for  sulphur  f  =  2*24,  utd  fiir  spermaceti 
that  K  was  between  1'3  and  1*6.  For  oil  of  torpentiDe 
aod  naphtha  he  obtained  resolta  which  indicated  a 
higher  specific  indnctiTe  capacitj  than  that  of  air. 
though  here  the  resalta  were  rendered  uncertain  by 
the  ioflaeDce  of  conduction. 

A  long  series  of  experimeste  was  also  made  by 
Faraday  on  different  gases,  and  it  was  foand  that  so  iti 
as  the  means  of  measurement  went  all  had  the  same 
specific  inductive  capacity,  and  that  this  was  inde- 
pendent of  temperature  and  pressnrc. 

For  farther  information  as  to  Faraday's  experiments 
the  reader  is  referred  to  the  original  memoirs.* 

*  Erp.  Rtt.  Series  XI.  p.  371,  el  tq. 


GIBSON  AND  BARCLAY'S  EXPERIMENTS.  457 

h  specific  inductive  capacity  of  paraffin  waa  deter-  Giteoii 

1  by  Messrs.  Gibson  and  Barclay  •  in   1870,  using  BufcIsj'b 

platymeter  and  sliding  condenser  described  above.  Eiperi- 

paraffin  condenser  compared  is  Bho\vn  in  Fijj.  9S.  pntaiGn. 
is  a  cylindrical  brass  vessel  15'5  centimetres  deep, 
B'fil  centimetres  in  diameter.     At  the  bottom  of 


a 

TC 

1 

1 
] 

\ 

9 

i 
r 

grlinder  is  a  layer  of  paraffin  1  centimetre  thick, 

J  layer  rests  coaxial  with  the  outer  cylinder,  a 

(tabe  hb,  4"3  centimetres  long,  7'2  centimetres  in 

I  diameter,  and '1 1 5  centimetres  thick.     Inside 

I  coaxial  with  it  is  a  cylinder  cc,  131  centimetres 

•  Phil.  Titau.  1871,  p.  E73. 
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long  wid  61  centiraetrea  in  external  diameter.  Ta^ 
•pnce  between  aa  and  et  was  filled  up  with  jm&a. 
and  from  the  imbedded  tube  bb  an  electrode  lU  of  Koe 
wire  was  led  to  the  outside. 

Tbe  condenacr  thus  formed  was  placed  in  aa  outer 
vciwiei  containing  water  of  which  the  temperature  ww 
given  by  a  thermometer.  A  second  thermometer  fixed 
in  a  paraffin  plug  j^.  resting  on  ce,  gave  the  temperatnrt 
of  the  interior.  The  paraffin  plug  ffff  inserted  at  tl.. 
lovct  of  the  top  of  lib,  together  with  _ff,  pruvented  thi 
passage  of  heat  between  the  interior  of  bb  and  the  ^;r 
abovii  the  condenser. 

The  outer  vessel  aa,  and  the  tube  ce  were  connecter 
with  the  earth,  and  the  inner  tube  bb  to  one  side  of  lii 
platymctor,  and  balance  obtained  against  the  slidiui: 
conilensor  as  described  above,  p.  429.  Taking  tLt- 
cajmcity  of  the  sliding  condenser  as  1384  times  tliut 
for  each  scale  division,  which  it  now  was  in  conaequenw 
of  a  small  addition  which  had  been  made  to  its  vaine 
nt  storo,  the  mean  of  a  large  number  of  experiment! 
gave  for  the  value  of  that  of  the  paraffin  condenser 
1684  times  the  same  unit,  or  an  absolute  capacity  of 
69'55S  C.G.S.  electrostatic  nnits.  These  experiments, 
which  were  made  at  different  temperatures,  showed  no 
alteration  of  specific  inductive  capacity  with  change  of 
temperature.  The  capacity  of  the  same  condenser  with 
the  pni-afRu  between  the  cylindrical  plates  removed  w« 
found  in  the  same  way  to  be  35'394  C.G.S.  units,  Ixit 
this  was  subject  to  a  correction  for  the  cake  of  parai!i' 
which  was  left  at  the  bottom  to  support  Wi  and  cc.  T) 
final  result  va»  tb&t  Cor  v^raffin  K  =  1'977. 


I 


^  BOLTZMANN'S  EXPERIMENTS  OK  SOLIDS. 

Some  very  important  determinations  of  specific 
inductive  capacities  have  been  made  by  Boltzmann.*  Expaii. 
In  his  first  series  of  experiments  he  determined  the  "solWir 
value  of  K  for  ebonite,  paraffin,  sulphur,  and  rosin.  ^ ■*'?,** 
The  method  was  a  modification  of  that  of  Cavendisli  domoi. 
referred  to  above.  A  parallel -pi  ate  air  condenser,  the 
plates  of  which  were  supported  on  insulated  stems 
carried  by  sliding  pieces  movable  along  a  graduated 
horizontal  bar,  and  ho  could  be  placed  at  different 
measurable  distances  apart,  had  one  plate  connected 
to  earth  while  the  olher  plate  was  charged  by  means  of 
a  battery.  Different  battery-powers  of  from  6  to  18 
Daniell's  cells  were  used  in  the  experiments,  After  the 
condenser  bad  been  thus  charged,  the  charge  was 
j-liared  with  the  insulated  quadrants  (formerly  at  po- 
tential zero)  of  a  Thomson's  electrometer,  the  capacity 
of  which   had    been  increased  by  raeans  of   a   small 

I  air  condenser. 

I  The  potential  after  the  charge  was  thus  shared,  and 
Tvhile  the  condenser  was  still  connected,  was  observed. 
A  direct  application  of  the  battery  to  the  electrometer 
gave  in  the  same  way  the  previous  potential  of  the 
conden-ser. 

The  addition  of  the  small  condenser  to  the  electro- 
meter rendered  the  united  capacities  of  the  electrometer 
and  small  condenser  nearly  the  same  for  all  deflections, 
leaving  only  an  increase  of  capacity  of  about  1/5  per 
cent,  for  each  100  divisions  of  deflection  from  zero. 
This  was  to  some  extent  eliminated  by  a  double  set  of 
obser\'ations,  first  as  just  described,  then  by  connecting 
•  Witn^Ber.  6fl,  07(1872,3,) 
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the  coudenser  for  the  shariiig  of  the  charge,  uA  tl 
battery  when  applied  direct,  for  bo  short  a  lime  tldj 
the  charging  was  over  before  the  needle  had  appr 
ably  moved,  Aa  however  the  error  from  this  bom 
could  hardly  be  greater  than  the  inevitable  inaccui 
cies  in  a  determination  of  this  kind,  we  Bhall  I 
neglect  it. 

If  c  be  the  capacity,  assumed  constant,  of  tbeelec 
meter  and  added  condenser,  C,   that   of  the  i 
condenser,  Fj  the  potential  before,  and  P")  the  potent! 
after  the  charge  was  shared,  d^  the  distance  betwi 
the  plates,  supposed  so  close  that  the  effect  of  the  & 
may  be  neglected,  we  have  by  (4)  above 


Ci 


r,  -  r,  _ 


rf,     ■ 


(14 


where  wi  is  a  constant, 

Iq  order  to  make  the  results  depend  not  on  ti 
absolute  distance  between  the  plates,  but  on  the  miU 
more  accurately  measurable  difference  of  two  d 
a  similar  set  of  observations  was  made,  still  with  i 
only  between  the  coatings,  biit  with  another  disi 
rfj.  Calling  the  capacity  Cj,  the  potentials  Fj,  F,  fl 
this  case,  we  have 

s  -  ^i  _  ^ 
"F.       ~  d.    ■ 


C,  =  c 


A  disc  of  the  substance,  the  value  of  A'  for  whj 
was  to  be  found,  somewhat  larger  than  the  plate 
the  condenser,  was  placed  in  a  parallel  position  betwi 
them,  30  that  the  induction  between  the  plates  1 


BOLTZMANM-S  EXPERIMENTS. 

!  everywhere  across  the  disc.     The  same  process     Boltz- 
B  followed,  and  gave  potentials  V^,  V^  for  a  distance 
I  and  a  thickness  of   disc  e.     Hence  if  C^  be   the 
icity  of  the  condenser 

V  —  IP  „i  ^'^"' 

•    C'.  =  «-'-ff-^- ~-    ■    ■    (17) 


I  Putting  C,  ■=  1/X,.  £7j  -  l/Xj,  Cj  =  l/X,,  we  get  from 

iations(15)  and  {16)m  =  (rfj-  rfj)/(Xj  —  \j)  and  hence 

a  (17)  X,  =  (Xi  -  Xa)  ((?3  -  c  +  elK)l(di  -  dj).    Hence 

bembering  that  Xj(rfj  —  d^)l(>,^  —  x^  =  mXj  =  rf,,  we 

!  finally 

(18) 


which  involves  besides  e  only  differences  of  distances, 
and  the  ratio  (X^  —  Xj)/(Xj  —  X^),  which  can  he  caJ- 
culated  without  any  knowledge  of  G  from  the  observa- 
tions of  potential,  and  fur  these  of  course  the  properly 
corrected  deflections  may  be  taken. 

Boltzmann  found  that  no  sensible  difference  in  the 
values  of  ^  for  ebonite,  paraffin,  sulphur,  and  rosin,  was 
produced  in  the  values  of  K  by  varying  the  time  of 
charging  or  the  amount  of  the  charging  battery.  He 
;ilso  in  one  set  of  experiments  tried  the  effect  of  exclud- 
ing air  from  between  the  discs  and  the  coatings  of  the 
condenser,  by  laying  the  discs  on  a  mercuiy  surface,  and 
pouring  a  thin  coating  of  mercury  on  a  portion  of  the 
upper  surface  surrounded  by  an  edging  of  paper. 


SPECIFIC  INDUCTIVE  CiPACITV. 

f.  lad.       The  reaults  are  given  in  the  foUowing  table,  in  wbicli   ' 
blaiJ^^    the  Tiiain  columns  1.,  IL,  III.  give  the  resiiltB  of  experi- 
ments made  with  different  distances  between  the  plat- 
The  tirst  of  the  two  sub-coluntna  in  each  case  gives  i[. 
result  for  air  between  the  disc  and  urmamres,  the  at 
the  result  for  mercury  armatures. 


BdUUhm. 

Vlluei  of  K.                                  M 

>- 

I,. 

' 

1 

Bboniie  .  . 
Pawffin  .   . 
Sulphur.    . 
Hosin.   .    . 

317 
2-28 
3-85 
267 

3-07 
2-30 

311 
234 
383 
2-53 

310 
2-33 

3-20 
2-31 

3-24 

1 

■1.  Method      Bultzmann   also   determined   the   specific   indnctiv- 

si  siwnJ  d  '^P^'i*'®^  *'f  '^"^  same  substances  by  comparing  lb 

Bull.      force  on  a  sinaU  ball  of  the  dielectric  placed  in  a  6eli 

of  electric  force  of  known  intensity  with  the  foree  ou  ;i 

conducting  bull  of  equal  size  placed  iu  the  same  ficll- 

LThis  he  did  by  hanging  the  ball  as  shown  at  s  i^. 
Fig.  99,  by  a  double  thread  frora  one  end  of  a  ligii' 
rod,  itself  hung  by  a  bifilar  and  forming  therefocL 
an  arrangement  akin  to  a  torsion  balance.  The  otlii : 
end  of  the  rod  carried  a  mirror  M  by  which  the  '1:- 
flection  of  the  balance  could  be  obtained  by  means  ■  i 
a  telescope  and  scale.  The  field  was  produced  by  3 
larger  ball  which  was  kept  charged  by  means  of  a 
Leyden  jar  connected  to  its  supporting  rod. 


BOLTZMAHH'S  METHOD  BY  SUSPENDED  BALL. 

Experiments  were  made  for  electrifications  of  the  large 
ball  gf  different  durations, — (n)  for  a  constant  electrifica-  s 
tion  of  considerable  duration,  (i)  for  a  comparatively 
short  electrification,  (c)  for  a  rapidly  alternating  positive 
and  negative  electrification.  The  electrification  (h)  was 
obtained  by  making  the  cliarging  aud  discharging 
contacts  by  the  pendulum  of  a  metronome,  the  electri- 
fication (c)  by  means  of  u  vibrating  tuning  fork,  one 


prong  of  which  connected  Ji  alternately  to  each  of  two 
Leyden  jars  oppositely  charged.  By  the  result  of  p. 
129  above,  if  we  put  K,  =  I,  and  write  K  for  A'j.  and 
r  denote  the  ratio  of  the  force  on  the  dielectric  sphere 
to  that  on  the  conducting  sphere,  we  have 
K-1  _ 

ir+'i  ~  *■■ 
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2r_+_I 
1  ~  r 


J9) 


For  a  sulphur  ball,  as  will  be  seen  from  the  taUe 
bel<jw,  the  force  was  piacticall;  the  same  for  an  alter 
nating  eleotrificatioo  of  about  ^^  sec  duration  u  for 

a   loDg-coLtiuued  electrificatiou.     Hence  in  this  dwl' 
intenal  the  polarizatian   of  the  dielectric  «m  fill); 
set  up. 
up.  lad.        The  following  are  some  of  the  results  obtained,  viiit 
IXoiiiie,    the  dutation  of  electrification  noted.     For  reference 
^''-        meau  value  obtained  with  the  condenser  is  added. 


KLEMENCIE'S  RESULTS  FOR  MICA. 

and  least  s 


directions.     For  the  greatest 
found  the  following  values : — 


^ 


i  Lo    Sp.  Ini 
diff^raQt 


A" 


4773 


3970 


3811 


Experiments  have  been  made  by  this  method  under 
Boltzraann's  direction  by  Messrs,  Roniich  and  Nowak.* 
Results  were  obtained  for  (a)  permanent  electrification, 
and  09)  for  electrification  reversed  64  times  per  minute. 
The  values  of  K  are  given  in  the  following  table : — 


X 

fl 

■ 

7-5 
6-7 
4-6 
7-7 

7-6 
10-2 
4 

159 
7-1 
>1000 
9-9 

ft-5 
161 
4-4 

Fluorapur 

Quart/ 

Cak  Spar,  perp.  to  axia      .    . 

parallel  to  uxis  .     . 

Selenium,  freahlj'  melted    .     . 

Sulphur,  miied  with  Grspliite 

The  difference  between  the  results  for  permanent  and 
for  short  continued  electrification  seem  surpriaiuyly 
great  in  some  cases. 

Klemencie  has  quite  recently  experimented  on  the 
specific  inductive  capacity  of  mica,  and  found  it  in- 
dependent of  the  potential  to  which  the  condenser  in 

•  IFian.  Brr.  70  (1874).  See  alao  Wieilemwin,  Lehn  ton  d  r 
ElteUrieimt,  Bd.  ii.  p.  34. 

VOL.  L  H   H 


ElntMii 
BesiiHl 


Ayr  ton 
Psrry' 


which  the  substance  formed  the  dielectric,  and  prac- 
tically independent  of  the  duration  of  chaise.  K  for 
the  specimens  used  was  6'64.*  So  long  aa  the  con- 
denser was  kept  thoroughly  dry,  the  mica  was  found  lo 
insulate  well  and  give  constant  resalts.f 

By  freezing  distilled  water  in  a  shallow  copper  vessel 
in  which  was  supported  on  three  insulating  feet  a 
Eiperi-  horizontal  plate  of  copper  in  contact  with  the  watrr 
surface.  Professors  Ayrton  and  Perry  J  made  a  conden^Jir 
with  ice  as  the  dielectric.  They  then  determined  tlj' 
capacity  of  this  condenser  and  found  from  its  dimensinns 
the  specific  inductive  capacity  of  ice.  At  —  13'5°C 
llio  value  of  JC  thus  obtained  was  22-168.  It  is  oi' 
course  to  be  remembered  that  the  insulating  power  of 
ice  is  comparatively  slight.  Professors  Ayrton  an>l 
Perry  found  22+0  x  10'  ohms  for  its  specific  resistacct 
at  -  124.°  C. 

An  extended  aeries  of  experiments  on  solids  has  been 
made  by  Mr.  J.  E.  H.  Gordon.j  using  a  form  of  induc- 
^fliiT^'"^  tion  balance  the  idea  of  which  is  due  to  Sir  William 
Thomson  and  Prof.  Clerk- Max  well.  It  is  represented 
diagrammatically  io  Fig.  100.  A,  B,  C,  D.  E  are  five 
parallel  coaxial  discs  separated  by  intervals  about  an 
inch  wide,  of  which  the  throe  A,  C,  E  are  six  inches 
in  diameter  and  the  two  B,  D  four  inches  in  diameter 
A  and  E  are  connected  by  a  wire,  the  middle  plal« 

■  Ths  Tslne  of  K  for  mlc*  w  given  aa  G  in  .Tenkia'i  Sietlrieity  tud 
liagtiflum,  bat  it  ia  not  slated  on  vhat  authority. 
*  BeiblMiM;  vol.  lii.     No.  1.     1688. 
(  Phil.  Hag.  1878,  p.  43. 
I  Pka.  Tram.  1878,  p.  *17.  
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GORDON'S  EXPERIMENTS. 


E  13  connected  to  the  needle  of  a  quadrant  electro-  Oorfon 
laeter,  the  plates  B,  D  to  the  electrodes  of  the  pairs  , 
of  quadrants.  It  is  evident  that,  if  a  difference  of  Fivb-P1«S 
])oCentiala  between  C  and  A,  E  be  established,  it  is 


Fig.  100. 


possible  so  to  place  A,  B  that  the  needle  will  not  be 
affected,  and  it  is  also  evident  that  when  this  position 
has  been  attained,  the  equilibrium  will  subsist  what- 
ever be  the  difference  of  potentials.  The  position  of 
the  plate  A  was  adjustable  by  a  micrometer  screw,  and 
B.  a  'i 


» 


SPECIFIC  INDUCTIVE  CAPACTTr. 


Gonlon's  equilibrium  was  attained  by  tbia  means.  It  is  to  bo 
meou'by  noted  that  the  effects  of  the  edges  of  the  pktes  are 
''wt^'""  neglected. 

The  method  of  proceeding  was  therefore  simply  us 
follows.  Having  obtained  equilibrium  with  air  only 
between  the  plates,  the  experimenter  introduced  a  platf 
P  of  the  dielectric  t-o  be  experimented  on,  and  measured 
by  means  of  S  the  distance  through  which  A  had  to  k 
displaced  in  order  to  restore  equilibrinra.  Tliis  distancf 
gave  the  thickness  of  a  piale  of  air,  equivalent  to  tliP 
p!af«  P  of  the  dielectric.  The  ratio  of  this  thickniss 
to  the  thickness  of  P  is  the  specific  inductive  capacity 
of  the  material. 

In  the  experiments  the  plates  A,  B,  and  C  were 
connected  to  the  terminals  of  an  induction  coil,  the 
primary  circuit  of  which  was  broken  as  many  as  12,000 
times  a  second  by  an  interruptor  airanged  for  tbe 
purpose.  Thus  the  potential  was  rendered  altcmateiv 
positive  and  negative  12,000  times  a  second  and  all 
effects  of  absorption  were  obviated.  It  is  to  be  notici^'l 
that  here,  as  in  some  other  experiments  detailed  ahov 
the  metallic  plates  were  not  in  contact  with  tin- 
dielectric  plat«,  and  thus  any  passing  over  of  elecl 
to  the  dielectric  itself  was  avoided.  The  following 
some  of  the  results  obtained  ; — 


:trid^ 

1 

.    3-160 


Ebtmite     .    .  2-284  GIsbs,  Double-extra  Densa  Hint             _ 

Guttn  Perclia  2-462  „      Extra  Dense  Flint  .    .    .  3-05* 

Bulpbur     ,    .  2-58  „      Light  Flint 3-013 

Shellac.    .    .  2-74  „      Hnrd  Crown 3-lOS 

Paraffin.  .  .  V^  „    emawio. ^ 


HOVKINSON'S  EARLIER  EXPERIMENTS. 

Mr.  Gordon  found  also  by  this  method  an  apparent 
slow  change  in  the  specific  inductive  capacity  of  glass 
with  lapse  of  time,  a  result  which  is  to  a  certain  ex- 
tent corroborated  by  some  preliminary  experimenta  by 
Mr.  T,  Gray  on  the  specific  inductive  capacity  of  glass 
soon  after  it  had  been  heated  to  a  high  temperature ;  * 
hut  in  view  of  the  inaccuracy  caused  by  the  assumption 
that  the  plates  of  the  balance  may  be  taken  as  infinitely 
great,  this  slow  change  cannot  be  held  to  be  proved.  It 
seems  probable  that  any  slow  change  of  specific  inductive 
capacity,  such  as  might  correspond  to  the  slow  mole- 
cular change  which  goes  on  in  glass  which  has  been 
maintained  for  a  long  time  at  a  nearly  constant  low 
temperature,  and  produces  alteration  of  the  zero  point 
of  a  thermometer,  would  be  of  so  small  amount  as  to  be 
imperceptible  by  any  method  of  measurement  yet 
devised. 

The  values  of  K"  for  glass  obtained  by  Mr.  Gordon 
are  not  in  agreement  with  some  previously  obtained  by 
Dr.  John  Hopkinson.f  who  experimented  according  to 
the  method  of  comparison  of  capacities  described  above, 
p.  432.  The  capacity  of  a  guard-ring  condenser  was 
compared  with  that  of  a  sliding  condenser  (the  identical 
instrument  used  in  Gibson  and  Barclay's  experiments 
described  above)  (1)  when  air  only  was  the  dielectric, 
(2)  when  a  plate  of  glass  was  introduced  between  the 
plates.  The  guard-ring  condenser  is  shown  in  Fig.  101, 
lialf  in  section  half  in  elevation,  fc  is  the  protected  disc 
15  centimetres  in  diameter  with  a  gap  1  millimetre  in 
breadth  between  it  and  the  guard-ring,  c  e  the  opposite 
•  Phil.  Mag.  Oct.  1880.         t  TraM.  R.S.  1878,  p.  17. 
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plate,  h  the  guard-ring  bearing  a  brass  cyliniirical  box 
(not  shown  in  the  drawing)  which  forms  a  shtelil 
for  the  back  of  the  protected  disc.  The  guard-rint; 
is  insulated  on  u  stitf  frame  of  iron  formed  by  twu 
triaogiilar  pieces  of  iron  a  b,  c  d  connected  by  thn 
wrought-iron  stays.  The  insulators  are  three  eboni 
^^S^  9  9>  which  are  screwed  to  the  tops  of  the  stajl 
The  attracting  disc  is  carried  on  a  screwed  i 
1/25  inch  step,  and  can  be  raised  or  lowered  with 


Fta.  101. 
Note. — ThsprotcrUngi^y]iii<Iri<iaIboTontheguiLrd-ritigiBhcreoii 


rotation  by  a  nut  /  divided  as  a  micrometer.  Fig.  102 
is  a  plan  of  the  instrument  with  tlie  brass  backing 
removed.  It  ahows  the  protected  disc  and  its  suppo^^^ 
which  are  two  bars  II,  II  of  vulcanite  attached  to  the 
back  of  the  disc  and  resting  on  the  upper  surface  o( 
the  guard -ring. 

This  instrument  served  also  to  measure  the  thicknew 
of  the  glass  plates  userl  in  the  experiments.  The  screw 
/  was  turneii  naViV  tW  Vasa  i^lates  were  in  contact, 


HOPKINSON'S  EARLIER  EXrEKIMENTS. 

the  micrometer  reading  taken ;  then  the  glass  plate  wa«  Gnard 
placed  above  c  e,  which  was  screwed  up  until  the  platt 
came  into  contact  with  k,  k.  h.  Slips  of  tissue  paper 
were  interposed  between  the  ebonite  legs  <j  g  and  the 
plate  A  A,  and  the  contact  was  judged  by  these  slips 
becoming  loose,  A  reading  of  the  screw  micrometer 
was  taken  for  each  slip,  and  the  mean  of  the  three 


Fio.   102. 

taken  as  the  reading  of  contact.  A  correction  was 
determined  for  the  effect  of  bending  of  the  plates  and 
compression  of  the  slips  before  their  release. 

A  special  switch  supported  above  the  guard-ring 
condenser  enabled  the  connections  to  be  made  in  the 
required  order.  A  battery,  in  some  cases  of  48  in 
others  uf  72  small  Daniell's  cells,  had  its  middle  point 
connected  to  earth,  one  of  its  poles  to  hkh,  and  the 


VM  obMn«L  If  as  lir^frti—  *Mk  fkttx  Oe  gw^- 
riaf  cooilmAEt'  oad  tfae  Adi^e  eoadHtser  kad  nsil 
csfBOtie^  aad  tk  biter  warn  ai^nled  until  tki»  m 

TWt  (oQowiag  are   meaa  lesahc  of  two  or  noR 
expt^hflunta  Ibr  each  fab«taace : — 


GlaM,  li^t  Siat     .     .     . 
„     doable  ntn  deast 
„     dense  flint 
„     Yi-rj  light  flint 


The  pUtes  of  glass  were  in  most  cases  in  contact 
with  both  plates  of  the  condenser. 

Hopkinson  has  since  continued  his  inTestig&tions,and 
?onsiclered  carefully  the  possible  causes  of  the  discre- 
ance  between  his  results  and  those  obtained  by  Mr. 


HOPKINSOK'S  L,iTER  KXrERiMENTS. 

Gordon.*  The  reeult  seems  to  leave  no  doubt  that  the 
five-plate-balance  method  with  the  sizes  of  plates  and 
distances  between  them,  used  in  Gordon's  experiments, 
(.■annot  give  accurate  results.  The  following  conclusions 
among  others  were  arrived  at : — 

1.  That  the  specific  inductive  capacity  of  glass  is 
the  same  for  nfoo  second,  iohoa  second,  or  ^  second 
discharge. 

2.  That  it  is  independent  of  the  potential  to  which 
the  coadenser  is  charged. 

3.  That  the  five-plitte-balauce  is  unreliable  with  the 
sizes  of  plates  and  distances  apart  used  by  Mr.  Gordon. 
(A  plate  of  brass  between  A  and  B,  with  an  air-space  of 
from  tiight  to  thirty-two  millimetres,  gave  specific  in- 
ductive capacity  less  than  unity,  instead  of  infinity. 
Different  distances  of  the  plates  gave  different  values 
lor  glass.) 

Hopkinson  at  the  same  time  extended  bis  former 
results,  and  applied  his  method  of  experimenting  to 
the  investigation  of  the  specific  inductive  capacity  of 
liquids.  A  flask  of  flint  glass,  with  thin  walls  and 
a  long  thick  neck,  was  filled  up  to  the  junction  of  the 
neck  with  strong  sulphuric  acid.  A  wire  passing  down 
through  the  neck  connected  ihe  acid  with  a  metal  piece 
A  (Fig.  103),  supported  on  aa  insulating  stand  of  ebonite. 
On  this  metal  piece  rested  the  horizontal  arm  of  a 
kind  of  bell-crank  (or  i-shaped  piece  of  metal  pivoted 
.it  the  angle).  The  flask  was  first  charged  by  means  of 
:t  battery  and  the  potential  measured  by  a  quadrant 
*  Electroslntic  Capncitj  of  G1iu9  (II.)  and  of  Liquids,  Phil.  Tnmt. 

vol,  172  (1881),  p.  ara 


Hapkin* 
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kdaluB,  IK  m 


electrometer  which  waa  then  detached  and  dis 
Tlieu  a  previously  de6ected  tnetallic  peodnlBm,  S,  \ 
connected  to  earth  through  ita  supports.  w«s  re- 
lenaed,  and  striking  the  vertical  arm  of  the  Ictct, 
connectfld  the  finsk  for  an  instant  to  earth  and  dit 
charged   it.     The   eleetromeler   waa   then   applied  to 


detect  any  residual  charge.  The  leakage  method  de- 
scribed above,  p.  403,  was  used  to  measure  the  duration 
of  discharge.  A  parafBn  condenser  of  known  capacity 
bad  its  plates  connected  for  the  time  of  discharge  to  be 
measured,  first  by  a  resistance  of  256  ohms,  then  by 
a  resistance  of  512  ohms,  and  the  remaining  potential 
in  each  case  was  observed.     These  operations  obviously 


HOPKINSON'S  LATER  EXPEKIMEHTS. 

Jpe  data  for  the  calculation  of  the  time  isterval  t  by    Hopkift 
K)  of  Chap.  VI.*     With  a  duration  of  discharge  of  jg^"' 
lUt  Tjniir  second,  lesa  than  3  per  cent,  of  the  original  petiwea* 
Irge  given  by  a  battery  of  20   elements  remained. 
and  shorter  times  of  discharge  gave  similar 
lults.     The  practical  result  of  all   the   experiments 
1  that  determinations  of  specific  inductive  capacity 
f  observations  of  discharge  may  be  taken  as  correct 
i  glass  if  the  period  of  discharge  be  anything  between 
FTFu  sec.  and  i  sec. 
I  The   method  adopted  for  determining   the  specific 
Tductive  capacity  of  glass  plates  was  practically  the 
J  as  that  already  described  at  p.  432.     The  guard 
Bg  and  protected  disc  were  first  connected  to  one  pole 
ra  well  insulated  battery  of  1,000  chloride  of  silver 
i,  the  other  pole  of  which  was  connected  to  the  in- 
tated  plate  of  a  cylindrical  sliding  condenser.     Thus 
B  two  condensers  were  charged  to  equal  and  opposite 
tentials.     By  means  of  a  special  commutator  changes 
[  connections  similar  to  those  described  above  were 
ide  so  as  to  combine  the  charges  of  the  condensers, 
1  the  addition  that  the  electrometer  quadrants  con- 
ted    to    the    condensers    after    combination    were 
mediately  after  insulated  to  avoid  effects  of  residual 
The  capacity   of  the   sliding   condenser  was 
justed  till  no  electrometer  deflection  was  produced. 
The  glass  plate  was  then  placed  between  the  plates 
of  tbe  guard-ring  condenser  and  the  operations  repeateil 
until  equilibrium  was  again  obtained.     The  two  results 

'  This  innde  of  measuring  a  small  mtcrvul  of  lime  ia  dae  to  tbo 
1«U  Mr.  R.  Sabine  IPhit.  Mag.  1876,  Irt  half  year,  p.  337). 
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Hopkia-  gave  the  ratio  of  tbe  capacities,  and  from  the  distance 
Utw^Ei-  between  the  plates  of  the  condenser  and  the  ihickiieBB 
pwi'iwnti.  of  the  glass  plate  the  value  of  A'  was  found. 

Tlie  capacity  of  the  glass  flask  described  above  WM 
determined  in  a  similar  way  by  aid  of  the  sliding  con- 
denser, with  a  charging  battery  varying  from  10  to 
1,800  chloride  of  silver  cells,  with  only  a  little  otm 
\  per  cent,  of  alteration. 

The  values  of  K  are  given  in  the  following  table  with 
the  thicknessoB  of  tho  plates,  and  for  comparison  the 
earlier  results  obtained  by  tbe  same  experimenter. 

Hopkiu- 


Sp.  Ind. 

C«p,  of 

OUu,  kc. 


Vllns 

BuMunce, 

DenB.y. 

STmIji 

K. 

obUlnJ.  > 

GlasB,      Double  -  extra 

1 

Dense  Flint   . 

4-5 

4-5 

9-89fi 

10-1 

„       Dense  Flint      . 

366 

16  67 

7-.^76 

7-4     1 

.,       Liglit  Flint .     . 

32 

15-04 

6-72 

6-83    1 

10-75 

e-G9 

6-BS 

''.      Very  Light  Flint 

2-87 

1270 

fifil 

657    1 

„       Hnrd  Crown     . 

2  485 

14G2 

6  96 

-      1 

„       Plate   .... 

C-52 

8-46 

-      1 

Paraffin 

— 

20-19 

2-29 

1 

Sp.  Ind.  Dr.  Hopkinson  obtained  results  also  for  liquids  by 
UquidB.  the  method  just  described.*  The  space  between  two 
^"P^"  co-axial  metal  cylinders  was  filled  with  the  liquid  to  be 
riitiments,  experimented  on.  These  two  cylinders  connected 
together  formed  one  coating  of  a  condenser  of  which 

•  Phil.  Tratu.  he  cit. 


HOPKINSON'S  ESPEEIMENTS  IN  LIQUIDS. 

the  liquid  formed  the  dielectric,  and  the  other  coating    ( 
was  given  by  a  cylinder  auspended  from  an  ebonite  plate    ] 
above,  and  immersed  in  the  liquid.     The  latter  plate    ' 
was  charged  and  the  other  connected  to  eai'th,  and  the  p, 
capacity  compared  with  that  of  the  oppositely  charged 
sliding  condenser.     The  capacity  of  the  same  apparatus 
with  air  as  the  dielectric  had  previously  been  obtained 
in  the  same  way,  and  the  results  gave  at  once  the 
value  of  JC  for  the  liquid.     The  following  table  gives 
some  of  the  results.     The  column  headed  ^-^  contains 
for    the   purpose   of   comparison    the   square   of   the 
index  of  refraction  of  the  liquid  for  light  of  infinite 
wave  length.     This  was  calculated  from  the  formula 
fi„  =  A  +  Bj\*   from   observations  of   the   index   of 
refraction  which  were  made  on  each  of  the  substances 
for  the  Fraunhofer  rays  C,  D,  F,  G.  of  the  spectrum. 


N»Bi.  uf  L!<iiiid. 

■L 

•■<. 

Petroleum  Spirit 

Petroleum  Oi),  Field's     .... 

„            „    Common     ,     .    . 

Ozokerile 

CastorOil 

1922 
■2'07 
2-10 
213 
•2-23 
4-7fi 
3-02 
316 
3-07 

rB2 

2-075 

2-078 
2036 
2-12fl 
2-153 
2-135 
2131 
2125 

Nent'i  Foot  Oil 

The  closeness  of  the  agreement  between  the  numbers 
for  A'  and  for  /i^o,  for  the  mineral  oils  and  for  turpentine 
is  very  remarkable.     The  divei^ence  in  the  other  cases 
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is  to  be  expected,  as  from  the  composition  of  tie  auV 
etances  it  is  probable  that  the  results  incladed  effects  of 
electroljiric  action. 

Results  with  vbtch  Hopkinson's  agree  very  well  had 
been  previously  obtained  for  turpentine,  benzene,  ami 
petroleum  by  Silow.*  Two  series  of  experiroents  were 
made.  In  the  first  a  very  ingenious  and  simple  methwi 
was  employed,  A  kind  of  quadrant  electrometer  was 
constructed  by  pasting  on  the  inside  of  a  cylindrical 
glaaa  vessel,  10  centimetres  deep  and  15  centimetres  m 
diameter,  four  symmetrically  placed  vertical  strips  cf 
tinfoil  each  10  centimetres  Iwoad,  and  joining  the 
opposite  pieces  together  by  strips  across  the  boltoai 
Within  was  hung  a  platinum  needle  of  the  shape  of  no 
inverted  T.  in  which  the  vertical  pieces  at  the  ends  of 
the  horizontal  cross-piece  were  semi -cylinders  of  plati- 
num. The  needle  was  left  uncharged,  and  one  of  the 
pairs  of  strips  was  connected  to  earth  and  the  othtr 
chained  to  a  convenient  potential.  The  deflections  of 
the  needle  for  the  same  difference  of  potential  (1)  with 
the  vessel  filled  with  air,  (2)  with  the  liquid  under 
experiment,  were  observed,  and  it  nas  assumed  that 
the  angles  of  deflection  were  proportional  to  the  specific 
inductive  capacititrs  in  the  two  cases.  This  would  have 
been  strictly  true  of  the  angles  through  which  a  tonion 
head  at  the  top  of  the  suspension  thread  would  have 
had  to  be  turned  if  the  needle  had  been  brought  back 
in  both  cases  to  a  position  of  equilibrium  after 
deflection. 


■  Pagg.  Ann.  168(1875),  ] 
EUklrieUta,  Bd.  iL  p.  15. 


3S9,  and  Wi<:ilciiiaiui,  Die  Lehre  nm  A 
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SILOWS  EXrEEIMENTS  IK  LIQUIDS. 

For  two  kinds  of  turpentine,  I.,  II.,  and  for  petroleun 
he  obtained  :— 

47(- 

K. 

M«- 

Kesulu  b 

Fint 
Method. 

TnrpBntine  I.,  menn  of  three  1 

experimenta / 

Turpentine  II 

Petroleum 

2173 

'2-221 
2'037 

I      2129 

2'14B 

A  second  set  of  experiments 

method  similar  to  that  descrilx 

denser  formed  of  two  gilded  cir 

ajiart  by  small  pieces  of  ebonit 

glass  vessel  covered  on  its  int 

had  one  of  its  plates  alternate 

to   one   pole   of  a  water  bat 

Ijelements.     The  connections  w 

fcommutator  kept  running  at 

Hently  great  to  give  a  constan 

Bfa  galvanometer  placed  in  th 

Hpcuit.  Three  deflections  were 

Bed  with  air,  (2)  with  the  liq 

Be  vessel  and  therefore  betw 

Enly  the  joining  wires  attache 

phese   deflections   corrected   s 

to  the  currents,  we  have  for  th 

the  apparatus  with  the  liquid 

capacity  with  air  between  tht 

Bbat  is  for  the  liquid 

1 

was  made  b 
•d  above,  p. 
cular  plates 
e,  and  enclo 
rior  surface 
J  connected 
ety  of   175 
ere  made  1 
a  constant 
deflection  o 
i  charging  o 

y  Silow  by  a 
H8.    Aeon 
kept  11  mm 
sed  within  a 
with  tinfoil 
to  earth  am 

zinc-coppe 
y  a  rotating 

speed  sufti 
f  the  needle 

discharging 
th  the  vesse 
xperiment  Id 
^s,  (3)  with 
g  by  a,  p.  7 
proportiona 
e  capacity  o 
plates,  to  its 
-  7)/Ca  -  7) 

■     -     (20) 

SiloW 

^^ 

SecM 
Mothl 

uid  under  e 
een  the  pla 
d.     Denotiii 

as  to   be 

s  ratio  of  th 

between  its 

plat«B  09 
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siluw't        Different   battery   powers    appUeit    gave   the   saiiK 
3^„^^  values  for  K.     The  following  are  the  mean  valaes  •^ 
M«tb<KJ.    jt"  for  the  substances  mentioned,  with  the  values  of  ;i=  ^ 
fur  comparison. 


SnMMue,                                     K. 

*'. 

Benzeno    .     .    .     -    ' 2198 

Potrolouni,  firat  Bpecimen    .    .    .          2-071 
Petroleiiin,  second  Bpecimen    .    .  j       2-037 

2134 
2-1116 
2-048 
2'D48 

idt«'i  Some  interesting  experiments  on  the  specific  in- 
ductive capacity  of  liquids  have  also  been  made  by 
Quincke."  According  to  the  theory  of  Faraday  nml 
Maxwell,  referred  to  at  p.  133  above,  there  is,  at  evi^ry 
point  of  the  electric  medium,  a  tension  along  the  line? 
of  force,  and  an  equal  pressure  at  right  angles  to  tli:ii 
direction,  the  amount  of  which  reckoned  in  units  .if 
force  per  unit  of  area  is  A'^/Stt  where  F  is  the  result.'iti' 
electric  force  at  the  point.  'Quincke's  method  amouutt 
to  measuring  not  only  the  tension, hut  the  pressure  also,  n 
different  liquid  dielectrics,  and  his  results  besides  givin, 
(1)  from  the  observed  tension,  (2)  from  the  pressiii' 
values  of  K  which  he  compared  with  those  obtained  li^ 
the  ordinary  condenser  method,  are  interesting  in  theii 
bearing  on  electrical  theory. 

His  apparatus  for  tlie  measnrement  of  the  tension 
consisted  of   two  horizontal  circular  plates   placed   t 
short  distance  apart  in  a  glass  vesseL     The  upper  pln1< 
•  ■WiEiL  A>»,.  19  (1883). 


^gjl''J    con 


QliINCKE'S  EXPERIMENTS.  tA 

was  siisptuded  from  one  end  of  the  beam  of  a  balance,   Meaai 
and    was    ooimected    to    earth.     The    lower   plate  was    "[eBi 
charged    by  m(-nns   of   a    battery  of  Leyden  jars,  the      ■'"•'g 
outer  coatings  of  wliich  were  to  earth.     The  potential      Foree, 
was  observed  in  arbitrary  units  by  means  of  a  Thomson's 
standard  electrometer  (see  p.  281  above).  The  attraction 
of  the  upper  plate  towards  the  lower  was  then  measured 
by  weights  put  on  the  other  scale  of  the  balance.     The 
mean  pull  per  unit  of  area  was  therefore  obtained. 

Now  from  what  has  been  proved  above  (pp.  111.1 36) 
it  follows  that  the  force/',  per  unit  of  area  on  any  part 
of  the  upper  plate  not  near  the  edge  is  iira^lK,  and 
we  haveff  =  -A'f/+7r  =  -  KVl^irdU  K  be  the  differ- 
ence of  potentials,  (/  the  distance  between  the  plates. 
Hence 

f-i^ (2" 

The  weighing  therefore  gave,  taking  the  mean  pull 
as  nearly  enough  equal  to/,  directly  the  tension. 

By  comparison   of  results  for  two  different  media  Dodncti 
u.sing  the  same  value  of   V  for  both  cases,  the  ratio 
of  ihe  values  of  K  could  be  at  once  obtained.     Thus      *^P- 
if  /|,  /;,  be  the  tensions,  and  the  corresponding  specific 
inductive    capacities    determined  in   this   manner   be 
denoted  by  Kj^,  Kf^  we  have 

t-i  ■•••■•  '^^' 

The  pressure  at  right  angles  to  the  lines  of  force  was  Measnn 

found  in  an  ingenious  manner.     The  upper  disc  of  the  prMguw 

apparatus  just  described  was  removed  and  replaced  by  ,^"^ 

VOL,  J.                                                                    \  1  " 
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meter  containing  bisulp 
was  blown  by  the  rubt 
the  plates  to  form  a  fla 
metres  in  horizontal  di 
above  and  below.  The 
pressure  was  read  off  ( 
plate  was  now  charged 
while  the  upper  plate 
increase  of  pressure  wa: 
and  gave  the  difference 
liquid  due  to  the  electri 
Dwl^UoB  If  A  be  the  differe 
Spk  Inil.  produced  by  the  electi 
^V-  the  liquid,  we  have,  dec 
in  this  way  hy  £f,  and 
by? 

ffkp 

if  K  be  taken  =  1  for  a 
Using  the  value  of 
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RMUlt^ 

1 
t 

•E 

1 

1. 

mmm  §  1 1 

ililisil?  SIS 

isillEil!  i  i  i 

1^ 

5i|?|||??p|    III 
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J 
1 

Kggsspsi?  si? 
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i 

Hliti 

L. 

I  I  2 
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»rwat\c  mtrcTETV  c^rxm. 


The  vftlont  iif  A'  obuiani  bf  t 
twn  K«ib  nniformly  gnaor  d 
CQful«iuwr  meEbofl,  wfanb  mmt  te  nifWitiJ  «C  ■ 
the  true  tsIi*:*.     Btot  they  afnw  rmxy  «cB  vidt  oat 
itnMher,  wtH  gn  fiv  tn  prove th«  tqaa&^rfthe  p 
and  tension. 

Qntonho*       It  WW  pruauni  out  by  Dr.  BopUdaoa  thai  *  fAtft 

j;;;^   the  ajme^ty  of  the  key  anl  c 

fcf  '>•'    •ppreei*bl>!,  And  that  if  »  the  i 

the  eotHJKawf  method  in  the  above  1 
increMerf    by    th«    mfnctioa.      Tfaie 
ProfcMor  QiiiarlcK  to  be  the  case,  aod  the  i 
pfirr«rt«fl   riniilu  nbtaioed   by  bim  are  j 
in  a  notfi  Ti>  I>r.  Hopkiniton'a  paper. 


Thin  HhowR  tliat  for  these  substances  JT,  ^  JC^  are 
Miimibly  (»[iia1.     I'urther  the  experiments  seem  to  con- 
ftnii  fairly  well  the  theoretical  values  KF'JStt  for  the   i 
pnwKiirc  within  tlio  mcdium.f    (See  also  p.  491.  belov]. 


•  l-nv.  i;.  S.  vol.  ^l[.  IBSfi. 
t  TliP  wlinlv  i[iirttioii  of  tlie  b 
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^         HOPKINSON'S  EXPERIMENT  ON  OILS,  KTC.  185 

Dr.  Hopkinson  has  more  recently  *  made  experiments  Hojikin 

on  the  specific  inductive  capacity  of  a  number  of  oils  Modifit*-  T 

sad  other  liquids.     The  method  adopted  was  a  modifi-  ^onof 

cation  of  the  five-plate  balance  method  described  above.  Balance 

The  arrangement  of  apparatus  is  shown  in  Fig.  104.  Method. 
Two  air  condensers  E,  F,  of  determinate  and  nearly 
0([ual  capacity,  and  two  adjustable  sliding  condensers  /, 


npeiimpntij  iiiTe«lig«tion.  Vnlualile  wsultB  an  to  Iho  Male  of  strain 
in  traiifparcnt,  Bolid.  and  lii^uid  nivdia  have  however  been  Tuniithud  by 
the  experiments  of  Kerr  and  others  ou  Double  Refraction  prodnced  bj 
electriScittion.  The  experitnetita  of  Quincke  ou  Change  at  VolamB 
produced  in  dielectrics  b;  the  suae  cause  are  also  of  great  impottanca 
in  the  game  connection.  These  are  however 
here  enter  into. 
•  Pne.  R.  S.  Oct.  18B7. 


^ 


irECiric  iNDvtrrivE  capacity. 


ApplicH'  capacity  of  solids.  The  cuunectiona  shown  in  Fig.  lO-i 
Meii^'io  ^^^  ^'^*'  '"^^'  '■''^^  '^  ^^^  guard-ring  and  protectoi 
SoiiUi.  disc  both  connected  to  the  inner  coating  of  J.  Tlie 
arrangement  was  then  adjufited  to  balance,  tlien  itie 
guard-ring  remaiuing  connected  to  J,  the  protected  diiu: 
was  transferred  to  i  ami  balance  again  obtaine<l.  The 
difference  of  the  readings  of    the   sliding  cocdenset 


h 


Fio.  105. 

gave  on  an  arbitrary  scale  the  capacity  of  the  ( 
ring  condenser  for  the  given  distance  of  the  ] 
apart.  These  operations  were  then  repeated  m 
plate  of  the  substance  for  which  K  was  to  be  i 
Diaced  between  the  plates  of  the  guard-ring  condeni 
Only  three  substances  were  experimented  on,  i 


KEGKEAKO'S  EXPERIMENTS. 

tlie  following  results.     The  previously  obtained  values    Applia 
(p.  476  above)  are  given  for  the  first  two  for  comparison.  Method  fi 
Solida.  a 


Experi- 


Rock  salt  was  the  third  substance  with  a  result  of  18 
for  K,  but  the  sample  was  very  rough  and  too  small, 
possibly  conducted  so  greatly  as  to  affect  the  result. 
experiments  the  effect  of  the  connc-ctiug  wire 
the  guard-ring  condenser  was  not  allowed  for. 
Negreano  •  has  applied  the  tive-plate  balance  method  Negronno'i. 
u>  the  determination  of  the  specific  inductive  cai~acity  ; 
<it'  a  number  of  hydrocarbous  of  homologous  chemical 
'  unposition.  The  balance  was  arranged  with  its  plates 
ii'ifizontal  and  well  insulated  on  ebonite  rods;  the 
li.'imeter  of  the  larger  plates  was  16  centimetres,  of  the 
-iiiaUer  12  centimetres,  and  the  distance  of  adjacent 
lutes  apart  1  centimetre.  The  liquid  experimenied  on 
ivas  placed  on  a  flat  shallow  dish  attached  to  the  ebonite 
supports  between  the  uppermost  plate  and  that  next  to 
it.  Balance  was  obtained  (1)  with  the  instrument 
used  aimply  as  an  air  condenser,  (2)  with  the  empty 
dish  in  position,  (3)  with  the  liquid  in  the  dish.  The 
corresponding  positions  of  the  movable  plate  were 
obtained  by  a  micrometer.  Another  micrometer  mea- 
sured the  thickness  of  the  stratum  of  liquid.  The 
•  Comiilea  Itei'dut,  tome  dr.  18S7. 
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VegcmoD't  index  of  refiractioii  fi^  was  also  determined  for  the  D 
^^^   line  in  tlio  case  of  each  licfuid. 
Hj*».         It  was  fuuud  tliat  the  value  of  IC  increases  as  Uie 

composition  of  the  substance  becomes  more  compli- 
cated, and  that  the  vnlae  of  (A'  -  1)/(A"  +  2}p  where  p 
is  the  density  is  approximately  constaut.  The  following 
is  a  synopsis  of  the  results  : — 


BeTlzen^  CgHg,  with  ihiophi 

Toluene,  CJBg    .     . 

Xylene,  C,&,„  '.  '. 
Metaxylene,  C.H,o. 
Pseudocumene,  C,Hi 

TereU'tilhene,  b„U„ 


t™» 

DnuHi. 

ph«. 

& 

■ee03 

impn 

25 

■8756 

14 

■8853 

27 

■8608 

14 

■8711 

37 

■8554 

13 

■8072 

14 

■857 

19 

■681 

20 

■875 

2-32061  1-49T4 


2-3988  . 
2-2921  ■ 
2-242  i 
3-3CH3  I 
2-2679 

2  37S1 I 

3  43101 
2-4706 1 


It  will  be  noticed  that  the  value  of  Jk  is  only  a  little 
greater  than  fi^  in  each  case,  and  that  (K—  l)/(^+  2)p 
has  the  value  '34  approximately  in  the  first  six  cases 
and  the  last,  and  is  slightly  greater  in  the  reroaimDg 
three. 

1  Experiments  on  liquids  have  also  been  made  by 
E.  Cohn  and  L.  Axons.     Two  quadrant  electrometers 

I  were  employed,  one  with  air  fillicg  the  quadrants,  the 
other  specially  designed  to  contain  the  liquid  experi- 
mented on  as  in  Silow's  method  described  above,  p.  478. 
One  pail  of  (\\]L^n.-Q.^  <^i  «»/^U  electrometer  was  con- 


^  tlUINCKE'S  FARTHER  EXrEltlMESTS. 

nected  to  one  termioai  of  a  Helmholtz  imiuction  coil,  Cohnw 
the  other  pair  of  quaiirants,  the  needle  aud  the  cose    E^pei^  1 
were  connected  to  earth  and  to  the  other  terminal  of   ■ 


the  coil.  Denoting  by  fj,  B^  the  (corrected)  deflections 
on  the  ordinary  and  special  electrometers  respectively 
when  both  are  filled  with  air,  &\,  S'g  the  corresponding 
deflections  when  the  special  electrometer  contains  the 
liquid,  we  get  easily  by  (20)  above 


Liquidftl 


^~W,'  '  '  ' 

The  following  resulu  were  obtained . — 


(26) 


Dirtilled  Water  , 
Ethyl  Alcohol  . 
Amyl  Alcohol  . 
Petroleum  .  .  . 
Xylene,  two  kinda 


The  nombers  here  given  it  will  be  obaerveil  are  high 
in  the  first  three  cases.  These  substances  have  however 
considerable  condnotivity,  which  would  tend  of  course 
to  give  an  apparently  high  specific  inductive  capacity. 
The  authors  believe  that  the  results  are  correct  within 
5  per  cent. 

Prof.  Quincke  •  has  re-examined  the  question  of  the 
values  of  A' for  liquids  obtained  by  the  different  methods, 
as  described  above.  All  liquids  experimented  on  except 
•   JFied.  Ann.  33,  1888. 


SPECIFIC  INDUmVE  CAPiCl 

colza  oil  give  practically  tbc  same  resa 
method  employed.  For  that  substanc 
'  result  stated  above  holds,  that  is  the  { 
givea  the  highest  value,  the  electric 
lowest,  and  the  coDdenser  method  a  m 
this  anomaly  was  found  to  hold  good  foi 
of  colza.  That  it  could  not  be  due  to  el 
was  clear  from  the  fact  that  the  prod 
position  at  the  condenser  plates  couli 
pressure  at  the  surface  of  the  bubble. 

Prof.  Quincke  ■  also  measured  the  im 
of  pure  ether  for  ultra-red  rays  by  passii 
the  medium  and  receiving  them  upo 
He  found  that  for  pure  ether  K  =  i 
ultra  red  rays  its  index  of  refraction 
The  substance  seems  therefore  not 
Maxwell's  relation. 

Detertntuati 


cliarged  by  being  connected  to  one  terminal  of  a  battetj 
of  300  Daniell's  cells,  while  the  other  plate  B  and  the 
othtr  terminal  of  the  battery  were  connected  to  earth. 
D  was  then  disconnected  from  earth  and  connected  to 
the  insulated  electrotie  of  an  electrometer  which  had 
been  previously  brought  to  zero  potential.  The  electro- 
!neter  showed  no  deflection,  proving  that  there  was  no 
leakage.  The  charge  on  A  therefore  remaining  con- 
stant, it  was  found  in  accordance  with  theory  that  the 
admission  of  air  altered  only  the  specific  inductive 
capacity  between  the  plates,  and  therefore  the  potential 
of  A.  hut  not  the  potential  of  B  which  remained  zero. 
After  the  admission  of  air  the  potential  of  A  was 
restored  to  its  original  value,  and  the  change  of  potential 
of  B  read  off  on  the  electrometer.  The  number  of  cells 
was  then  increased  by  one,  and  the  increased  potential 
of  B  again  read  off.  The  ratio  of  the  specific  inductive 
capacities  could  now  be  calculated. 

If  F,.  Fj  be  the  potentials  of  A  before  and  after  the 
admission  of  air,  and  A'],  K^  the  corresponding  specific 
inductive  capacities,  we  have  V„j  F,  =  JCJK^.  Hence 
by  the  restoration  of  the  potential  to  V^  the  potential 
of  B  was  increased  by  an  amount  proportional  to 
Vf  —  V„.  that  is  by  an  amount  wi(l  -  KJK^  where  m  is 
a  constant.  By  the  increase  of  the  number  of  cells 
from  71  to  w  +  1  the  increase  of  the  potential  of  B  was 
therefore  mV^in  +  1)/h,  Hence  calling  these  changes 
as  measured  by  the  electrometer  h, 
Si&-  =  n{X~KylK^)  (ji  +  1),  or 


K^-- 


Cup.  of 
Bolt»- 


jiS'-(n  +  ljS 


have 


C«p.  of 
Omcs. 
Bttlu- 


SFKCIFIC  INDUCTIVE  CAPACITY. 

It  was  fouud  by  Boltzniann  tliat  the  alteration  of 
capacity  was  veiy  nearly  in  simple  proportion  to  the 
alteration  of  pressure  of  the  ait,  and  that  the  effect  of 
alteration  of  temperature  was  only  that  corresponding 
to  the  consequent  alteration  of  pressure.  Hence  if  «e 
denote  by  K  the  specific  inductive  capacity  of  xax 
under  pressure  equal  to  that  due  to  ^  luilliraetres  of 
mercury  under  standard  circumstances,  suppose  that 
for  absolute  vacuum  to  be  unity,  and  assume  the  pro- 
portionality to  hold  fur  all  pressures,  we  may  write 

^='  +  #0 <»> 

where  1  -(-  A;  is  the  specific  inductive  capacity  of  air  st 
standard  atmospheric  pressure. 

By  (27)  and  (28)  putting  p,,  f^  for  the  pressurtt 
corresponding  to  K-^,  K^,  we  get 

f  =  760^"''-^ '»  +  "»„    ,.    .    (2S) 

%b  (p,  —  J",)  —  («  +  l)j'iO  ^     ' 

Boltzmann  found  similar  results  to  hold  for  other 

gases  than  air,  and  gave  the  following  values  for  K  at 

standard  atmospheric  pressure.     The  value  of  JK  is 

given  also  for  comparison  with  the  index  of  refraction. 


Carbonic  Acid 
Hydrogen 
Cnrbonic  Oxidi 
NitroLiB  Uxide 
Oletiant  Gaa  . 
Marali  Gaa     . 


'• 

*/K. 

1-000690 

1 -000296 

HXl094fi 

l-00047.t 

l-0l»264 

100013-2 

t -000690 

1000.q4fi 

1-000994 

1-000497 

1-001312 

1-000656 

1-000944 

1-000472 

1-000294 

1-000449  , 
l-00013fl 

1-000340  I 
1-00050.1  ' 
1-000678 
1-000443 


AYRTON.AND  PEIillVS  EXI'ERIMESTS  ON  OASES. 

lu  Ayrton  and  Perry's  method  the  capacities  of  two  Ajrtoft 
condensers  were  compared  with  different  ^ases  at  ponj'i 
different  pressures  between  the  plates  of  one  of  them,  Exj""* 
while  the  other  had  continually  air  at  ordinary  tem- 
perature and  pressure  for  its  dielectric.  The  latter 
condenser  consisted  of  a  square  horizontal  uninsvdated 
plate  of  tin-foil  of  1815  square  centimetres  area, 
cemented  to  the  upper  surface  of  a  plate  of  hard  wood 
which  rested  on  the  horizontal  top  of  a  block  of  stone, 
and  au  insulated  upper  plate  of  the  same  size  supported 
on  ebonite  levelling  screws,  the  lower  ends  of  which 
rested  on  the  stone.  The  other  condenser  was  contained 
within  an  air-tight  rectangular  vessel  of  sheet  brass, 
and  consisted  of  eleven  parallel  plane  plates,  each  324 
square  centimetres  in  area,  kept  at  equal  distances  of 
three  milUmetres  apart  in  racks  of  ebonite.  The  first, 
third,  &c.,  and  last  plates,  reckoning  from  one  side,  were 
connected  to  the  case,  the  other  plates  were  insulated 
and  connected  to  a  platinum  wire  passing  out  through 
a  glass  tube  35}  centimetres  long  to  the  outside  of  the 
case.  This  glass  tube,  which  had  been  chemically 
cleaned  and  covered  with  paraffin,  to  prevent  leakage 
over  the  surface,  was  very  carefully  cemented  into  o 
brass  socket  attached  to  the  metallic  case,  and  was 
nowhere  in  contact  with  the  platinum  wire  except  at 
the  outer  end,  where  it  was  drawn  to  a  point  and 
hermetically  sealed.  Cement  contained  in  a  metal  cap 
surrounding  the  junction  of  the  tube  and  socket  pre- 
vented leakage  there,  and  a  second  cap  filled  with 
cement  surrounded  the  point  of  the  tube,  and  guarded 
the  point  from  being  broken  by  motion  of  the  wire. 


l: 


By  means  of  aoother  tube  the  case  coaki  be  Glb^i 
with  the  gas  to  be  experimented  on  or  connectej  i^i 
a  Spreogel  or  other  pump  by  which  the  re()nb«) 
degree  of  exhaustion  waa  produced.  Thin  tube  nt 
made  of  special  form  to  prevent  mercury  from  tlw^ 
Spnmgel  pump  from  passing  by  any  acxndcDt  itiu- 
the  coudeuser  case. 

The  method  of  making  a  determiastion  was  bs 
follows.  The  insulatod  plates  of  the  condenser  weif; 
charged  to  equal  and  opposite  potentials  in  the  foUo's- 
itig  manner:— The  battery  of  87  Daniell's  cells  hnd  its 
pfiles  joined  by  a  resistance  of  10,000  obras,  ami  hv 
means  of  a  reversing  key  one  terminal  a  of  this  coi! 
was  connected  to  the  insulated  plate  of  one  condenser, 
while  the  other  terminal  ''  was  connected  to  earth 
then  h  was  connected  by  the  reversing  key  to  the  in- 
sulated ])late  of  the  other  condenser  and  a  to  earth. 

The  battery  was  then  removed  and  the  charge<l 
plates  connected  together,  and  with  the  insulated  elec- 
trode of  ft  quadrant  electrometer  of  which  the  other 
electro<le  and  case  were  to  earth,  and  the  reading  takeb. 

If  the  potential  of  each  condenser  was  numeTicall* 
V.  the  capacity  of  the  constant  air  condenser  C,,  ajii 
the  capacity  of  the  other  (7,,  the  charge  left  after  th 
two  condensers  were  connected  was  V{Ci  —  Cj),  su)- 
posing  the  constant  condenser  to  have  been  positive!', 
charged.  The  corrected  deflection  a  shown  by  tljt 
electrometer  was  therefore  m  V(C,  —  C.)/(C,  +  C„)  wher. 
171  is  a  constant. 

To  eliminate  m  and  V  the  terminals  of  the  batten 
were  Vepl  jomci  \i^  vWieawtance  of  10,000  ohms. 


aa^ 


AYRTON  AND  PERRY'S  EXPERIMENTS  ON  GASES. 

one  terminal  waa  connected  to  eartb,  while  a  point  on  the  Ajtton 
resistance  was  connected  to  the  insulated  quadrants  of  penj' 
the  electrometer  now  detached  from  the  condensers.  ^^,^' 
The  difference  of  potentials  of  the  battery  between 
the  extremities  of  the  resistance  was  2F,  and  if  the 
resistance  intercepted  between  the  terminals  of  the 
electrometer  be  denoted  by  B,  the  difference  of 
potentials  shown  by  the  corrected  deflection  0  of  the 
electrometer  was  2VRIIO00O.  We  have  therefore 
ff  =  ZmVIillOQ0O.     Hence 

»a  _  10000  fi  -  g,  _  10000 c, 
^       s   c,  +  c,~    s    ^^c. 

This  enabled  the  ratio  CJC^  of  the  capacities  to  be 
calculated.  Another  experiment  made  with  Cj  changed 
by  alteration  of  the  medium,  gave  at  once  the  ratio  o£ 
the  two  values  of  C^.  that  is  of  the  specific  inductive 
capacities  in  the  two  cases. 

The  following  table  gives  the  mean  results  for  many 
experiments  in  different  gases  at  standard  pressure: 
taking  the  value  of  IC  for  air  as  unity. 


(30) 


...^ 

K 

Vacuum 

■99B6 
1-0000 
1-0008 

9998 
1-0004 
1-0037 

Air        .         .             ... 

■'  ■:     r   -  Ttr   'r-Lr 


.'■'l.--    "^ 


EFFECTS  OF  CHANGE  OF  TEMPERATURE. 


499 


•0004  X  30  X  27r/8/ir,  -0007  x  30  x  27r/«/Z:  But  the  Effects  of 
electrical  work  done  in  charging  is  (p.  133  above)  in  Xemram- 
each  case  ^ttJ^jK.  Hence  in  the  case  of  glass  the  beat 
thus  absorbed  during  charging  is  about  two-thirds  of 
the  work  done  in  charging. 


ture. 


NoTB. — An  accoant  of  the  determinations  of  specific  indnctive  capa- 
city made  by  Schiller  by  the  method  of  elcetrical  oscillations  will  be 
found  in  Volume  II. 


^5L1L^I 


APPENDIX. 


Rrenmmendaliont  of  ike  Parii  Cougreai  and  the  British  AmuKialion 
as  to  Practical  Electrical  Uiiili. 


.icfti  unit  of 


At  the  meeting  of  tho  Electrical  Congress  lield 
1S64,  it  was  decided  to  adopt  for  the  present,  ob  pra 
resistance,  a  resisUnce  equal  to  tliat  of  a  uniforr 
mercury  one  w|uare  millimetre  in  section, 
length,  and  throughout  at  the  temperature  0°  C.     The 
Dolutnii  thus  specified  expresseil   approximately  and   in   rounil 
numbers  the  value  of  Iho  ohm  according  to  the  latest  and  raost    | 
accurate  ezperimenfB.     It  was  resolved   to   give  this  unit  the    i 
name  Legal  Ohm. 

The  Congress  also  arrived  at  certain  concIusioDB  regarding  the    j 
practical    uaits    of    current,   electromotive    force,   quantity   of 
electricity,  and  electrostalic  capacity,  as  follows  ;— 

(1)  That  the  unit  of  current  should  be  called  the  Ampere,  and 
be  defined  as  ^  of  a  CG.S.  electromagnetic  unit  of  current. 

(2)  That  the  Volt  or  practical  unit  of  electromotive  force,  or 
difference  of  potentials,  should  be  defined  as  the  electTomotiTa 
force  lequired  to  maintain  a  current  of  one  ampere  through  a 
resistance  of  one  ohm. 

(3)  Thnt  the  unit  quantity  of  electricity  should  be  called  the    | 
Coulomb,  and  be  defined  as  equal  to  the  quantity  of  electricity 
ttanaferred  by  a  current  of  one  ampere  in  one  second. 

(4)  That  the  I'arad  or  practical  unit  of  cnpacity  should  be  the 
capacity  of  a  conductor  which  is  charged  to  a  potential  of  one 
volt  by  one  coulomb  of  electricity. 

The  British  Association  at  its  meeting  in  lf<66  ngreed  that  the 
Committee  on  Electrical  Standards  should  recommend  to  Her 
Majesty's  Qovemment : — 

(!)  ''  To  adopt  for  s  term  of  ten  years  the  Legal  Ohm  of  the  ( 
Pans  Congress  as  a  legalized  standard  sufficiently  ^ 
near  to  the  absolute  Ohm  for  commercial  purposes.    , 
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(2)  "That  U  the  end  of  the  ten  7«an'  period  tfac  I 


(3)  "  .        _.     .  . 

to  the  Am|>«re,  the  Voll,  the  ( 
Farmd,  be  milo|ited. 
(t)  "  That  the  Reidatatice  Standard*  belonging  to  tbe  Cscn- 
niiltc«   of    tbe  BritLih  Amociation  on   Electrical 
StanilunlB,  aow  deposited  at  the  CiTcndiofa  Labora- 
tory at  Cstiihriilge,  be   accepted   as   tbe   EaglWi 
Le^al  Standiudi  coofonnable  to  the  accepted  de- 
finition of  the  Paris  Congreaa." 
A  full  nccoant  of  tbe  eiectromagnetic  svBtem  of  ntuts  and  at 
W  the  durivatiuD  uf  tbe  varioiiB  practical   unite  will  be  giTvin   in 
)  Volume  11,,  but  aa  tbe  ampere,  volt,  &t.  bare  been  referred  to 
above,  p,  4I&,  the  following  sketch  ma;  be  found  here  naeftiL 
Thi«  KyHletn  of  unite  ie  haaed  on  a  definition  of  unit  magnetio 
pole,  or  (which  is  the  aame  tiling)  unit  i|uantily  of  magnetieta. 
|)Teoi*ely  eimilar  to  that  given  un  pnge  3  aitovt  tor  unit  quantity 
of  electricity.     Unit  magnetic  pole  is  thut  pole  which  pluced  (in 
air)  at  unit  distance  from  an  equal  pule  of  the  same  kind  ia 
rep«lled  with  unit  force.    Wlien  the  fundamental  noils  are  die 
centimetre,  the  i^rammo,  and  the  second,  the  unit  distance  and 
it  force  01  this  definition  iire  respectively  one  centimetn 
.       -  10  dyne.     Now  by  the  discovery  of  Oersted,  as  exfJaioed 
I  by  the  theory  of  Amptto,  a  current  of  electricity  produces  mag- 
I  nelio  force  Ht  every  point  of  the  suiroundiag  ep«ce.     The  inteit- 
I  Wty  of  tliie  field  at  any  point  is  measured  by  the  force  which  a 
I  wilt  magnetic  pnle  would  experience  if  placed  at  that  point. 
I  Unit  current  is  then  that  current  which  flowing  in  a  thin  circular 
I  conductor  produces  a  luoenelic  field  of  2irr  units  intensity,  whens 
s  tbe  radius  of  the  oirole  into  which  the  conductor  is  bent,  and 
I  w  is  ttie  ratio  of  the  circumference  of  a  circle  to  its  diameter. 
[10  centimetre  and  the  intensity  of  the  field  2ir  dynes, 
H  one  C.G.Sl  electromagnetic  unit  in  strength. 
Tlie  definitiiins  of  lUe  volt,  4c.  follow  from  that  of  unit  current 
It  stated  above  in  the  recoinniendations  of  tbe  Paris  Congress. 
I  The  Microfarad  (referred  to  at  p.  408  above)  is  one-milliontli  of 
\  the  Farad,  iind  is  a  more  convenient  unit  than  the  latter,  which  is 
a  large  ns  to  five  somewhat  small  fractional  numerics  for  tlie 
■"**■*'"  "'  ordinorj  condensers. 
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CosDucTiviTT  AND  Rksistancb  o9  Poaa  Copprb  at 
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TABLE  VEL 

For  K^duction  of  Period  of  OscillatioQ  obeerceii  for  fid 
uinplituile  to  Period  for  inlinitely  Email  ampiitnde  (a««  p.  2 
above).  If  T  be  the  observed  period  and  1  —  i  ihe  redueii 
factor,  80  thut  kT  is  to  be  Buiitracted,  the  values  of  i  ire 
follows  ;^ 
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Cnits  or  WoBK  OB  Enrbgt. 

1  erg 2'374  X  lO-u  foot-pouod»L 

1 7  375   X   10-8  foot-pound 

' \     London. 

1  ergSL 
981  17  ergR 

2^329  X  10-»  fbot-poundj. 
981  X  10*  ergo. 
98117X  10*  ergs. 
„        „        „        „        „  7^236  foot-pound. 

1  (bot-poundal 421H90  ergs. 

I  foot-pound  ftt  London  .    .    .      13-66  x  10*  erga. 
1  JouU IC  eigs. 


1  centinietre-gtaTnine  nt  Piris 
„        „        „         at  London 


1  raetre-kilogramme  at  Paris 
„        „        „       at  London 
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TABLE  IX. 

Units  op  Activity  or  Eatb  op  Working. 

^                           ,  r  1-34  X  10- w  horse-power  at 

1  ere  PW  second |     Lo„^^^ 

1  horse-power 33000  foot-pounds  per  minute. 

,y        „    at  London ...  7*46  X  10*  ergs  per  second. 

1  £orce-de-cheval  at  Paris    .    .  7*36  X  10*  ergs  per  second. 

1  Watt 10'  ergs  per  second. 
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